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Abstract 



This work concerns with topological spaces of the following types: open subsets of normed vector 
spaces, manifolds over normed vector spaces, the closTircs of open subsets of normed vector spaces 
and some other types of topological spaces related to the above. We show that such spaces are 
determined by various subgroups of their auto-homeomorphism groups. Theorems 1-3 below are 
typical examples of the results obtained in this work. 

Theorem 1 For a metric space X let UC {X) denote the group of all auto-homeomorphisms 
h ot X such that h and are uniformly continuous. Let X be an open subset of a Banach 
space with the following property: for every e > there is (5 > such that for every u,v £ X: if 
\\u — v\\ < 5, then there is an arc L C X connecting u and v such that diameter (L) < e. Suppose 
that the same holds for Y. Let if he a group isomorphism between UC{X) and UC(y). Then 
there is a homeomorphism r between X and Y such that r and are uniformly continuous and 
for every g £ UC {X), ip{g) = TogoT~^. 

See Corollaries 5.6 and 2.26. 

Theorem 2 Let H{X) denote the group of auto-homeomorphisms of a topological space 
X. Let X be a bounded open subset of a Banach space E, and denote by c\{X) the closure 
of X in E. Suppose that X has the following properties: (1) There is d such that for every 
u,v € X there is a rectifiable arc L C X connecting u and v such that length (L) < d; such that 
length (L) < d; (2) for every point w in the boundary of X and e > 0, there is 5 > such that for 
every u,v E X: if \\u — w\\,\\v — w\\ < S, then there is an arc L C X connecting u and v such that 
diameter (L) < e. Suppose that the same holds for Y. Let if he a group isomorphism between 
H{cl{X)) and H{cl{Y)). Then there is a homeomorphism r between cl{X) and cl(y) such that 
for every g G H{cl{X)), Lp{g) = Togor~^. 

See Theorems 6.22 and 6.3(b) and Proposition 6.2(c). 

Theorem 3 Let LIP {X) denote the group of bilipschitz auto-homeomorphisms of a metric 

space X. Suppose that F, K are the closure of bounded open subsets of R", and suppose further 
that F, K are manifolds with boundary with an atlas consisting of bilipschitz charts. Let (phe a 
group isomorphism between LIP (F) and lAV [K). Then there is a bilipschitz homeomorphism r 
between F and K such that (p{g) = T°g°T~^ for every g G LIP(F). 
See Corollary 8.5. 
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1. Introduction 



Plan of the Introduction. 
Section 1.1 

The section starts with a statement of two theorems which exemphfy the type of results 
proved in this work. The notions of a faithful class and of a determining category are 
then introduced. A class of topological spaces is said to be faithful if its members are 
reconstructible from their homeomorphism groups. Example 1.2 contains a short survey of 
older reconstructibily theorems, and Example 1.3 mentions several determining categories. 
We then describe the precise forms of the theorems which will be proved in this work. 
Section 1.2 

This section summarizes Chapter 2. The theorems described in 1.2 have the form: If 
for i — 1,2, Gi < H{Xi) and (p is an isomorphism between Gi and G2, then there is a 
homeomorphism r between Xi and X2 such that r induces (p. 
Section 1.3 

This section is a summary of Chapters 3 and 4. It starts with the definition of a modulus of 
continuity. A modulus of continuity T is a set of functions from [0, 00) to [0, 00) which serves 
as a measure for the continuity of a uniformly continuous function. With F one associates 
the group Hp'^ (X) of locally T-bicontinuous homeomorphisms of X. The reconstruction 
result for groups of type Hp'^ (X) says that any isomorphism between Hp*^ (X) and Hp^ (Y) 
is induced by a locally T-bicontinuous homeomorphism between X and Y. 
Section 1.4 

Section 1.4 summarizes the reconstruction theorems for the group \JC{X) of uniformly 
bicontinuous homeomorphisms of X. These theorems appear in Chapter 5. 
Section 1.5 

The previous sections dealt mainly with spaces which are an open subset of a normed vector 
space. This section describes the reconstruction theorems for spaces which are the closure 
of an open subset of a normed vector space. These theorems appear in Chapter 6. Section 
1.5 also includes a survey of the results of Chapter 7. 
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Section 1.6 

Let X be the closure of an open subset of a normed space. Chapters 8-12 deal with the 
group [X) when X is such a space. Section 1.6 describes the results obtained in these 
chapters. 
Section 1.7 

This section contains a discussion and open problems. 
Section 1.8 

This section contains a short historical survey. 
1.1. General description. 

This work concerns with groups of auto-homeomorphisms of open subsets of normed vector 
spaces and of manifolds over normed vector spaces. Mainly, we consider groups whose def- 
inition is based on the metric of the normed space, for example, the group of all bilipschitz 
auto-homeomorphisms of such a space. 

Two types of results are proved. The following statement is an example of the first 
type. 

1. Suppose that Xi,X2 are open subsets of the Banach spaces spaces Ei and E2 
respectively. For i = 1, 2 let Gj be a group of auto-homeomorphisms of Xi such that every 
bilipschitz homeomorphism of X^ belongs to Gj. Suppose that ip is a. group isomorphism 
between Gi and G2- Then there is a homeomorphism r between X-i and X2 such that for 

every g e Gi, (p{g) = rogor-^. 

An example of the second type of results is as follows. 

2. BL{E) denotes the group of all auto-homeomorphisms / of a Banach space E such 
that / and /^^ are Lipschitz on every bounded set, and BUC(ii^) denotes the group of 
all auto-homeomorphisms f of E such that / and /^^ arc uniformly continuous on every 
bounded set. These groups determine the spaces they act upon in the following sense. 

(a) Suppose that Ei and E2 are Banach spaces, and </? is a group isomorphism between 
BL{Ei) and BL(£'2). Then there is a unique homeomorphism r between Ei and E2 
such that for every / G BL(£'i), (p{f) = ro/or~^. Also, r and are Lipschitz on 
every bounded set (r is BL). 
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(b) The same holds for groups of the type BUC(£^). That is, the statement obtained 
from (a) by replacing BL by BUG is true. 

(c) For every Ei and E2, BL{Ei) and BUC(i?2) are not isomorphic. 

Terminology The notation f : X means that / is a homeomorphism between the 
topological spaces X and Y. That is, / is bijective, and / and f"^ are continuous. Let 
H{X) — {f \ f : X ^ X}. If G, H are groups, then (p : G ^ H means that (p is an isomor- 
phism between G and H. The ordered pair with elements a and b is denoted by {a,b). 

Definition 1.1. (a) A pair {X,G) consisting of a topological space X and a group G 
of auto-homeomorphisms of X is called a space-group pair. Let i^' be a class of space- 
group pairs. K is faithful, if for every {Xi, Gi), {X2, G2) E K and (f : Gi = G2 there exists 
T : Xi = X2 which induces (/?. That is, for every / G Gi, <f{f) = to f or~^. 

A class K of topological spaces is faithful, if {(X, H{X) ) | X G K} is faithful. 

(6) A restricted topological category is a category K whose objects are topological spaces, 
in which every morphism between two objects X and Y oi K is a, homeomorphism from 
X onto Y , and in which for every morphism g of K, g^^ also belongs to K. For every 
X,Y E K let Isoi<:(X, Y) denote the set of morphisms between X and Y and Auti<:(X) = 
1sok{X,X). 

We say that K is a determining category if for every X,Y E K and a group isomorphism 
ip : Auti<:(X) = Auti<:(F) there is r G Isoi<:(X, F) such that ip{g) = T°g°T~^ for every 
g G AutK(X). 

Let 1^, L be restricted topological categories. K, L are said to be distinguishable 
if for every X G K and F G i: if Auti<:(X) = Auti,(F), then 

X G i and Autjc(X) = Autx,(X) or F G K and Auti(y) = Aut/c (F). 

□ 

The above notions provide a convenient way for stating the second type of results in 
this work. However, we shall not use other notions or any techniques from category theory. 

Some faithful classes of topological spaces and some determining categories are listed 
in the next two examples. The lists are not exhaustive. 
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Examples 1.2. The following classes are faithful. 

(a) The class of Euclidean manifolds. This was proved by J. Whittaker [W] (pubhshed 
1963). 

(b) The class of manifolds over the Hilbert cube. This was proved by R. McCoy [McC] 
(pubhshed 1972). 

(c) The class Euclidean manifolds with boundary. This was proved by M. Rubin [Rul] 
(pubhshed 1989). 

(d) The class of all spaces {X,t) such that: 

(1) X is a polyhedron, and r is either the metric or the coherent topology of X, 

(2) the simplicial complex defining X does not have an infinite increasing (with respect 
to inclusion) sequence of simplexes, 

(3) for every x e X, {h{x) \ h e H{X)} has no isolated points. 

This was proved by M. Rubin [Rul] . 

(e) The class of all manifolds over normed vector spaces. This was proved by M. Rubin 
[Rul]. 

(f) The class of manifolds over the class of real topological vector spaces which are 
locally convex, normal and have a nonempty open set which intersects every straight line 
in a bounded set. This was proved by A. Leiderman and M. Rubin [LR] (published 1999). 

Examples 1.3. The following arc determining categories. 

(a) For n < oo let K'^ be the category of C'^-smooth manifolds. The morphisms of K'^ 
are the homeomorphisms / such that / and /^^ are k times continuously differentiable. 
This was proved in [Fi] (R. Filipkiewicz 1982), but was earlier proved by W. Ling in [Lgl] 
and [Lg2] (unpublished preprint, 1980). See the topic "Reconstruction questions for related 
groups" in Subsection 1.7 of the Introduction. 

(6) The categories arising from C'^-smooth Euclidean manifolds carrying various types 
of additional structure. The morphisms being the C'^-diffeomorphisms which preserve that 
structure. These arc determining categories. This includes e.g. foliated manifolds (Ling 
[Lgl] and [Lg2]) and symplectic manifolds (Banyaga [Bal] 1997). Sec the topic "Recon- 
struction questions for related groups" in Subsection 1.7 for more details. 
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(c) The category of open subsets of R" with quasi-conformal homeomorphisms as mor- 
phisms. This was proved by V. Gol'dshtein and M. Rubin [GR] (1995). □ 

Continuing the investigaton of faithful classes and determining categories, we consider 
topological spaces with extra structure. The spaces considered in this work are open subsets 
of a normed vector space, and more generally, manifolds over normed vector spaces. We 
Also consider sets which are the closures of open subsets of a normed space. 

If X is an open subset of a normed space E, the "extra structure" attached to X is 
usually the object (X, bd^(X), d), where bd^(X) is the boundary of X in E, and d is the 
metric on cl^(X) inherited from E, (cl^(X) denotes the closure of X in E). The methods 
of this work can be applied to more general "extra structures". See Remarks 6.25 and 6.28. 

This extra structure is used to define various subgroups of H{X). The groups BL(X) 
and BUC(X) defined at the beginning of Subsection 1.1 are examples of such subgroups. 
Another typical example is as follows. Let X, Y be open subsets of the normed spaces 
E and F respectively. A homeomorphism h : X = Y is said to be extendible if there is 
a continuous function h : cl(X) c\{Y) such that h extends h. We consider the group 
EXT(X) := {h G H{X) \ h and h'^ are extendible}. 

A homeomorphism h : X = Y is said to be completely locally uniformly continuous 
(CMP. LUC) if h is extendible, and for every x G cl(X) there is a neighborhood U of 
X in cl(X) such that h\{U P[ X) is uniformly continuous. We also consider the group 

CMRLUC(X) := {h e H{X) \ h and h'^ are CMP.LUC}. 

The setting is thus as follows. We shall have a class M. of topological spaces. Usually 
this class consists of spaces X such that either X is an open subset or the closure of an 
open subset of normed vector space, or even more generally, X can be the closure of an 
open subset of a manifold over a normed vector space. V and Q are properties of maps 
between X and Y defined for objects of the form (X, bd (X), (i). The set V{X) of all 
homeomorphisms / G H{X) such that / and have property P is a subgroup of H[X), 
and the same holds for Q{Y). The final results have the following form. 

If X, r G and : V{X) ^ Q{Y), then 

(1) (p is induced by a unique homeomorphism r : X = F, 
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(2) V(X) = Q{X) and r and r"^ have property Q, or V(Y) = Q(y) and r and r"^ have 
property V. 

Let Km,t be the following category. 

(a) The class of objects of Kj^^-p is M.. 

(b) The class of morphisms of Km,v is {g : X \ X,Y e M. and and have 
property 7^}. 

Conclusion (1) - (2) is the same as saying that Km,v and Km,q are determining cate- 
gories and K_M^p and K_m^q are distinguishable. 

This work uses only elementary facts. It is self-contained except for Theorem 2.3 which 
is taken from [Ru5]; it is stated there as Corollary 1.4 on page 122, and it is proved there 
in Corollary 2.10 on page 131. 

Theorem 2.3 says that given a pair {X,G), where G is a subgroup of H{X) satisfying 
certain weak transitivity requirements, it is possible to recover from G the Boolean algebra 
Ro(X) of regular open subsets of X, together with the action of G on Ro(X). (A set U is 
regular open if U is equal to the interior of its closure). 

Consider the structures (G, Ro(X); A^"^'''"'') and {G, X; \q), where A^"'''''"'' and A^ 
denote the action of G on Ro (X) and on X respectively. The essence of Chapter 2 is showing 
that for appropriate classes of (X, G)'s, (G, X; Xq) can be recovcrd from (G, X; Aq°*-"^^). 
This kind of argument appears in Theorems 2.5, 2.8, 2.30 and 8.8. 

1.2. Faithfulness of classes of space-group pairs. 

Chapter 2 deals with the faithfulness of classes of space-group pairs. We introduce some 
terminology. 

Definition 1.4. (a) A homeomorphism h between two metric spaces {X,d^) and {Y,d^) 
is Lipschitz if there is K > such that d^{h{u), h{v)) < Kd^{u, v), for every u,v & X. We 
say that h is bilipschitz if both h and are Lipschitz homeomorphisms. Define 

LIP(X) := {h e H{X) I h is bilipschitz}. 
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(b) Let X, Y be metric spaces. A homeomorphism h between X and Y is locally 
Lipschitz if for every u & X there is a neighborhood U of u such that h\U is Lipschitz. h 
is locally bilipschitz if both h and h"^ are locally Lipschitz. Define 

LIP (X) := {h e I h is locally bilipschitz}. 

(c) If 5* C X is open, then 

LIP {X, S) := {h e UP {X) \ h\ {X - S) = Id}. 

(d) Let be a normed vector space, F be dense linear subspace of E, and X be an 
open subset of E. Set 

LIP (X; F) := {h E LIP (X) \h(Xr]F)^Xr] F}. 

(e) For E, F, X, S as above we define 

LIP {X; S, F) := LIP {X; F) n LIP {X, S). 

(f) LIP (X, 5), LIP (X; F) and LIP (X; 5, F) are defined analogously 

(g) Let G < H mean that G is a subgroup of H. 

(h) For a normed vector space E, x E E and r > let 

B^{x, r) — {y E E \ \\y — x\\ < r}. 

Note that LIP {X, S) and LIP {X; F) are subgroups of H{X). □ 

The main result of Chapter 2 is Part (c) of the next theorem. It is restated as Theo- 
rem 2.8(b). Parts (a) and (b) of Theorem L5 are special cases of Part (c). They are more 
frequently used, and are more readable. 

Theorem 1.5. (a) Let K he the class of all pairs {X, G) such that X is an open subset of 
some Banach space and LIP (X) < G < H{X). Then K is faithful. 

{b) Let K be the class of all pairs (X, G ) such that X is an open subset of some normed 
vector space and LIP (X) < G < H{X). Then K is faithful. 

(c) The class K of all pairs {X,G) which satisfy (1) and (2), or (3) and (4) below is 
faithful. 
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(1) X is an open subset of some Banach space E and G < H{X). 

(2) For every x & X there are an open set S C. X containing x and a dense linear 
subspace F CE such that LIP (X; S, F) < G. 

(3) X is an open subset of some normed vector space E and G < H{X). 

(4) For every x E X there are an open set S X containing x and a dense linear 
subspace F CE such that LIP {X; S, F) < G. 

Compare Parts (a) and (b) of Theorem 1.5. Part (a) deals with Banach spaces, 
and assumes that LIP{X) < G. Part (b) deals with normed spaces, but assumes that 
LIP^'^{X) < G. It is unknown whether in (b), assuming only that LIP(X) < G suffices. 
The following theorem contains the strongest known fact regarding this question. It is 
restated as Corollary 2.26. 

For a metric space x E Z and r > let B^{x, r) denote the open ball in Z determined 
by X and r. Let X be an open subset of a normed space E. Let E denote the completion 
of E. Define mt(X) = \J{B^{x,r) \ B^{x,r) C X} and 

IXT(X) = {h\X\he H{mt{X)) and h{X) = X}. 

Theorem 1.6. Let K be the class of all space-group pairs (X, G) such that 

(1) X is an open subset of a Banach space, or X is an open subset of a normed vector 
space which is a topological space of the first category, 

(2) LIP(X) <G< IXT(X). 
Then K is faithful. 

Theorem 1.5 deals with open subsets of normed spaces. However, the method of proof 
transfers without substantial change to the more cumbersome setting of manifolds over 
normed vector spaces {normed manifolds). This is dealt with in Theorem 2.30. In fact. 
Theorem 2.30 deals even with normed manifolds with boundary and with spaces which are 
the closures of open subsets of normed spaces. For such spaces Theorem 2.30 says that 
the "extended normed interior" of the space can be reconstructed from the group. See 
Definition 2.29. An additional step is needed in order to recover the entire space. This step 
is carried out under various assumptions in Theorems 5.2, 6.22, 6.24, 6.27(a) and 6.30. 



13 



For reasons of exposition and accessibility we include in Chapter 2 a theorem from 
[Rul]. It says that i^LCM is faithful, where i^LCM is the class of all space-group pairs 
{X, G) which satisfy: 

(i) X is a locally compact Hausdorff space without isolated points. 

(ii) G has the property that for every nonempty open subset U oi X and x & U the 
closure of the set {g{x) \ g e G and g\{X — U) = Id} has a nonempty interior. 

This result appears here as Theorem 2.5. 

1.3. Moduli of continuity and groups of locally uniformly contin- 
uous homeomorphisms. 

Chapters 3, 4 and 5 deal with groups consisting of uniformly continuous homeomorphisms. 
The uniform continuity of a function / can be measured by a real function which determines 
the bound of d{f{x), f{y)) as a function of d{x, y). Using semigroups of such real functions 
we obtain a hierarchy of subgroups of H{X). 

Definition 1.7. MC denotes the set of functions a e H{[0,oo)) such that for every 
x,y & [0, oo) and < A < 1 

a{Xx + (1 - X)y) > Xa(x) + (1 - X)a(y). 

That is, MC is the set of all concave homeomorphisms of [0, oo). □ 

It is trivial that if a e MC, then a{cx) > ca{x) and a{dx) < da{x), for every < c < 1 
and d> 1. 

Definition 1.8. Let / be a function from a metric space (X, d^) to a metric space {Y, dX). 
Let a e MC. We say that / is a-continuous if d^ [f [u] , f [v]) < a{d^{u,v)) for every 
u,v & X. 

li f, g : A {oo}, then f < g means that /(a) < g{a) for every a E A. 

Let a,P : [0, oo) — ^ M U {oo}. Then a :< P means that there is a > such that 
a\[0,a] <(3\[0,a]. 

For r C MC we define 

cl^(r) = {a e MC I for some 7 G T, a ^ 7}. 
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□ 

Note that if i^' > 0, then the function y = Kx belongs to MC. Also, if a,/? e MC, 
then a + q;o/5 e MC. 

Definition 1.9. Let F denote a subset of MC containing Id [0,00) ■ We define the following 
properties of F. 

Ml For every a e T and /3 e MC : if /3 ^ a, then (5eF. 
M2 For every a G T and > 0: Ka, a{Kx) G F. 
M3 For every a,p e F: a + p e F. 
M4 For every a,P e F: aof3 e F. 

M5 F is countably generated. This means that there is a countable set Fq C. F such that 
FCcUiFo). 

M6 Let a°" denote ao . . . oa, n times. We say that F is principal if there is a E F such 
that F C cU{{a°'' \ n e N}). 

Example 1.10. (a) The set F^^^ :={a e MC \ a di Kx for some K > 0} satisfies Ml - 
M6, and it is called the Lipschitz modulus. 

(b) For < r < 1 the set F^^^ := {a e MC | o; ^ Kx'' for some X > 0} is called the 
r -Holder set, and it satisfies Ml - M3 and M5. 

(c) The set r"^° := \J{F^^^ | r e (0, 1]} is called the Holder modulus, and it satisifies 
Ml - M6. 

Proposition 1.11. (a) If F D F^^^ and F satisfies Ml and M4, then it satisfies M3. 
{b) If F satisfies Ml and MS, then it satisfies M2. 

Proof Left to the reader. ■ 

Definition 1.12. (a) Let F C MC and / be a function from a metric space X to a metric 
space Y . Then / is locally F-continuous if for every x & X there is a neighborhood U 
of X and a & F such that f \ U is a-continuous. / is locally F-bicontinuous, if / is a 
homeomorphism between X and Rng(/), and both / and f~^ are locally T-continuous. 
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(b) Let r C MC . Then F is called a modulus of continuity if Id [0,00) £ r and F satisfies 
Ml - M4. Hence F^^^ C F. 

(c) Let r be a modulus of continuity, and X be a metric space. Hp^ (X) denotes the 
set of locally r'-bicontinuous homeomorphisms from X onto X. □ 

Obviously, {Hp^ (X), o ) is a group. 

Chapters 3 and 4 deal with groups of type Hp*^ (X). The main result on such groups is 
stated in Theorem 4.1(a), and is proved at the end of Chapter 4. The part of that theorem 
which deals with moduli of continuity different from MC appears in Corollary 3.42(a). 

The following theorem captures much of the contents of 4.1(a). The full statement of 
4.1(a) requires more terminology. 

Theorem 1.13. For i — 1,2 let be a modulus of continuity such that either is 
countably generated or F^ — MC; let be a normed space and X^ be a nonempty open 
subset of Ee. Let cp : H}^^ (Xi) = H}^^{X2). Then Fi = F2, and there is a locally A- 
bicontinuous homeomorphism r such that r induces (p. That is, ^{f)—T°f°T~^ for every 

feHj^^ix). 

Let Kp denote the restricted topological category in which the objects are open subsets 
of normed vector spaces, and the morphisms are locally r-bicontinuous homeomorphisms 
between such sets. The above theorem says that for every F as above If r is a determining 
category, that Kp^ and Kp^ are distinguishable, and that for every nonempty open subset 
of a normed vector space X and distinct Fi and F2, Hp^ (X) ^ H]P {X). 

The proof of 1.13 has two main steps. In the first step we apply Theorem 1.5 and 
deduce that there is r : X = F such that r induces ip. This part of the argument is used 
repeatedly for the other groups which are dealt with in this work. 

The following statement constitutes the second step in the proof of 1.13. 

Theorem 1.14. Let X and Y be open subsets of the normed spaces E and F respectively 
and T : X '^Y . Let F be a countably generated modulus of continuity. If LIP {Xy C 
HjP (Y), then r is locally F-bicontinuous. 

The above theorem is restated as Theorem 3.27. 
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Remcirk 1.15. (a) Theorem 1.13 is stated only for open subsets of normed spaces. But 
it is also true for normed manifolds. See Definitions 2.29 and 3.46 and Corollary 3.48(a). 
In fact, if {X, #) is a normed manifold with an atlas # such that for every </'i,</72 £ ^, 
(/?io(/?2^ is locally T-continuous, then [X) can be defined, and Theorem 1.13 remains 
true. The proof remains essentially unchanged. 

(b) Theorem 1.13 has the obvious shortcoming of assuming that F is countably gener- 
ated. In fact, the assumption on F in Theorem 4.1(a) is weaker. For example, for open 
subsets X,Y Ql^ the conclusion of Theorem 1.13 is true for every modulus of continuity. 
Note though that the two natural moduli which motivated 1.13, the Lipschitz and the 
Holder moduli are countably generated, and hence are covered by 1.13. But the question 
of whether Theorem 1.13 is true for every modulus of continuity remains open. 

1.4. Other groups of uniformly continuous homeomorphisms. 

A priori it seems natural to deal with the group UC (X) of all uniformly bicontinuous 
homeomorphisms of X rather than with Hl^{X). (A homeomorphism h is uniformly 
bicontinuous if for every £ > there is 5 > such that if d{x, y) < S, then d{h{x), h{y) ) < s, 
and if d{h{x),h{y)) < 5, then d{x,y) < s). 

Similarly, the group Hr{X) of all T- bicontinuous homeomorphisms of X seems to be 
more natural than Hp'^{X). (A homeomorphism h is F -bicontinuous, if there is 7 e T 
such that h and are 7-continuous) . It turns out that UC(X) and Hr{X) pose more 
problems than their counterparts. Chapter 5 addresses these groups and some related 
groups. 

Let be a property of maps and X, Y be topological spaces. Define V{X, Y) — 
{h\h : X ^Y and h has property V}. If if is a set of 1-1 functions, then H"^ := {h^^ \ h e 
H}. Define V^{X, Y) = V{X, Y) n {V{Y, X))"^ and V{X) = V^{X, X). We consider only 
Vs such that V{X) is a group. The final results of Chapter 5 have the following form. 

(*) Suppose that (f : V{X) = V{Y). Then there is r G T"^{X, Y) such that r induces ip. 

A class Ai of topological spaces is called V - determined, if (*) holds for every X,Y& K, 
that is, if the category Km,v whose objects are the members of Ai and whose morphisms 
are the members of {X, Y) for X,Y & A4 is a determining category. 
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The first result in Chapter 5 is about groups of type \JC{X). Denote the diameter of a 
subset A of a metric space by diam (A) . A metric space {X, d) is uniformly -in - diameter 
arcwise- connected if for every £ > there is 5 > such that for every x,y & X: if 
d{x,y) < S, then there is an arc L C. X connecting x and y such that diam(L) < e. 
The following statement is the main result on groups of type \JC{X). It is restated as 
Corollary 5.6. 

Theorem 1.16. Let X be an open subset of a Banach space or of a normed vector space 
of the first caregory. Suppose that the same holds for Y . Suppose further that X and Y 
are uniformly - in - diameter arcwise - connected. Let (p : UC(X) = l]C{Y). Then there is 
T e \JC^{X, Y) such that t induces (p. 

The following theorem restated later as 5.2 is a corollary of 1.16. 

Theorem 1.17. Let F and K be the closures of uniformly -in - diameter arcwise - connected 
open bounded subsets ofW"^ and respectively. Let ip : H[F) = H[K). Then Lp is induced 
by a homeomorphism between F and K. 

Theorem 1.17 is considerably stronger than the analogous statement for Euclidean man- 
ifolds with boundary. This is so, since uniformly - in - diameter arcwise - connected open 
subsets of R" may have a boundary which is more complicated than the boundary of a 
manifold with boundary. 

UC(X) is a special case of the groups Hr{X). But the analogue of Theorem 1.16 is 
not true for Hr{X). In Example 5.11 it is shown that for every normed space E there is 
T e H{E) such that (LIP(£;))^ = UP{E) but r ^ UP{E). 

Chapter 5 proves - determined-ness for several other T^'s. Definition 5.4 fists eight 
types of groups for which V - determined- ness can be proved. But we have chosen to deal 
only with properties V which occur in other mathematical contexts. 

Definition 1.18. (a) Let Bl]C{X,Y) denote the set of homeomorphisms g : X = Y such 
that g takes bounded sets to bounded sets and for every bounded B C X, g\B is uniformly 
continuous. 



18 



(b) Let X be a metric space. X is boundedly uniformly -in - diameter arcwise - connected 
if for every bounded set S C X and £ > there is 5 > such that for every x,y E B: if 
d{x, y) < 5, then there is an arc L C. X connecting x and y such that diam(L) < e. 

(c) li h : [0,1] X X ^ X and to e [0, 1] , then the function / from X to X defined by 
f{x) — h{to, x) is denoted by ht^. X has Property MVl if for every bounded B Q X there 
are r — rs > and a — as & MC such that for every x & B and < s < r, there is an 
a-continuous function h : [0,1] x X ^ X such that: for every t e [0, 1], ht{x) e H{X) and 

is a-continuous; ho — Id and d{x, hi{x)) — s; and ht\ {X — B{x, 2s)) — Id for every 
te[0,l]. □ 

The following 7^ - determined- ness theorem is restated as Theorem 5.20. 

Theorem 1.19. Let K he the class of all X such that X is an open subset of a Banach space 
or X is an open subset of a normed space of the first category, X is boundedly uniformly - 
in- diameter arcwise- connected, and X has Property MVl. Then K is BUG - determined. 

There is of course the F variant of BUC(X). For a modulus of continuity F define 
HfP {X) = {/i e H{X) I for every bounded AQX there is 7 e T such that 
h\A\s 7-bicontinuous} 

When X is a subset of a finite-dimensional normed space and F is principal, then Theo- 
rem 8.4 provides a faithfulness result for this type of groups. 
We do not know a more general theorem in this direction. 

The last type of groups considered in Chapter 5 are groups of homeomorphisms g such 
that g \ B is uniformly continuous for every B C X such that B is bounded, and the 
distance of B from the boundary of X is positive. The P - determined-ness in this situation 
is proved in Theorems 5.32 and 5.36. 

These theorems are not quoted here because their statement requires terminology that 
has not yet been introduced. 

Throughout Chapter 5 one encounters two types of intermediate results. 

(1) Let t:X^Y he such that = r{Y). Then r e V^{X, Y). 

(2) Let T : X ^ y be such that {V{X))^ C V{Y). Then r e V^{X, Y). 
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Results of type (2) are stronger, but they are not true for all T^'s which we consider. Re- 
sults of type (2) are needed in order to show that V{X) cannot be isomorphic to Q{Y) 
when V is different from Q. 

1.5. Groups of extendible homeomorphisms and the group of 
homeomorphisms of the closure of an open set. 

Chapter 6 is concerned with the faithfulness of groups of the form H{c\{X)) and with 
groups of the form EXT (X) , where X is an open subset of a normed vector space. The 
group EXT (X) is defined below. 

Let X, Y be open subsets of the normed spaces E and F . A continuous function 
g:X is called an extendible function^ if there is a continuous function ^:cl(X) ^cl(y) 
such that g extends g. The set of extendible homeomorphisms between X and Y is denoted 
by EXT(X,F). Accordingly, EXT(X) = {g e H{X) \ g and g~^ are extendible}. Note 
that if X is a regular open subset of W\ then EXT(X) = if(cl(X)). Recall that a set is 
called regular open if it is equal to the interior of its closure. 

The goal is to find large classes K of open subsets of a normed space containing 
the commonly encountered open sets and containing also exotic open sets for which 
{cl (X) |X G K} is faithful. It is not true, though, that for every open subsets of X, F C M", 
if if : i^'(cl(X)) = H{c\{Y)), then there is r : cl(X) = c\{Y) such that r induces ip. Exam- 
ple 5.8 demonstrates this phenomenon in two different ways. 

The following theorem gives the flavor of the type of results proved in Chapter 6. 

Theorem 1.20. Let X, Y he open hounded suhsets of the Banach spaces E and F. Assume 
that: 

(1) There is d such that for every u,v & X there is a rectifiahle arc L C X connecting u 
and V such that length (L) < d. 

(2) For every point w in the boundary of X and for every e > there is 6 > such that 
for every u,v E X : if \\u — w\\, \\v — w\\ < S, then there is an arc L C X connecting 
u and V such that diam(L) < e. 

(3) Conditions (1) and (2) hold for Y. 
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Then 

(a) Ifif : H{c\{X)) = H{c\{Y)), then there is r : d{X) ^ d{Y) such that r induces if. 

(b) If^ : EXT(X) = EXT(F), then there is t e EXT^(X,r) such that r induces ^. 

Part (a) of the above theorem is an excerpt from Theorem 6.22, and (b) is an excerpt 
from Theorem 6.3(a). 

The class of spaces defined in Theorem 1.20 contains some spaces whose boundary is 
quite comphcated. Also, such spaces may have boundary points which are fixed under 
H{c\{X)). Here is an example of a possibly not well-behaved set which is covered by 
Theorem 6.22. 

Example 1.21. Let B and -S" be the open unit ball and the unit sphere in a Banach space 
and {Bi | i e /} be a family of pairwise disjoint closed balls such that Bi C B for 
every i e 7. Suppose that for every x & E: if every neighborhood of x intersects infinitely 
many Sj's, then x E S. Then the set X := B — (J.^^Sj, satisfies Clauses (1) and (2) 
of Theorem 1.20. Note that even in the case of = R", the boundary of X can be 
complicated. □ 

Clause (2) in Theorem 1.20 implies that cl{X) is arcwise connected. Consider the open 
set X described in the following example. Its closure is not locally arcwise connected. 

Example 1.22. Let X = {{r,e) \ 6 e (tt, oo) and 1 - ^^i^ < r < 1 - j^:;^}. {X is 
described in polar coordinates). Note that X is an open spiral strip converging to the 
circle 5(0,1). □ 

Example 1.22 is not covered by Theorem 1.20 but it is included in the class considered 
in the following theorem. 

Theorem 1.23. Let X, Y he open hounded suhsets of the normed spaces E and F. Assume 
that: 

(1) For every sequence x — {xn | n G N} C X there are a subsequence y of x, a sequence 
z such that z is convergent in E and a sequence of rectifiable arcs Q X , n & N, 
such that sup^gj^ length (L„) < oo and L„ connects yn and Zn- 
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(2) For every x e bd(X) andr > there is a continuous function ht{x) : [0, 1] xcl{X) — > 
cl{X) such that Hq — Id, hi{x) ^ x, and for every t E [0,1], ht\ X e EXT(X) and 
ht\{c\{X)-B{x,r))^ld. 

(3) Conditions (1) and (2) hold for Y. 
Then 

(a) If if : H{cl{X)) = H{c\{Y)), then there is r : cl(X) = cl(F) such that r induces ip. 

(b) If if : EXT(X) ^ EXT(y), t/ien there is r e EXT^{X,Y) such that r induces (p. 

Theorem 1.23(a) is an excerpt from Theorem 6.24, and 1.23(b) is an excerpt from 
6.18. Example 1.22 is restated as 6.15(a). Other examples which are covered by Theorems 
6.24 and 6.18, but have a non-locally arcwise connected closure appear in 6.8 and 6.15(b). 
Another EXT - determined class is described in Theorem 6.12. 

Chapter 6 also deals with groups of type CMP.LUC (X) defined in Subsection 1.1. 
CMP.LUC - determined- ness is proved in Theorem 6.20(a). It completes the picture given 
in Chapters 8-12. The following is a special case of 6.20(a). 

Theorem 1.24. Let X, Y be open bounded subsets of the normed spaces E and F. Assume 
that: 

(1) For every sequence x = {a;„ | n G N} C X there are a subsequence y of x, a sequence 
z such that z is convergent in E and a sequence of rectifiable arcs Q X , n & N, 
such that sup„gpij length (L„) < oo and connects yn and Zn. 

(2) For every x e bd (X) there is r > such that for every e > there is 5 > such that 
for every u,v E B^{x, r) n X : if d{u, v) < S, then there is an arc L C. X connecting 
u and V such that diam(L) < e. 

(3) Conditions (1) and (2) hold for Y. 

Then ifip : CMP.LUC (X) ^ CMP.LUC (Y), then there is t E CMP.LUC ^(X, Y) such that 
T induces (p. 

Two extensions of the results of Chapter 6 are presented at the end of that chapter. 
These extensions cover some natural spaces which are not covered by the original classes. 
Also, the faithful class dealt with in Extension 2 contains 2^^° subsets of M^. 
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(1) The original classes considered in Chapter 6 consist of open subsets of normed 
vector spaces, and the closures of such sets. However, all the results obtained for these 
classes translate to the class of open subsets of manifolds over normed vector spaces and 
the closures of such sets. See Example 6.28 and Theorem 6.30. 

(2) The results obtained for the class of closures of open subsets of a normed vec- 
tor space extend to the class of all subsets Z of a normed vector space which satisfy 
Z C cl(int(Z)). See Example 6.26 and Theorem 6.27. 

Chapter 7 contains theorems of the following type. Suppose that </7:7'(X) = Q(y). Then 

(i) There is r : X = y such that r induces (/?. 

(ii) V{X) = and T e Q^(X,y), or P(y) = and r e V^{X,Y). 

These results appear in Corollary 7.11. As an example of such results we quote 7.11(e). 

Theorem 1.25. If X and Y are nonempty open subsets of an infinite- dimensional Banach 
space, then VC{X) ^ EXT(F). 

1.6. Local uniform continuity at the boundary of an open set. 

Let X C and y C R"^ be open sets and suppose that ip : LIP(cl(X)) ^ LIP(cl(y)). 
Can we conclude that there is r : cl (X) = cl {¥) such that r is bihpschitz and r induces </?? 
This question motivates the work presented in Chapters 8-12. Indeed, if the boundaries 
of X and Y are well-behaved, then the answer to the above question is positive. 

Let X,Y be open subsets of the normed spaces E and F, and T be a modulus of 
continuity. For g e EX.T {X,Y) let g'^^ denote the continuous extension of g to cl{X). 
Define 

^CMRLC^^ = e EXT(X,Y) I is locally T-continuous} 
and i7CMP.LC(^) ^ (ijCMP-LC)±(x,X). 

Note that the group CMP. LUC (X) discussed in Subsection 1.5 is a special case of 
groups of the form Hp^^-^^{X). Indeed, CMP.LUC (X) = H^^^-^^ {X). In the special 
case that X C R" is a regular open bounded set we have LIP(cl(X)) = H^^^-'^^{X). 
More generally, Hr{cl{X)) = Hp^^-^^{X). So a determining- ness result for the property 
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V — CMP.LCpLip implies such a result for the class Kj^^-p, where V — LIP and M. is the 
class of bounded regular open subsets of finite-dimensional spaces. 

Chapters 8-12 are devoted to the proof of the following statement about ifCMP.LC 

(*) If 99 : /JCMP.LC(^) ^ ii-CMP.LC(y)^ ^^leu T = z\, and there is r e {Hp^^-^^)^{X,Y) 
such that r induces </?. 

Statement (*) is proved for X, Y, F and A which satisfy the following assumptions. 

(1) r is principal, (sec M6 in Definition 1.9). 

(2) X is locally T-LIN-bordered, and Y is locally Z\-LIN-bordered, (see Definition 8.1(b)). 

The exact definition of local LIN-borderedness is a bit long, but a main special case is the 
class open sets whose closure is a manifold with boundary with a T-bicontinuous atlas. 

Statement (*) is restated in Theorem 8.4(a). The proof of 8.4(a) has four steps. The two 
major steps are Steps 3 and 4, which are stated as Theorems 8.8 and 12.19. The following 
theorem is the conclusion of the first three steps combined together. The prinicipahty of 
r is not needed here. It is needed only at Step 4. 

Theorem 1.26. Let F, A be countahly generated moduli of continuity, E and F he normed 
spaces and X C E , Y C F be open. Suppose that X is locally F -LIN-bordered, and Y is 
locally A-LIN-bordered. Let (p : cmp.lc ^x) ^ cmp.lc ^y) . Fhen there is re EXT ^ {X,Y) 
such that T induces ip. 

The proof of Theorem 1.26 requires much technical work. This work is carried out in 
Chapters 9 and 10. The proof of 1.26 appears at the end of Chapter 11. 

Step 4 of the proof of Theorem 8.4(a) says that if in Theorem 1.26, F is principal, then 
the homeomorphism r obtained in 1.26 belongs to {Hp^^-^'-")'^{X,Y). 

It should be pointed out that the results mentioned above are true for open subsets of 
normed manifolds. The final result for manifolds is stated in Theorem 8.4(b). 

As a byproduct of the proof of the main theorem of Chapters 8-12, we also obtain a 
determining-ness result for the group defined below. Let X be an open subset of a normed 
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space E. Define 

^BDR.LC (^x) ^{ge EXT(X) I every x e cl(X) - X has a neighborhood U in d(X) 
such that 51'^^ \U is T-bicontinuous}. 
Theorem 12.20(b) contains a determining-ness result for the property V — BDR.LCr. 

1.7. Further questions and discussion. 

This work leaves many unsolved questions, which we mention at the point where they 
naturally arise. In what follows we highlight the questions we regard to be more central. 

The countable generatedness of F. 

Question 1.27. Can Theorem 1.13 be proved for every pair of moduli of continuity, re- 
gardless of whether they are countably generated or not? That is, we ask if the following 
statement true? 

For £ = 1, 2 let be a modulus of continuity. Let Ei be a normed space and be 
an open subset of E^. Let (p : Hj^^ {Xi) = Hj^^ {X2). Then Ti = and there is a locally 
Ti-bicontinuous homeomorphism r such that r induces ip. □ 

Note that the assumption in Theorem 4.1 is in fact somewhat weaker than countable 
generatedness. We ask Question 1.27 also for the other theorems in which F is required to 
be countably generated. See e.g. Parts (a) and (b) of Theorem 5.24. 

The principaUty of F in the theorem about Hp^^-^^{X). 

Question 1.28. Is Theorem 12.20(a) triie without the assumption that F is principal? 
That is, we ask if the following statement true? 

Let X, Y be open subsets of a normed space, and F, A be moduli of continuity. 
Assume that X is locally /"-LIN-bordered, and Y is locally Z\-LIN-bordered. If 
if : iyCMP.LC(^) ^ i/CMP.LC^y)^ ^^len F ^ A, and there is r e {Hp^^-^^)^{X,Y) such 
that T induces (f. □ 

Obviously, the case that F and A are countably generated is also unknown. 
A possible stronger way of distinguishing between the Hp'^ {Xys. 
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The fact that //^^ {X) ^ H^^ (Y) for T ^ Zl may have a stronger reason. That is, 
maybe there is a locally Zl-bicontinuous homeomorphism which is not conjugate to any 
locally T-bicontinuous homeomorphism. So a positive answer to the following question 
together with the faithfulness result of Theorem 1.5(a) will imply the distinguishability of 
the Kr's. 

Question 1.29. Let F, A be moduli of continuity such that A ^ F and let X be a 
nonempty open subset of a normed space of dimension > 1. Is there a locally Z\-bicontinuous 
homeomorphism g oi X such that g is not conjugate to any /"-bicontinuous homeomor- 
phism? □ 

In the space R, every homeomorphism is conjugate to a Lipschitz homemorphism. 

Relaxing the assumption on the boundary in the theorem about Hp^^-^'^ (X). 

Let Xo = {{x,y) G | a; > 0, -x^ < y < x^}. The set Xq is not r^^^-LIN-bordered. 
Our general question is whether Theorem 12.20(a) can be strengthened to classes which 
include sets similar to Xq. We may ask the following concrete question. 

Question 1.30. Let cp e Aut(if^^p''^^(Xo)). Is cp an inner automorphism? □ 

Question 8.11 introduces the notion of a locally /"-almost-linearly-bordered set (locally 
/"-ALIN-bordered set). It seems that Theorem 12.20(a) can be extended to the class of 
locally /"-ALIN-bordered sets. This requires a more detailed technical analysis similar to 
the work carried out in Chapters 9-11. 

However, we do not know how to handle the type of singularity at the boundary point 
(0, 0) of Xq above. 

A variant of the group Hp^^-'^'^ (X). 

Let X, Y be open subsets of the normed spaces E and F, f: X ^ Y and F he a 
modulus of continuity. / is completely weakly F -continuous (CMP.WK F -continuous), if 
/ is extendible, and there is 7 e T such that for every x e c\{X) there is a neighborhood 
U oi X such that f^^ \U is 7-continuous. As usual, 

^CMP.WK ^j^^ r) := {/ I / is a homeomorphism between X and Y and / is CMP.WK 

T-continuous}. 
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Question 1.31. Prove the analogue of Theorem 12.20(a) for the groups of type 

Naturally, the definition of local T-LIN-borderedness has to be replaced by the analo- 
gous notion of weak T-LIN-borderedness. 

It seems that the main difficulty in proving CMP. WK r - determined- ness is the coun- 
terpart of Theorem 1.26. 

Groups which fit into the framework but have not been investigated. 

Definition 1.32. Let T be a modulus of continuity and f : X ^Y. 

(a) / is regionally F -continuous if for every nonempty open U C. X there is a nonempty 
V CU and a E F such that f\V is a-continuous. 

(b) / is pointwise F-continuous if for every x & X there is a neighborhood V oi x and 
a E F such that d{f{y), f{x)) < a{d{y, x)) for every y eV. 

Note that "pointwise MC -continuous" is just "continuous". 

(c) / is boundedly F-continuous if for every bounded set y C X there is a & F such 
that f \V is CK-continuous. 

Let Hp^{X), Hp^ (X) and Hp^ (X) denote the groups of homeomorphisms corre- 
sponding to the notions introduced in (a) - (c). 

Proposition 1.33. (a) Let X be a metric space and F be a modulus of continuity. Then 

(i) HP^{X) C H^^{X) C H^'^iX); 

(ii) Hj^^iX) C H^G{X). 

(6) Let X be an open subset of a Banach space and F be a countably generated modulus 
of continuity. Then Hf^ {X) C Hf^ {X). 

Proof (a) Part (a) follows from the definitions. 

(6) Suppose that / : X — > y is not regionally T-continuous. Let {ctj | z e N} generate F. 
Let U C X be an open ball which shows that / is not regionally T-continuous. We define 
by induction e U. Let Xo,yo be such that d{f{xo),f{yo)) > 2ao{d{xo,yo)). Suppose 
that Xi,yi have been defined. Let Xi+i,yi+i e B {{xi -\- yi)/2, d{xi,yi)/2^) be such that 
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/(j/i+i)) > 2Q;j+i(d(xj+i, yi+i)). Since {xi | i e N} is a Cauchy sequence it con- 
verges, say to z. Hence linij = z. We may assume that d{f{z), f{xi)) > d{f{xi), f{yi))/2 
for every i eN. So for i e N, 

d{f{z)J{xi)) > \d{f{xi),f{yi)) > \ ■2ai{d{xi,yi)) > ai{d{z,Xi)). 

Hence z shows that / is not pointwise /"-continuous. ■ 
Let 

K = {X I X is an open subset of a separable normed space of the second category}. 

Using an argument similar to the one used in Theorem 3.41, one can prove the analogues 
of 1.13 and 1.14 for the class 

{Hf*^ [X) \ X & K and T is a countably generated modulus of continuity}. 

It was not checked whether other arguments used for Hp^ {X) can be applied to Hp^ (X). 

Question 1.34. Prove the analogues of 1.13 and 1.14 for the class {H^^ [X) |X is an open 
subset of a normed space, and T is a countably generated modulus of continuity}. □ 

It is easy to see that a reconstruction theorem for the class of H^'^ (^)'s implies recon- 
struction theorems for the classes of Hl^^ (-^)'s and Hp^ (^)'s- 

1.8. Some more facts about reconstruction theorems. 

Reconstruction questions for related groups. 

Much work has been done on the analogous problems for diffeomorphism groups. It 
seems that the first work in this direction was carried out by F. Takens [Ta]. 

Soon afterwards there was an unpublished extensive work by W. Ling [Lgl] and [Lg2] . 
Ling proved that many types of structures on a Euclidean manifold give rise to a determin- 
ing category (or to an appropriate variant of this notion) . Some of these categories are: 
(1) The category of A;-smooth Euchdean manifolds with /c-smooth diffeomorphisms. 
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(2) The category of /c-smooth Euclidean manifolds with a /c-smooth volume form with dif- 
feomorphisms preserving the form. 

(3) The category of /c-smooth fohated Euchdean manifolds with the foliation preserving 
diffeomorphisms . 

(4) Differentiable manifolds with a contact form. 

(5) Manifolds with a piecewise linear structure, and homeomorphisms preserving this struc- 
ture. 

The authors in [RY] (unpublished) reproved Result (1) from Ling's work, and proved 
some additional facts. For example, they showed that the category of Euclidean differen- 
tiable manifolds with diffeomorphisms that have a locally T-continuous /c'th derivative is 
a determining category, for every countably generated modulus of continuity F. 

The next work was by R. Filipkiewicz [Fi]. He proved that the category of /c-smooth 
manifolds with A;-smooth diffeomorphisms is a determining category. 

Further work on this subject has been done more recently by a number of authors. 

A. Banyaga [Bal], [Ba2] proved the determining-ness for the categories arising from 
differentiable structures, unimodular structures, symplectic structures, and contact struc- 
tures. Also, he established an analogous result for measure preserving homeomorphisms. 

T. Rybicki [Ryb] presented an axiomatic approach to groups of C°° diffeomorphisms 
which determine a C°° manifold. 

Recent progress on reconstruction problems was obtained by J. Borzellino and V. Bruns- 
den [BB]. They proved faithfulness for the class of spaces which are locally compact orb- 
ifolds. 

Results on differentiabilty obtained by the authors of this work which refine older results 
and which also deal with Frechet differentiabilty in infinite-dimensional spaces, will appear 
in a subsequent work. 

V. Gol'dshtein and M. Rubin obtained analogous results for quasi-conformal homeo- 
morphism groups. Part of these results appeared in [GR]. The results for quasi-conformal 
homeomorphism groups apply to finite and infinite-dimensional spaces. The full work on 
this subject will be presented in a separate article. 

Another interesting theorem on a determining category appears in the works of M. 
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G. Brin and of Brin and F. Guzman on the Thompson group. Let G < i?([0, 1]) be the 
group of all homeomorphisms h such that: (1) h is piecewise linear; (2) every slope of h 
is an integral power of 2; (3) every breakpoint of /i is a diadic number. It is clear that 
G e -f^LCM, (see 2.4 and 2.5). Hence {([0, is faithful. Interestingly, G is a finitely 
presented group. 

One of Brin's results from [Brl] is as follows. 

(1) Every automorphism of G is induced by a homeomorphism / e if([0, 1]) such that for 
every a < 6 in [0, 1], f\[a, b\ satisfies (l)-(3) above. 

(2) Every such a homeomorphism induces an automorphism of G. 

Denote by the group of all / e -f^([0, 1]) such that conjugation by / is an automor- 
phism of G. Brin also proves that {([0, is a determining category. See also Brin 
[Br2] and Brin and F. Guzman [BG]. 

Reconstruction theorems in other cireeis. 

The theme of reconstructing a structure from its automorphism group was investigated 
in several other areas. 

The recovery of a vector space from its group of linear isomorphisms has a long history. 
Mackey [Mac] proved in 1942 that a normed vector space X can be reconstructed from 
its group L{X) of isomorphisms, (that is, bijective bounded linear transformations from 
the space to itself). More precisely, Mackey showed that if X is finite-dimensional and 
L{X) = L{Y)^ then dim(X) = dim(F). In the case that X is infinite-dimensional an 
isomorphism between L{X) and L{Y) is induced by an isomorphism between X and Y . In 
the case that X is reflexive an isomorphism between L{X) and L{Y) can also be induced 
by an isomorphism between X* and Y . 

Let Fi, F2 be division rings and rii, ^2 > 2 be integers. If the linear groups GL (ni, Fi) 
and GL (77,2, F2) are isomorphic, then ni = ^2 and either Fi = F2 or Fi = F!^^ , where F°p is 
the division ring obtained from F by reversing the multiplication. That is, a -^"^ b — b-^ a. 
This fact is due to J. Dieudonne [Dil] (1947) and [Di2] (1951). 

For infinite-dimensional vector spaces, Vi over Fi and V2 over F2, every isomorphism 
between Aut (V^i) and Aut (V2) is induced by isomorphisms between Fi and F2 and between 
Vi and V2. A strong theorem concerning this, but not exactly this fact, was proved by C. 
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E. Rickart in [Ril] - [Ri3] (1950 - 1951). The theorem of Dieudonne for finite dimension 
is a special case of Rickart's Theorem. O. O'Meara [Om] (1977) proved the reconstruction 
theorem for infinite dimension. Another proof was found by V. Tolstykh [Tol] (2000). 

Free groups are also reconstructible from their automorphism groups. That Aut (F„) ^ 
Aut (Fjn) for riy^m, can be deduced from the work of J. Dyer and, G. R Scott [DS] (1975). 
Fn denotes the free group with n generators (in the variety of all groups). E. Formanek 
in [Fo] (1990) proved that Inn (F„) is the only normal free subgroup of rank n of Aut (-Fn)- 
This implies immediately the reconstruction result for finitely generated free groups. V. 
Tolstykh in [To2] (2000) proved that if A is an infinite cardinal then Inn (Fx) is definable 
in Aut (Fx) ■ This implies the reconstruction result for free groups with infinite rank. 

Another body of reconstruction results for groups of linear transformations is due to 
M. Droste and M. Gobel [DGl] (1995) and [DG2] (1996). Given a ring R with unity and 
a poset P one can define the generahzed McLain group G{R, P) of R and P. Droste and 
Gobel reconstruct R and P from G{R, P) . 

The symmetric group is another important instance. It is the automorphism group 
of a structure with no relations and no operations. Sym(6) is the only symmetric group 
which has outer automorphisms. A proof that A is recoverable from Sym {A) appears in 
McKenzie [McK] (1971). This had been known before. See Scott [Sc] p.311. 

Automorphism groups of various types of ordered structures were also extensively in- 
vestigated. We mention some of the more recent references. Reconstruction theorems for 
trees appear in Rubin [Ru3] (1993). Linear orders and related structures are considered in 
Rubin [Ru5] (1996) and in [MR]. And Boolean algebras are reconstructed in Rubin [Ru2] 
(1989). 

The reconstruction of measure algebras is dealt with in [Ru2]. The group of measure 
preserving transformations of [0, 1] is considered by S. Eigen in [Ei] (1982). 

Rubin [Ru4] (1994) deals with the reconstruction of Mo-categorical structures. 
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2 Obtaining a homeomorphism from a group isomor- 
phism 

2.1. Capturing the action of the group on the regular open sets. 

Let G < H{X). In order to prove that X is reconstructible from G, we shall first show 
that the action of G on the set of regular open subsets of X is reconstructible from G. 

We next introduce some notations, recall some basic definitions, and present some 
notions specific to this work. 

Definition 2.1. Let X be a topological space U C. X and G < H{X). 

(a) Let int^(C/), cl^(C/), bd^(C/) and acc^(C/) denote respectively the interior, closure, 
boundary and the set of accumulation points of U in X. The boundary, bd^(C/) is defined 
by bd^(C/) := cl^(C/) n cl^(X - [/). The superscript X is omitted when X is understood 
from the context. 

(b) U is regular open ii U — int(cl(C/)). Ro{X) denotes the set of regular open subsets 
of X. We equip Ro{X) with the operations: U + V :=int(cl(C/ U V)), U -V :=U DV 
and —U :— int {X — U). Then (Ro(X), +, •, — ) is a complete Boolean algebra. Obviously, 
ORo(x) ^ 0^ ^Ro(x) ^ and the induced partial ordering of Ro{X) is <Ro(^) = c. We 
regard Ro {X) both as a set and as a Boolean algebra. 

(c) li g : X = Y then g induces an isomorphism g^° between Ro(X) and Ro(y): 
^R°(;7) = {g{x) \ x e U}. For G < H{X) let G^" := {^^° \ g e G}. Then G^° < 
Aut (Ro(X)) and if X is Hausdorff, then g ^ g^" is an embedding of G into Aut (Ro(X)). 
We assume that X is Hausdorff and identify G with G^° . So H{X) is regarded as a 
subgroup of Aut (Ro(X)). 

(d) G is a locally moving subgroup of H{X) if for every nonempty open V X there 
IS g & G — {Id} such that g\{X — V) — Id. In that case {X, G) is called a topological local 
movement system. 

(e) Let Ap : G x Ro(X) — > X be the application function. That is, Ap(gf, — giV). 
The structure MR [X, G) is defined as follows. 

MR(X,G) = (Ro(X),G,+,-,-,Ap). 
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(f) 77 : MR{X, G) = MR(y, H) means that 77 is an isomorphism between MR(X, G) and 
MR(Y, if). That is, 77 is a bijection between Ro{X) U G and Ro(y) U H, r){G) = if, and 
77 preserves +, •, — and Ap. 

(g) If 77 : A — > S is a bijection and g : A ^ A, then the conjugation of by 77 is defined 
as g^ •.= r]ogor]~^ . 

Proposition 2.2. Let X, F &e Hausdorff spaces, G < H{X) and H < H{Y). Suppose that 
ip:G^Hand7]:Ro{X) = Ro{Y). Then {(p U 7]) : MR {X,G) ^ MR {Y, H) tff (p{g) = g" 
for every g & G. 

The next theorem says that for topological local movement systems the action of G on 
Ro(X) can be reconstructed from G. This theorem is proved in [Ru5]. 

Theorem 2.3. The reconstruction theorem for topological local movement systems. Let 

{X, G) and (Y, H) he topological local movement systems and Lp : G = H. Then there is a 

unique r] : Ro (X) ^ Ro (Y) such that (v? U 77) : MR (X, G) = MR (Y, H) . 

That is, there is a unique rj : Ro(X) = Ro(y) such that ip{g) = g^ for every g E G. 

Proof See [Ru5] Definition 1.2, Corollary 1.4 or Corollary 2.10 and Proposition 1.8. ■ 
2.2. Faithfulness in locally compact spaces. 

The first faithfulness theorem to be presented is about locally compact spaces. It is taken 
from [Rul] and brought here for the sake of completeness. It is the conjunction of parts 
(a), (b) and (c) of Theorem 3.5 there. 

Definition 2.4. (a) For G < H{X), g e H{X) and xeX, let G{x) := {g{x)\g e G}. A set 
A C. X is somewhere dense if int{cl{A)) 7^ 0. X is a perfect space if there is no x e X such 
that {x} is open. Suppose that G is a set of permutations of a set A and B C A. Define 
G\Bj:={geG\g\{A-B)^ld}. 

(b) Let 

-f^LCM := I X is a perfect locally compact Hausdorff space, and 

for every open V Q X and x e V, G[V](x) is somewhere dense}. 

Theorem 2.5. (Rubin [Rul] 1989) Ki^cm is faithful. 
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Proof It follows easily from the definitions that for every (X, G ) e -f^LCM , {X-, G ) is a 
topological local movement system. 

A subset p of a Boolean algebra B is called an ultrafilterii: (i) ^ p; (ii) if oi, . . . , a„ e p, 
then nr=i ^« ^ P'l (^^^) if £ P ^iid b > a, then b & p; (iv) for every a & B either a e p or 
—a e p. 

By Zorn's lemma, every subset of B satisfying (i)-(ii) is contained in an ultrafilter. For 
an ultrafilter p in Ro(X), let Ap := n{cl(^) \ V Ep}. Let {X,G) E Xlcm- We say that 
an ultrafilter p in Ro(X) is good if Ap is a singleton. If p is good and Ap — {x}, then we 
write X — Xp. The following facts can be easily checked. 

(a) Ap — {x} iff p contains all regular open neighborhoods of x. 

(b) p is good iff there is e Ro{X) - {0} such that for every V e Ro{X) - {$}: 
if y C W, then there is g E G such that g{V) e p. 

(c) Let p and q be good ultrafilters. Then Xp ^ Xq iff 



(d) Let p be a good ultrafilter, and U € Ro(X). Then Xp E U iS for every good 
ultrafilter q: if Xg = Xp, then U E q. 

(e) Let p, g be good ultrafilters, and g E G. Then g{xp) = Xg iff = Xg. 

(f) If p is a good ultrafilter and g E G, then 5f(p) is a good ultrafilter. 

(g) If X E X, then there is a good ultrafilter p such that Xp = x. 

Clearly, the fact that p is an ultrafilter is expressible in terms of the operations of 



(1) By (b), the fact that p is a good ultrafilter is expressible in terms of the operations 
of MR(X, G). 

(2) By (c), for good ultrafilters p and q, the fact that expressible in terms of 
the operations of MR(X, G). 

(3) By (d), for a good ultrafilter p and U E Ro(X), the fact that Xp E U is expressible 
in terms of the operations of MR(X, G). 

(4) By (e), for good ultrafilters p and q and g E G, the fact that g{xp) = Xg is expressible 




(Ro(X), +,-,-). 
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in terms of the operations of MR{X, G). 

Let {X,G),{Y,H) e Xlcm, and let ip:G^H. By Theorem 2.3, there is 
T] : Ro{X) ^ Ro (y) such that (y? U 77) : MR{X, G) ^ MR(y, H). hei ij; ^ ipiJ-q. We define 
T : X — > y. Let X & X. By (g), there is an ultrafilter p such that Xp — x. By (1), is 
a good ultrafilter. 

We define t{x) — x^^py If is a good ultrafilter such that also Xq — x, then by (2), 
= x^(p). So the definition of r is valid. 

We check that r is a bijection between X and Y. Suppose that Xp ^ Xq. By (2), 
T{xp) = x^(j,) ^ x^f^q) = T{xq). So T is injective. 

Let y e y. By (g), there is an ultrafilter q such that Xq — y. By (1), p:=t/;~^(q) is a 
good ultrafilter. So T{xp) — x^^^ — Xq — y. So r is surjective. 

Let t{A) denote {r{a) \ a e A}. In order to show that r is a homeomorphisms, it suffices 
to show that for some open base B of X, {t{U) \U G B} is an open base for Y. Since 
X and y are locally compact, they are regular spaces. So Ro(X) and Ro(y) are open 
bases of X and Y repectively. So it suffices to show that {r{U) \ U e Ro(X)} = Ro(y). 
Let X E X and U e Ro{X). Let p be an ultrafilter such that Xp — x. By (3), Xp E U iS 
x^^p) e i^iU). That is, x e [/ iff t{x) e i^iU). So t{U) = i^iU) for every U e Ro{X). 
Hence {t{U) \ U e Ro{X)} = {^'(C/) | U e Ro{X)} = Ro(y). So r is a homeomorphism. 

It remains to show that r induces (p. Let g & G and y & Y. Let q be an ultrafilter 
in Ro(y) such that Xq = y. Then g'^(y) = Togror-^(a;5) = Tog{x^-i^q)) = T(xg(^-i(5))) = 
= = But by Proposition 2.2, gr" = ip{g). So = x^f^g)i^q). 

However, if Xq — y, then trivially Xh{q) — h{y) for every h & H. In particular, a;<^(g)(g) = 

We have shown that g'^{y) — (p{g){y) for every y eY. So g'^ — (p{g). ■ 

Remcirk In the above proof the existence of the inducing homeomorphism r was 
deduced from facts (b) - (e) which showed that point representation, equality, belonging 
and apphcation were expressible in MR {X, G) . The toil of deducing the existence of r from 
(b) - (e) could have been spared by using certain general machinery called the method of 
interpretation. The notion of interpretation is not introduced here, since it is used only 
twice. Interpretations are described e.g. in [Ru2] Section 2 or in [MR] Section 6. 
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Theorem 2.5 has many apphcations in the Euchdean case. For example, it apphes to 
m times continuously differentiable Euclidean manifolds. 

Corollary 2.6. [Rul] Let K£, = {{X,G)\ for some < m < oo, X is a Euclidean 
C™" -manifold and G contains all homeomorphisms f such that both f and f~^ are C"^ 
homeomorphisms} . Then Kd is faithful. 

Proof KdCK^cm- m 

Theorem 2.5 also apphes to Hilbert cube manfolds, and in fact to manifolds over [0, 1]^ 
for any cardinal A. 

The class of Menger manifolds is also a subclass of i^LCM , and hence it is faithful. See 
Kawamura [K]. 

The finitely presented subgroups of if(R) defined by R. Thompson (see [Brl], [Br2] and 
[BG]) also belong to -fCLCM- 

2.3. Faithfulness in normed and Banach spaces. 

We now turn to the context of normed vector spaces and Banach spaces. 

To avoid notational complications, we shall mainly deal with open subsets of normed 
and Banach spaces and not with manifolds over such spaces. Nevertheless, all theorems 
and proofs transfer (with a correct translation) to manifolds. In this section. Definition 
2.29 and Theorem 2.30 deal with the setting of manifolds (and indeed with a somewhat 
more general setting). 

Manifolds are considered again at the end of Chapter 3 starting from Definition 3.46. 

Recall that for a metric space X, LIP(X) = {/i e H[X) \ /i is bilipschitz} and 
LIP^^(X) = {he H{X) I h is locally bilipschitz}. 

For a normed space E, an open set S* C i5 and a dense linear subspace E C E, we shall 
use the notations LIP {X; S, F), LIP {X; S, F), LIP {X; E) and LIP (X, E) introduced 
in Definition 1.4. 

We shall prove the faithfulness of the classes Kb and defined below. However, these 
faithfulness results do not suffice for some of the continuations. To this end we define the 
bigger class Kbno and prove its faithfulness. 
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Definition 2.7. Let be a normed space, X C E he open, «S be a set of open subsets of 
X and — {Fs | 5" e 5} be a family of dense linear subspaces of E indexed by S. Then 
is called a subspace choice for S. If <S is a cover of X, then {E, X, S, T) is called a suhspace 
choice system. 

(a) LIP {X; S, T) denotes the subgroup of H{X) generated by U{LIP [X] S, Fs)\S e S}. 
LIP (X; S, JT) denotes the subgroup of H(X) generated by U{LIP (X; S, Fs)\S E S}. 
Also, LIP(X,<S) denotes the subgroup of H{X) generated by \J{UP{X,S) \ S e S}. 
The group LIP (X, S) is defined analogously. 

(b) Let Kb be the class of all (X, G')'s such that X is an open subset of some Banach 
space, and LIP{X) <G< H{X). 

Let be the class of all (X, G)'s such that X is an open subset of some normed 
space, and LIP^° {X)<G< H{X). 

Let K-Qo be the class of all {X, G)''s such that: 

(1) X is an open subset of some Banach space E, 

(2) there are an open cover 5 of X and a subspace choice J- for S such that 
UF{X;S,T) <G < H{X). 

Let /^No be the class of all (X, G)'s such that: 

(1) X is an open subset of some normed space E, 

(2) there are an open cover S ol X and a subspace choice T for S such that 
LIP (X; S,r)<G< H{X). 

Let Kbno = Kbo U -R'no- If {X,G) G i^sNO and E,S,J-' are as above, then 
{E, X, S, J-', G) is called a BNO-system. 

Theorem 2.8. (a) U is faithful, 
(b) i^BNO is faithful. 

Note that Kb U K^^ C i^BNO • So only (b) has to be proved. 

Renicirk 2.9. (a) Deahng with the larger but less natural classes of groups LIP(X;«S, J^) 
and LIP {X; S, T) needs justification. Certainly the groups LIP {X) and LIP {X) are 
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those that come to mind first. There are two classes of groups which merit attention for 
which Theorem 2.8(a) does not suffice, but Theorem 2.8(b) does. 

Let be a normed vector space and X C E he open. The group of extendible homeo- 
morphisms of X is defined as follows: 

EXT^(X) = {h\X\he H{cl^{X)) andhlX e H{X)}. 

If £^ is a Banach space, then LIP(X) C EXT^(X). However, if E is not complete, then 
LIP(X) ^ EXT^'(X). 

For h e EXT(X) let h'^^ denote the extension of h to cl^{X). Let T be a modulus of 
continuity. Define 

^CMP.LC ^ 1^ g gxT (X) I for some a e T, h"^ is locally a-bicontinuous}. 

Then Theorem 2.8(a) does not apply to Hp^^'^'^ {X), but Theorem 2.8(b) does. 

Another such example is the following group. Let £^ be a finite-dimensional normed 
space, X C E he open and 

H ^ {he H{X) \d{{x e X \ h{x) ^ x}) is compact}. 

Then G ^ LIP(X), but nevertheless X is reconstructible from G. 

The reason for introducing the group LIP (X; F) is as follows. For an incomplete normed 
space X, we give a proof that X is reconstructible from G"s which contain LIP^*" (X). but 
we do not know whether X is reconstructible from LIP(X). In fact, every member of 
LIP (X) can be uniquely extended to a homeomorphism of X, the completion of X. So 
LIP (X) can be regarded as a subgroup of H[X). By considering LIP (X; X) we prove that 
X is reconstructible from LIP (X). It remains open (except for spaces of the first caregory) 
whether X is reconstructible from LIP (X). 

(b) The groups LIP (X; 5, JF) and LIP (X) in Theorem 2.8 can be replaced by the fol- 
lowing smaller groups. Suppose that a normed or a Banach space E has an equivalent norm 
which is C", m < cxo, that is, a norm which is m times continuously Frechet differentiable 
at every a; 7^ 0. We define Diff'"(X) to be the group of all homeomorphisms g oi X such 
that g,g~^ are C"*, and whose first derivative is bounded. The group Diff"*(X; 5) is 
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defined in analogy to LIP {X;S,T), and the classes Xbd"", -^^nd"' and i^BNOD"" are defined 
in analogy to Kb, -f^N and i^BNO- Then Theorem 2.8 remains true. The proof remains 
the same. The only difference is that the homeomorphisms which are constructed in the 
proof of Theorem 2.8 have to be in this case C"* and not just bilipschitz. 

This variant of Theorem 2.8 will be needed in a subsequent work where groups of Prechet 
differentiable homeomomorphisms will be considered. 

An explanation of the method of proof of Theorem 2.8. 

We show that there is a property P{x, y) of pairs {x,y) which is expressible in terms of 
the operations of MR(X, G) such that for every (X, G) G K^no and U, V E Ro{X): 

P{U, V) holds in MR(X, G) iff cl (U) n cl (V) is a singleton. 
A pair (U, V) satisfying P is called a point representing pair. 

We shall then prove two similar facts. 

(1) There is a property Q{xi,yi,X2,y2) expressible in terms of the operations of 
MR(X, G) such that for every {X, G) G -f^BNO and point representing pairs {Ui, Vi), 

Q(Ui, Vi, U2, V2) holds in MR{X, G) iff cl(C/i) n d{Vi) = cl(C/2) n d{V2). 

(2) There is a property S{x,y,z) expressible in terms of the operations of MK{X,G) 
such that for every {X,G) G -f^BNO, a point representing pair {U,V) G {Ro{X)Y 
and W G Ro{X): 

S(U, V, W) holds in MR {X, G) iff cl {U) n cl {V) C W. 

As in the proof of 2.5, the existence of properties P, Q and S implies that every isomorphism 
between MR(X, G) and MR(y, H) is induced by a homeomorphism between X and Y . 
The following conventions are kept through Lemma 2.23 and the proof of Theorem 2.8. 

(a) In what follows, (-E, X, 5, JF, G) denotes a BNO-system. That is, E denotes a 
normed vector space, X is an open subset of E, S \s a, cover of X, JF is a subspace choice 
for S and G < H{X). If is a Banach space, then LIP (X; 5, .F") < G, and if E is 
incomplete, then LIP (X; 5, JF) < G. 

If X is an open subset of E and (X, G) G Kb U K]<j, then (X, G) is regarded as a 
BNO-system with S = {X} and Fx = E. 
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(b) Also, [/, V, W denote members of Ro{X). If A C X, then c\^{A) and int^(>l) are 
abbreviated by cl {A) and int {A) respectively. 

Definition 2.10. (a) For U,V e Ro(X) \etU = V denote that (3^ e G){g{U) = V). 

(b) f/ is a small set, if there is 7^ such that for every 7^ W C W there is t/' = 
such that U' C VT'. 

(c) U is strongly small in V {U ^ V"), if there is 7^ C V such that for every 
dS^WiCW there is ^ G G\Vj such that g{U) C W^^. 

(d) [/ is strongly separated bom W {U hh W), if there is V G Ro(X) such that U -< V 
and V n = 0. 

Remark 2.11. Properties "C/ ^ V" , "C/ is a small set", "C/ ^ F" and "C/ hh I^" are 
expressible in terms of the operations of MR {X, G) . Formally this means the following 

statements. 

(1) Let y) = {3z G G){Ap{z,x) = y). Then U, V satisfy in MR(X, G) iff V. 

(2) Let Xc (•^■. y) = a; ■ y = ,x. Then U, V satisfy in MR (X, G) iff f/ C \/. 

(3) Let Xi{x) = (Vy G Ro(X))(x • y = x). Then U satisfies in MR{X, G) iff C/ = 0. 

(4) Let 

XsJx) ^ {3y G Ro(X)) {-.x,{y) A (Vy' G Ro(X)) [{xAv'^v) A (?/')) ^ 

(3x' G Ro(X)) (xjx',x) A xja;', ?/')))). 
Then [/ satisfies Xsmi in MR (X, G) iff [/ is small. 

(5) Let Xspprtai^^y) = (V^ e Ro(X))(x0(^; ■ y) ^ {Ap{x,z) = z)). Then c/, F satisfy Xspp^d 
in MR(X,G) iSgeG\Vj- 

Similar formulas x^ ^-nd x^\^ can be written ior U ^ V and for [/ HK The above 
formulas use only the operations +, •, — and Ap. So if x is any of the above formu- 
las, ij : MR(X,G) ^ MR(r,iJ) and U,V e Ro(X), then [/, F satisfy x in MR(X,G) iff 
^(?7),^(y) satisfy x in MR(F, if). So smallness, HH etc. are preserved under isomor- 
phisms. 

Definition 2.12. (a) For a metric space {Z, d), x E Z and r > wc define B^{x, r) := {y G 
Z I < r}, ^^(.x, r) := {1/ G Z I y) — r} and B^{x, r) :— {y E Z \ d{x, y) < r}. 

liACZ, then B^{A, r) := U^eA ^^(^' 
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In the context of this section there are two metric spaces involved: a normed space 
E and an open subset X C E. We use B{x,r), S{x,r) and B{x,r) as abbreviations of 
B^{x,r), S^{x,r) and B^{x,r). 

For x,y e E, [x,y] denotes the hne segment connecting x and y. For v E E let 
trf be the translation by v, that is, trf (x) — v + x. Whenever E can be 

understood from the context, tr^ is abbreviated by tr^,. 

(b) Let ^f = {E,X,S,T,G) be a BNO-system and B = B^{x,r) be a ball of E. B 
is a manageable ball of X (with respect to J\f) if there are S & S and £ > such that 
X E S f] Fs and B^{x, r + e) C S. In such a case we say that B is based on S. Note that 
if S = B^{x, r) is a manageable ball, then B^{x, r) = B^{x, r) and c\^{B) = c\^{B). 

(c) For a topological space Y and h e -f^(y), the support of h its defined as 

supp(/i) = {7/ e F I 7^ y}. 

Proposition 2.13. (a) Suppose that Y is any topological space, and let H < H{Y). 
For k e H let ipk ■■ MR{Y,H) MR{Y,H) be defined as follows. For every h e H, 
i)k{h) = /^^ and for every U e Ro{Y), i)k{U) = {h{x) \xeU}. Then ijjk e Aut{MR{Y,H)). 
(b) Let Y be any topological space. 

(i) If F <ZY is closed, then int(F) G Ro(r). 

{a) int(cl(A)) e Ro(F) for every ACY. 

{Hi) int(cl(A)) is the minimal regular open set containing A. 

(iv) IfT,S C y are disjoint open sets, then int (cl(T)) fl 5" = 0. 

Proof Trivial. ■ 
We shall next construct certain homeomorphisms in LIP [X] S, J-'). Geometrically, their 
existence is quite obvious. However, the formal proof requires some computation. 

All balls mentioned in the next lemma are manageable. For such balls we write 
B^{x,r) = B{x,r). Part (b)(ii) of the lemma will be used in Chapter 3. See Proposi- 
tion 3.4. 

Lemma 2.14. (a) Suppose that B = B{xq, tq) is a manageable ball based on S , xo G Fs and 
< So < si < tq. Then there is h & LIP {X ; S , T)\Bj such that h{B{xo, si)) = B{xq,sq). 
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(b) Suppose that B — B{xo,ro) is a manageable ball based on S, Xo,v e B n Fs, 
< r < To and < s < ro — \\v — xo\\. Then 

(i) There is h e UF{X;S,J^)\Bj such that h{B{xo,r)) = B{v,s). 

(ii) If also r = s, then /i is (1 + j^p^^^^)-hilipschitz and h \B[xQ,r) = ti^ \B{xQ,r). 

(c) Let B he a manageable hall based on S , x.y E B Cl Fs and r > 0. Assume that 
B{[x,y],r) C B. Then there is h e LIP {X; S, J^) \B{[x,y],r)\ such that h \ B{x,2r/3) = 
tTy_x \B{x,2r/3). Moreover, there is a function Kscg{i,t) increasing in £ and decreasing 
in t such that the above h is i^'seg(||a; — y\\,r)-bilpschitz. 

{d) Let U X be open, 7 : [0, 1] f/ be continuous and 1-1 and s G (0, 1]. Then there 
is he LIP(X) such that h{-f{0)) = 7(0), h{'y{s)) = 7(1) and supp(/i) C U. 

Proof (a) Assume for simplicity that Xq ~ 0. Let g e H{[0, 00)) be the piecewise hnear 
function with breakpoints at Sq and Tq such that g{so) = si and g{t) — t for every t > Tq. 
Then g is X-bihpschitz with K = max(^, 12^). 
We define h:E^E. 

h{x)^g{\\x\\)-^iix^Q and /i(0) = 0. 

IfII 

Let x,y E E. We may assume that 7^ \\y\\ < \\x\\. Let z = |||/|| |jfjj-- Then — z\\ — 
— \\y\\ < \\x — y\\ and \\z — y\\ < \\z — x\\ + \\x — y\\ < 2\\x — y\\. So 

IIM^) - h(y)\\ < \\h(x) - h(z)\\ + \\h(z) - h(y)\\ < K\\x - z\\ + - y\\ 

< K\\x — y\\ + K ■ 2\\x — y\\ = 3K\\x — y\\. 

An identical argument shows that h^^ is SX-Lipschitz. 

It is obvious that h{F) = F and that h{B{0, sq)) = -8(0, si). So h~^ \X is as required. 

(b) Assume for simplicity that Xq = 0. By (a), we may assume that r = s. Define 
g : [0, 00) — >• [0, 1] as follows: 

{1 0<t<r, 
V^r r<t<ro, 
ro<t. 
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Suppose that a > Tq and B{0, a) C X. We define h : B{0, a) — > by h{x) — x + g{\\x\\) ■ v. 
Obviously, h{B{0,r)) = B{v,r). 

We show that h is Lipschitz. At first we see that h \{B{0,ro) — B{0,r)) is Lipschitz. 
Let x,ye B{0, tq) - B{0, r). Then h{x) - h{y) ^x-y+ • v. It follows that 

\\h{x) - h{y)\\ < \\x - y\\ + ^™ • ||^;|| < \\x - ?/|| + ^ • ||^|| = (1 + • \\x - y\\. 

Let x,y e B{0, a). U x,y e B{0, r) or x,y e B{0, tq) - B{0, r) or x,y e B{0, a) - B{0, tq), 
then\\h{x)-h{y)\\<{l+p-^)-\\x-y\\. 

If X e B{0, r) and y e S(0, Tq) - B(0, r), let z e [x, y] n S{0, r). Then 

\\h{x) - %)|| < \\h{x) - h{z)\\ + Whiz) - h{y)\\ < - ^11 + (1 + 1^) • 11^ - y\\ 

< (1 + S^) • (Ik - ^11 + Ik - y\\) = (1 + ^) • Ik - yl 

The other cases are dealt with similarly. So /i is (1 + ^|^)-Lipschitz. 

In order to show that h is 1-1 and that is Lipschitz, we first check that there is K 
such that \\x — y\\ < K- \\h{x) — h{y)\\ for every x,y E B{0, Tq) — -6(0, r). Indeed, 

\\h{x) - h{y)\\ >\\x-y\\- . Il^ll > _ _ M . ll^ll 

= (I _ ML) . \\x - y\\ = ^o-^-\M . |U _ ^11 

Clearly, ^^^^JfJ!^ > 0. Let K = ^^LlZ^^n ■ Then - y\\ < K ■ \\h{x) - h{y)\\. This implies 
that h\{B{0,ro) - B{0,r)) is 1-1. 

We next check that h{B{0,ro)-B{0,r)) = B{(},ro)-B{v,r). Let x e 5(0, tq) -5(0, r). 
There are xi,X2 G bd(i?(0,ro) — B{0,r)) such that x G [xi,a;2] C 5(0, ro) — 5(0, r), and 
X2 — Xi + Xv for some A > 0. Suppose first that Xi,X2 G S'(0,ro). Clearly, /i([a;i, 0:2]) is a 
line segment. Since /i |~[a;i, 2:2] is 1-1 and h{xi) = Xi, i = 1,2, wc have h{[xi,X2]) = [a;i,a;2]. 

A similar argument shows that if Xi £ S{0,ro) and X2 G S{0,r), then h{[xi,X2]) — 
[xi,X2 + v] C 5(0, ro) - 5(0, r). Also if xi G 5'(0,r) and X2 G 5'(0,ro), then h{[xi,X2]) = 
ki + v,a;2] C 5(0,ro) -5(0,r). 

It follows that h{B{0, Vq) — 5(0, r)) C 5(0, Tq) — 5(11, r). A similar consideration shows 
that 5(0, ro) - B{v,r) C /i(5(0,ro) - 5(0, r)). Also, /i(5(0,r)) = B{0,v), /i(5(0, a) - 
5(0, ro)) = 5(0, a)- 5(0, ro) and /i K(5(0, a) - 5(0, ro) U5(0, r)) is 1-1. So h is a bijection 
and Rng(/i) — 5(0, a). We have proved that |~(5(0,ro) — 5(0,r)) is ^^^""T, - Lipschitz. 
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The argument that h ^ is ^^1° - Lipschitz, is the same one used in showing that h is 
Lipschitz. 

Clearly, = 1 + H"",, „ and 1 + ^ < 1 + So /i is 1 + ""ll, ,, - 

ro-r-||i;|| ^q— r-||t)|| ro-r — ro—r-\\v\\ ^'o— ^'-ll^'ll 

bilipschitz. As in the preceding arguments, this imphes that hUld \ {X — B{0, a)) is 
1 + ;:^i:^-bilipschitz. 

For every x e -6(0, a), h{x) - x e spand^;}) C F. So x e F iff h{x) e F. Hence 
/i U Id \(X - B(0,a)) e LIP(X;J^,S). Note also that h \ B(0,r) = tr^ \ B(0,r). So 
hUld\(X — B{0,a)) fulfills the requirements of (i) and (ii). 

(c) Let xo,...,Xn e [x,y] be such that Xq — x, Xi — y and \\xi — Xi+i\\ < r/4 for 
every i < n. By (b), for every i < n there is hi e LIP {X -,3, J^)\B{xi,r)\ such that 
hi \ B{xi,2r/3)) — trj..^^_j;. \ B{xi,2r/3). Let /i = /io° ■ ■ ■ °^n-i- Then /i is as required. 
Note that n can be chosen to be [4||x— y||/r] + l. By (b) each hi is (1+ ^_^^'j3^_^^^ )-bilipschitz. 
That is, hi is 4-bihpschitz. Hence Kseg(i,t) = 4[t]+i. 

(d) Let X = 7(s), y = 7(1), L = 7([s,l]) and r = d(L, (X - [/) U {s(0)}). There 
is a sequence of balls B{xi, r), . . . , B{xn, r) such that xi, . . . , x„ e L and (JlLi -^(^i; — 
We may assume that x&B{xi,r), y&B{xn,r), and B{xi,r)r\B{xi-^.i,r)^0 for every i<n. 
For every i < n let e B{xi,r) fl S(xi+i,r). Set yo — x and y„ = y. By (b), for every 
i — 1, . . . ,n there is hi e LIP (X) such that hi{yi-i) — yi and supp (hi) C r). Clearly, 
hn° ■■■ °hi is as required. ■ 

The following observation will be used in many arguments. Its proof is left to the reader. 

Proposition 2.15. (a) Let X be a metric space, and x be a sequence in X . Then either 
x has a Cauchy subsequence, or there are r > and a subsequence | n e N} of x such 
that for distinct i,j G N, d{yi,yj) > r. 

(b) Let X be a metric space and {xi \ i G N} Q X be a bounded sequence. Then either 
{xi I i G N} has a Cauchy subsequence, or there is a subsequence {yi \ i G N} of {xi \ i G N} 
and r > such that for every £ > there is N & N such that \d{yi, yj) —r\<e for distinct 
n,m > N. 

Proposition 2.16. (a) If Ui C U V C Vi, then Ui ■< V^. 
{b) If U ~<V for some V , then U is small. 
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(c) Let B{x,r) and B{y,s) be manageable balls based on the same S. If cl{B{x,r)) C 
B{y,s), then B{x,r) ~< B{y, s). 

{d)IfU& Ro (X) is a subset of a manageable ball, then U is small. 
(e) IfU ^V, thenc\{U) C V. 

(/) If B is a manageable ball of X, then B e Ro {X) and B is small. 

Proof Parts (a) and (b) follow trivially from the definitions. 

(c) Note that if cl(5(a;, r)) C B{y,s), then ||a; — + r < s. So (c) follows from Lemma 
2.14(b). 

(d) Suppose that U C B, and B is a manageable ball. There is a mangable ball B' with 
the same center as B such that cl{B) C B'. Obviously, B and B' are based on the same 
S. So by {c),B ^ B'. By (a), f/ ^ B' . By (b), U is small. 

(e) Suppose that x e d (U) -V . hei%^W (ZV. Then there is^^W (ZW such that 
c\{W') C W. Let g G GIKJ. Then g{x) = x. Suppose by contradiction that g{U) C W'. 
Then g{x) G g{c\{U)) C cl(H^') CW^x. A contradiction. 

(f) B G Ro{E) and int(cl(5)) = inf^(cl^(5)). So 5 G Ro(X). ■ 

Let U C Ro(X). We use ^ W to denote the supremum of U in the complete Boolean 
algebra Ro(X). It is easy to check that ^ U — int(cl(U U)). 

Definition 2.17. (a) Let U CV and U C Ro{X). U is called a V -small semicover oi U, 
if X) W = [/ and [/' ^ y for every U' G U. 

(b) Let be a F-small semicover of U, and let {Ui | i G /} be a 1-1 enumeration of U. 
We say that W is a V-good semicover of U, if the following holds. For every J C I and 
{Wj I J G J} C Ro(X): if J is infinite and $ Wj C Uj for every j G J, then there are 
pairwise disjoint infinite Ji, J2 Q J and {W-\j G JiU J2} C Ro(X) such that 7^ Wj C Wj 
for every j G Ji U J2 and EjeJi Ej^j, W^j- 

(c) For a normed vector space E let E denote the completion of E. So £^ is a Banach 
space. 

(d) Let Z be a topological space. Suppose that F C H{Z) and supp(/) n supp(g') = 
for distinct f,g G F. We define 

oF := U{/ rsupp (/) I / G F} U Id r(2 - U{supp(/) \ f e F}). 
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Let F — {fn\n £ N} C H{Z) be such that for every distinct m, n e N, Then o^gn fn '•= oF. 

Lemma 2.18. Let V be a small set. Then for every U e Ro{X): cl{U) Q V iff U has a 
V-good semicover. 

Proof Suppose that cl{U) % V. Let W be a y-small semicover of C/; we show that U 
is not y-good. The fact that V is small is not used in the proof of this direction. Let 
X e c\{U) - V. If U' e U, then by 2.16(e), cl(C/') C V. By induction on i e N we define 
Ui eU and Wi CUi. Let Uq be any member of U and Wq — Uq. Suppose C/q, ■ ■ ■ , Ui-i and 
Wo, ... , Wj_i have been defined. Let Bi be a ball with center at x and radius <l/i such 
that Bi n Uj = 0. Let UiEUhe such that BidUiy^ 0, and let Wi^Uid int (cl (Bi)). 
So Wi e Ro(X). For every infinite J' C N and {Wj | j G J'} C Ro(X): if ^ Wj C W,- for 
every j e J', then x e cl (^XljeJ' ^i)- Suppose by contradiction that U is F-good. The 
family {Ui | i e N} is an infinite subset of U, and Wi C Ui for every i e N. So let Ji, J2 and 
{VFj I j e Ji U J2} be as required in the definition of F-goodness for {Ui \i eN} and {Wi | i e 
N}, and let W strongly separate J2je.Ji ^^'^^ ^je.J2 ^'r Since x e cl (^Z^jgja ^'^i) 

n EjeJa^i = 0' it follows that x ^ W. But a; e cl (EjeJi^j)- So by 2.16(e), 
Ejgjj W^j -/^W. k contradiction. 

Assume next that V is small and that cl(f/) C V\ we will construct a V"-good semicover 
W of U . Since is small, there is g E G such that giV) is contained in a manageable ball. 
Obviously c\{g{U)) C g{y). Clearly, g{U) has a g{y)-good semicover iff U has a y-good 
semicover. In fact, this follows from Proposition 2.13(a). We may thus assume that V is 
contained in a manageable ball. This means that c\{U) = c\^{U). 

We may further assume that there is a manageable ball B* = B^{x*,r*) such that 
V C B^{x* ,r* /16). Suppose that B* is based on S* , and denote Fg* by F* . We may 
assume that x* E F* . For every x G cl{U) let G Ro(X) be such that x G ^ V. The 
existence of follows from Proposition 2.16 (c), (a) and (f). Since cl(f/) is paracompact, 
there is an open locally finite refinement T of {Wx | a; G cl (U)} such that cl (U) G |J T. Let 
U = {int (cl(T)) nU\T eT}. By Proposition 2.13(b)(ii), U C Ro(X). Clearly, \JU = U. 
So E^ = U. 

We show that for every x E cl{U) there is a neighborhood such that 
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{U' e W| C/'n5'a; 7^ 0} is finite. For x e cl(C/) let be an open neighborhood of x such that 
{T er\Tr)S^y^$} is finite. By Proposition 2.13(b)(iv), {T e T \ int (cl (T)) D $} 
is finite. So {T e r I (int (cl(r)) n C/) n -S^ ^ 0} is finite. That is, {[/' e W | C/' n -S^ ^ 0} 
is finite. 

We show that U is F-good. Let {C/j | i e N} C W be such that C/j 7^ C/j for every i ^ j; 
and let 7^ Wj C C/j. We shall find Ji, J2 and {VFj | j e JiU J2} as required in the definition 
of y-goodness. For every i e N let Xi E Wif] F* . 

Claim 1. {xi \i eN} does not contain a convergent subsequence. 

Proof If X is a hmit of such a subsequence, then x e cl(C/), but then intersects only 
finitely many C/j's. So {i e N | e S^} is finite. A contradiction, so the claim is proved. 

By Claim 1 and Proposition 2.15(b), either (i) or (n) below happen: 

(i) E is incomplete, there is an infinite J C N such that {xi | i e J} is a Cauchy sequence, 
and {xi I i e J} is not convergent in cl^{X). 

(ii) There is infinite J C N and an r > such that for every distinct i,j e J, 
r < ll^j — XjW < 9r/8. 

Case (i) Assume that (i) happens. Let x = lim^jXj. Hence x e c\^{V) — X. Since 
V C B^{x*,r* there is r > such that B^{x,r) HE C B^{x*,r*/8). So x ^ E. 
We may assume that Xi E B^{x,r/8) for every i E J. Let v E F* and = r/2. 
Let Li = [xi,Xi + v] and L = [x,x + v]. So Lj C B^ {x*,r*/8) for every i E J. Also, 
L Q E — E. One can choose an infinite subset Jq^J and a sequence {^j |? G Jq} ^ (0,t/8) 
such that B^{xi,ri) C Wi for every i E Jq, and cl^(S(Lj, r^)) n {B{Lj,rj)) = for 
distinct i,j E Jq. 

For every i E Jo let W.' = B{xi,ri/3). Let Ji C Jq be such that Ji and Jq — Ji are 
infinite, and let J^ ^ Jq - Ji. For £=1,2 let = Y^i^j^ ^1- We shall show that 

For every i E Ji, \\xi — x\\ < r/8 and < r/8, and for every u E L^, \\u — Xi\\ < 
II {xi + v) — Xi\\ = r/2. It follows that for every u E B{Li, ri), \\u — x\\ < | + | + | = X' 
B{Li,ri) C S(x,r) C B{x*,r*) C 5*. 
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By Lemma 2.14(c), for every i e Ji there is hi e LIP{X; <S, J^) \B{Li, ri)\ such that 
hi{B{xi,ri/3)) = B{xi + v,ri/3). Let h = Oiej^/ii. We show that h e LIP (X; 5, 
Clearly, supp(/i) = \J-^j^supp{hi) C 5"*. We show that for every u e E, there is a 
neighborhood Vu oi u such that \{i e Ji | S(Lj, rj) fl T4 7^ 0}| < 1. Suppose that u is a, 
counter-example. Since {xi | i e N} is a Cauchy sequence and the B{xi,ri)''s are pairwise 
disjoint, limirj = 0. Since for i ^ j, c\^(B(Li,ri)) fl d^(B(Lj,rj)) — 0, there is at most 
one i such that u E cl ^ (S (Lj, r^)). Hence there is an infinite set J3 C Ji and a sequence 
{ui I i e J3} such that Ui e B{Li, ri) for every i e J3, and limjgjg Ui — u. There are yi e Lj 
such that — < Hence limjgjg yj = Let i/i — Xi + tiv. Since {xj} and {yj} 
converge in limjgjg exists. Also, hm^gjg ti e [0, 1]. So e [x, x + i;]. Hence u ^ E, a, 
contradiction. 

Let u E X. Then there is i E Ji such that h\Vu — hi\Vu. So /i is bihpschitz. This 
means that h e LIP (X; 5, JF). Since E is incomplete, LIP {X; S, JF) C G. So /i e G. 

We shall prove that h{W^) W^. Let us first see that h{W^) C + v,r/6). 

We have /i(iyi) = \JieJ,hi{Wl) = Uej^ ^^(^(^i, n/3)) = UeJi ^(^^ + ^^/3)- Also, 
\\{xi + v) — {x + v)\\ — \\xi — x\\ < r/8. Since \\xi — x\\ < r/8 and x B^{xi, rj). It follows 
that n < r/8. So B{xi + v,ri/3) C + v, r/6). That is, h{Wl) C + 1;, r/6). 

Hence h(W^) C + -u, r/6). 

Similarly, Vl^^ C B^(x,r/Q). Since ||(x + - x|| = r/2 > r/3, there are x e 
and < So < si such that B^{x + v,r/6) C B^{x,so) and B^{x,si) n B^{x,r/6) = 0. 
So C S^(x,so)- By Propositions 2.16(c) and 2.16(a), h{W^) ■< B^{x,si). Since 

B^(x, si) n ^ 0, it follows that h(W^) hh W^. 

Note that /i(iy2) = W^. By Proposition 2.13(a), h-\h(W^)) hh /i-i(iy2) 
/i-i(/i(iyi)) = and ^ h-\h{W^)). So 

Case (ii) Assume that (ii) happens. Since the Xj's belong to S^(a;*, r*/16) and 
r < \\xi —Xj\\, it follows that r < r*/8. Let iq E J and Ji and J2 be disjoint infinite subsets 
of J not containing iq. For every i e Ji U J2 let = B^{xi,r/8) and W/ = fl Wj. 
Clearly, Bi C S^(a;*, 3r7l6). So 5^ C X, and hence W/ e Ro(X). For ^ = 1,2 let 
W = W^', and let W = S(x,„, 2r). 

We shall show that: (*) There is h e UP {E; B^{xio,3r), F*) such that h\W^ ^ Id 
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and hiW^) nW^$. 

But at first we prove that (*) implies that W'^. If x e B^{xig,3r), then 

\\x -x*\\ < \\x - + 3r < r*/16 + 3r*/8 = 7r*/16. So B^{xi^, 3r) C B* C S* . Hence 
h\X e UP(X;S*,F*) C LIP(X;S,J^). Now, C 5(0, 5r/4), so by 2.16(c) and 2.16(a), 
~< W. Also h{W^) nW Hence W strongly separates from h{W^). That is, 
h(W^). By Proposition 2.13(a), /i-i(iyi) HH /i-i(/i(iy2)) But /i-i(iyi) = and 

To complete the proof, it remains to show that (*) holds. For simphcity let us assume 
that XiQ — and that r — 1. We define a function g : [0, 3] x [0, oo) — > R as follows. For 
every sq G [0,3], g{so,t) will be a piecewise linear homeomorphism of [0, oo]. Let a{s) be 
the linear function such that a(3/8) = 3/4 and a(5/8) = 2. 

If So < 3/8, then g{so, t) = t. If 3/8 < Sq < 5/8, then 



r t 



9{so,t) 



3_1 1^ "2^ + 2' 



4 2 



If 5/8 < So < 3, then 5^(50, t) 
Let F — {xi \ i E Ji} and 

h{x) = 



5(5/8, t). 




2 - - 4 



!<^<3 
3<t. 



x^O, 
X = 0. 



We leave it to the reader to check that h e LIP {E; B^{0, 3), F5*). 

If i e Ji U J2 and x e Bi, then ||^ - Xi\\ < \\^^ - x\\ + \\x - Xi\\ < 1/4 + 1/8 = 3/8. 
Let x e W^. There is i G Ji such that x G B,. Hence d ^p^, < |||jfjj - a^ill < 3/8. So 
g ^ci(p||,F), — \\x\\, and hence h{x) = x. Let x G VF^. There is i G J2 such that 
X G Sj. So d (^,^) > c?(a;i,i^) - 11^ -^^ill > 1 - 3/8 = 5/8. Also, \\x\\ > 7/8. Hence 



IIM^) 



g ((i(^, F), \\x\\) • = ^ (c^(^, F), = 5(5/8, \\x\\) > 5(5/8, 3/4) = 2. 
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We have proved (*), so the proof of the lemma is complete. ■ 

Lemma 2.19. Let V be a small set. then for every U: cl{U) fl cl(y) 7^ iff for every 
small Vi: tf d{V) C Vi, then ViHU ^iD. 

Proof If cl{U) n d{V) ^ 0, then clearly n C/ ^ for every Vi D cl{V). Conversely, 
suppose that V is small and cl{V)r\cl{U) — 0. Let V be a small set such that cl{V) C V', 
and let Vi ^ V f] mt(X - U). Since mt{X - U) D d{V), Vi D d(V), hence Vi is as 
required. ■ 

Lemma 2.20. Let U and V be small sets. Then \d{U)r\d{V) \ = 1 iff the following holds, 
(i) d{U)nd{V)^$, 

(a) for every small Wi and W2: if d(U n Wi) n cl(y n Wi) ^ and d(U n W2) n 
d(V n W2) 7^ 0, then d(Wi) n d(W2) 7^ 0. 

Proof Suppose that Xi,X2 G cl([/) n cl(y) and Xi 7^ X2. For i = 1,2 let Wi G Ro(X) 
be a neighborhood of Xi such that Wi is small and Wi C B'^{xi,^\\x2 — Xi\\). Then 

ci {u n Wi) n ci (y n w^) ^ for 2 = 1, 2, but ci (Wi) n ci {W2) = 0. 

Suppose that d{U) n cl(\/) = {x} and let Wi, i = 1,2, be such that d{U fl Wi) fl 
cl(V n M/i) 7^ 0. Hence x e d{Wi) n cl(M/2). ■ 

Lemma 2.21. For i — 1,2 let Ui,Vi be small sets such that \d{Ui) r\d{Vi)\ — 1. Then 
cl(C/i)ncl(yi) =cl(C/2)ncl(y2) iff (*) for any small Wi,W2: ifd(UinWi)nd(VinWi)y^$, 
i^l,2, then d(Wi) n 01(^^2) 7^ 0- 

Proof Similar to 2.20. ■ 

Lemma 2.22. Let U, V be small sets such that d{U) Ci d{V) = {x} and W e Ro{X). 
Thenx e W iff (*) for any small U' , V : ifd(U')nd(V')^d(U)nd(V), thenU'nW ^ 0. 

Proof It is trivial that if a; G W , then (*) holds. 

Suppose that x ^ W . Since W is regular open, x G cl(X — cl(M^)). Let i? be a 
manageable ball containing x. So let {xi | i G N} C 5 be a 1-1 sequence converging to 
X and disjoint from cl(iy). Let = | min(l/i, (i(a;i, {xj | j ^ %] \JW \J [X — B))). Let 
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U' = \J{B^{xi,ri) I i is odd} and V = \J{B^{xi,ri) \ i is even}. Then U', V CB CX. 
It is easy to see that U', V e Ro(X). Also, since U', V C B, they are small. We have 
d(U') n d(V') = {x} = d(U) n cl(y), and C/' n = 0. So (*) does not hold. ■ 

Lemma 2.23. For every x & X there are small U, V such that cl{U) n cl{V) = {x}. 

Proof Use the construction of 2.22. ■ 

Proof of Theorem 2.8 Recall that 2.8(a) is a special case of 2.8(b). We prove (b). 
Let (Xi,^!), {X2,G2) G A'bno and ip:Gi = G2- It is trivial that (Ro(Xj),G'j) are 
topological local movement systems. Indeed, this follows from Lemma 2.14(a). Hence by 
Theorem 2.3, there is r] : Ro(Xi) ^ Ro(X2) such that {^Ur]) : MR(Xi,Gi) ^ MR(X2,G2). 
Let ip = ipUrj. 

As in Remark 2.11 the property ofU being a l^-small semicover of U is expressed in terms 
of the operations of MR(X, G). That is, there is a formula (/^sm-sc i'^, x, y) expressed in terms 
of the operations of MR (X, G) such that for every (X, G ) G -R'bno , W C Ro (X) and U,V E 
Ro(X), {U,U,V) satisfies Lpsmsci'^ ,x,y) in MR(X, G) iff W is a K-small semicover of U. 
Hence, if W is a IZ-smaU semicover of U in MR(Xi, d), then ^{U) := {ij{U') \U' eU} is 
a 'ilj{V)-small semicover of ip{U) in MR(X2, 6*2). 

The same fact is true for the property of being a P^-good semicover. 

Lemmas 2.18 - 2.22, and the existence of the formulas Xs>„i ^^c. of Remark 2.11 imply 
that the following properties are expressible in terms of the operations of MR(X, G). 

(1) U and V are small, and d{U) fl cl(\^) is a singleton. 

(2) Ui, Vi, U2, V2 are small, cl(C/i) ncl(yi) is a singleton, and cl(C/i) n 01(14) = d{U2) n 
01(1/2). 

(3) U and V are smah, d{U) n d{V) is a singleton, and d{U) n d{V) C W. 

A word of caution. In (1) - (3) smallness cannot be omitted. This is so, since in Lemmas 
2.18 - 2.22 the equivalence of (1) - (3) to the expressible properties mentioned there was 
proved only under the assumption that the sets in question are small. 

We arc ready to define r : Xi — > X2. Let x G Xi. By Lemma 2.23, there arc small U 
and V such that {x} = d{U) r\d{V). Since ip is an isomorphism between MR(Xi,Gi) 
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and MR{X2, G2), and by the expressibihty of (1) above, cl{i){U))r)cl{'tl){V)) is a singleton. 
Denote it by {y} and define t{x) — y. 

By the expressibihty of (2) above: if U', V are smaU and {x} — cl{U') fl cl{V'), then 
cl('0(C/') ncl('0(T^')) — {y}- So the definition of r is vahd. As in the proof of Theorem 2.5, 
Lemma 2.23 and the expressibihty of (1) and (2) imply that r is 1-1 and onto. As in the 
proof of Theorem 2.5, the expressibihty of (3) implies that r is a homeomorphism and that 
r induces (p. This completes the proof of Theorem 2.8. ■ 

Consider the class 

-f^NL = {{^: G) \ X is an open subset of a normed space and LIP{X) < G < H{X)}. 

It is not known whether -R'nl is faithful. But we can show the faithfulness of the subclass 
of -ft^NL consisting of those (X, G)'s in which X is a first category topological space and 
G is internally extendible. (See below). To this end we have strengthened the original 
statement of Theorem 2.8, and included G"s which are required to contain LIP(X;F) 
rather than L1P{X). Since LIP{X;F) C L1P{X), this is a stronger result. 

Definition 2.24. Suppose that £^ is a normed vector space, and that X C E is open. 

(a) The complete interior oi X in E is defined by 

M^{X) = \J{B^ix, r)\xeE and B^{x, r) C X}. 
Note that int (X) is open in E. 

(b) Let h e H{X). We say that h is internally eoctendible in E, if there is h E 
//(int (X)) such that h extends h. Let IXT^(X) denote the group of internally extendible 
homeomorphisms of X. 

(c) Let X be an open subset of a normed space E, and W be a set of open subsets of 
X. Then W is a complete cover of X if (J{mt (C/) \ U eU} ^ mt (X). 

(d) For a subset A of a metric space denote the diameter of A by diam (A) . That is, 
diam(74) = sup^ y^j^d{x,y). So diam (A) e RU {00}. □ 

The following proposition is known. See [BP], the chapter on incomplete norms. We 
present a proof here. 
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Proposition 2.25. (a) Let E be a normed space and x,y & B^{0, a) — E. Then there is 



Proof (a) Wc leave the straight-forward proof of the following claim to the reader. 

Claim 1. Let E be a normed space. Let {Kn \ n G N} C (1, oo) be such that 
linen < oo and {fi-n | n G N} C LIP {E; E) be such that: 

(1) g'n is /^n-bilipschitz; 

(2) EneNdiam(supp < oo; 

(3) there is Xq E E — E and a sequence {r„|neN}C(0,oo) converging to such that 
for every n e N, supp(g'„) C Qn-io . . . ogQ(B^{xo,rn)). 

Let hn = gn-i°---°9o- Then for every x E E, lim^^oo ^n(a^) exists. Define h{x) — 
lim^^oo hn{x). Then h G LIP {E; E). 

We construct QnS which satisfy the assumptions of Claim 1. Let {M„ | n G N} C (3, oo) 
be such that HneNl-'- + l/(^n ~ 3)) < oo. We may assume that \\x — y\\ ■ Mq < a. Set 
X = Xq and ||x — y\\ = do. Define dn by induction as follows: dn+i = dn/Mn+i- 

We shall apply Proposition 2.14(b)(ii). The normed space E of 2.14 is taken to be 
E, S = {E}, Eg = E and a of 2.14(b) is a here. The homeomorphism h constructed in 
Proposition 2.14(b) depended on the vectors xo and v and on the radii ro and r. Denote 

tllcltj h by^ V ro v 

We define gn and Xn+i by induction. Suppose that Xn has been defined. Let 



h G LIP {E; E)\B^(0^ such that h{x) = y. 

(b) Let E be a normed space, x G B^{0,a) and y G 
h G LIP (^) |^^(0,a)| such that h{E - {x}) = E and h{x) = y. 



(0, a) — E. Then there is 




y-x, 



n 



and /„ = h, 



y-x, 



n 




So supp(/n) C B{xn, Mndn) ■ Note that /„ is (1 + 




)-bilipschitz. Since dn+i < 



(1.1) \\y - fn{,Xn)\\ = dn+1 < 2d„+i, 

(1.2) /„ \B{Xn, 2dn) = tr„„ \B{Xn, 2dn), 

(1.3) for some £ > 0, /„ is (1 + + £)-bilipschitz, 
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(1.4) if n > 0, then for some £ > 0, supp(/„) C B{xn, dn-i — s). 
Choose yn,Vn e E close enough to x„ and Un respectively so that for defined by gn — 
V,^n,M„d„,2d„ the following holds: 

(2.1) (2.1) \\y-gn{xn)\\ < 2dn+l, 

(2.2) gn \B{xn, dn) = tr„„ \B{Xn, dn), 

(2.3) gn is (1 + j^^^)-bihpschitz, 

(2.4) if n > 0, then supp(5i„) C B{xn, dn-i). 

Let Xn+l = gniXn)- So Xn+1 ^ Xn + ^n- AlsO, gn G LIP {E; E) 

We check that (l)-(3) of Claim 1 are fulfilled. Clearly, X„ = 1 + n e N fulfill 

Clause (1). Since < d^/S, we have '^n&n^n < oo. So ^^^^j diam(supp (^f^)) < 

EneN^c^n < oo, proving (2). 

Let hn — gn° ■ ■ ■ ° do and Wn = Ej<„^j- We show by induction that 

(2.5) hn \B{xo, dn) = tru,„ \B{xo, dn) for every n G N. 

By (2.2), this is true for n = 0. Assume it is true for n. Hence Xn+i = hn{xo) = xq + Wn- 
For n + 1 we have 

hn+i\B{xo,dn+i) = {gn+i°hn)\B{xo,dn+i) ^ gn+1 \ hn{B{xo, dn+i)) °tr \ B{xo, dn+i) 
= gn+1 \B{xo + Wn, dn+i)°trw„ \B{xo, dn+l) = gn+1 \ B{xn+i, dn+i) °tr^„ \B{xo, dn+l) 
= tr^^_^^ \B{Xn+l: dn+l) °tr^„ \B{xo, dn+l) = tr^„_^j \B{xo, dn+i). 

It follows from (2.4) and (2.5) that supp{gn+i) C B{xn+i,dn) = hn{B{xo,dn))- Since 
lim„^oo dn = 0, Clause (3) of Claim 1 holds. Let h be as constructed in Claim 1. So 
h e LIP {E;E). 

Since \\y — Xn\\ = dn and lim„^oo dn = 0, we have h{x) = y. We show that supp ((?„) C 
B{x,a) for every n E N. For n = 0, supp((y'o) ^ B{x, M^d^) C B{x,a). Suppose that 
n > 0. Then supp(gi„) C B{xn, Mndn) Q B{x, Mndn + \\xn — x\\). Since 

Mndn + \\xn - x\\ < Mndn + \\xn - y\\ + \\y - x\\ < dn-1 + 2dn + do < Mq < Mfldo < a, 

we have supp(5'„) C B{x,a). It follows that supp(/i) C B{x,a). So h is as required. 

(b) The proof very similar to the proof of (a). ■ 
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Corollciry 2.26. Let i^NFCB be the class of all space-group pairs {X, G) for which there is 
a normed space E such that X is an open subset of E and 

(1) E is of the first category, or E is a Banach space; 

(2) There is a complete cover U of X such that UP{X,U) <G< IXT(X). 
Then i^NFCB is faithful. 

Proof Let {X,G) e i^NFCB- For e G let ^ be the extension of g to mt{X) and 
G^{g\geG}. Then {M''{X),G) e K^o- 

Let 0{X,G) be the set of orbits of G. That is, 0{X,G) = {G{x) \ x e mF(X)}. It 
follows from Proposition 2.25(a) that if X is an open subset of an incomplete normed space, 
then for every O e 0{X, G) there is a set C of connected components of int {X) such that 
O — En{jC ox O — {E — E)n\JC. Clearly, if X is an open subset of a Banach space, then 
for every O e 0{X, G) there is a set of connected components of X such that O — \}C. 
Let FC(X, G) = \J{0 e 0{X, G) | O is a first category set}. If X is of the first category 
then X = FC(X, G). 

For i = 1, 2 let {Ei, Gi ) e Xnfcb , and let </? : Gi = G2. Let : Gi ^ G2 be defined by 
(p[g) = ^p[g). Then (p:Gi^ G2. By Theorem 2.8(b), there is f : ^1 = ^2 which induces 
(p. Obviously, f takes orbits of Gi to orbits of G2. So 0{X,Gi) contains members of the 
first category iff 0{X, G2) contains members of the first category. 

It is obvious that f takes every first category orbit of Gi to a first category orbit of 
G2. So if is of the first category then f{X^) = f(FC(Xi,Gi)) = FC(X2,G2) = X2, 
and hence t : Xi'^ X2. II Xi is an open subset of a Banach space, then f — t and hence 
t:X^^X2. ■ 

Remark 2.27. If E has a countable Hamcl basis, then it is of the first category. The space 
^l is a linear subspace of and it is of the first category in £2- 

This is a special case of the following fact. If T : F ^ is a bounded linear operator 
from a Banach space F to a Banach space F, and Rng (T) is a proper dense subset of F, 
then Rng(T) is of the first category in E. This follows from the proof of the Open Mapping 
Theorem. If Rng(T) is of the second category, then for some ball B = B^(0,n), T(B) is 
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somewhere dense. Hence T{B) is dense in some ball of the form B^{0,r). It can then be 
proved that T{B) D B^{0, r). This imphes that Rng(r) ^ E. □ 

In Corollary 2.26 the assumptions that E is of the first category, and that G is completely 
extendible are undesirable. We do not know whether they can be dispensed with. 

The final reconstruction results of Chapter 5 are proved for open subsets of first category 
normed vector spaces and for open subsets of Banach spaces. The proofs of all intermediate 
theorems are valid for open subsets of any normed space. If Parts (c) or (d) of the following 
question have a negative answer, then the final results of Chapter 5 will be true for open 
subsets of any normed vector space. 

On the other hand, examples answering (c) or (d) below in the affirmative, imply that 
certain results in Chapter 5 are not true for arbitrary normed spaces. 

Question 2.28. (a) Is Xnl faithful? 

(b) Let -f^NLix be the subclass of Xnl consisting of all {E, G)'s in which G is internally 
extendible. Is i^NLix faithful? 

(c) Are there normed spaces E and F and a homeomorphism r : E ^ F such that 
t{E) ^F-F1 

Note that the answer to (b) is positive iff the answer to (c) is negative. 

(d) Are there normed spaces E and F and a uniformly bicontinuous homeomorphism 
t:E^F such that t{E) = F - F7 

2.4 Faithfulness of normed manifolds. 

As has been mentioned, the proof of Theorem 2.8 extends without change to manifolds 
over normed vector spaces. This class contains some new instances. The unit sphere of a 
normed space is one, and spaces which are a finite product of manifolds is another. 

We extend the results a bit further, in order to allow the inclusion of manifolds with 
boundary over a normed vector space. To this end we introduce the notion of a "regionally 
normed manifold". By combining Remark 2.31 with the various results on extendible 
homeomorphism groups appearing in Chapter 5, one obtains reconstruction theorems for 
manifolds with boundary. 
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It should be pointed out that no new arguments are needed for this new framework, 

Definition 2.29. (a) Let X be a topological space. A family of mappings ^ is called a 
regional normed atlas for X if the following holds. 

(1) |J{Rng((/3) I 9? e is a dense subset of X. 

(2) For every </? e # there is a normed space E — E^^, x — x^&E and r = > such that: 

(i) cp:B^{x,r)^X, 

(ii) (p is a. homeomorphism between Dom{(p) and Rng{ip), 

(iii) Rng(<^) is closed in X, and (p{B^ {x,r)) is open in X. 

If is a regional normed atlas for X, then (X, ^) is called a regionally normed manifold 
(RNM). If X = [j{(p{B^^{x^,r^)) \ (p e then (X, is called a normed manifold. 
Let (X, ^) be an RNM. If for every G E,^ is a Banach space, then (X, ^) is said to 
be a regional Banach manifold (RBM). A normed manifold which is an RBM is called a 
Banach manifold. 

(b) Recall that for a metric space (Y, d), a; G F and r > 0, S'^(x, r) denotes 
G y I I/) = r}. For a normed space E, x & E and r > let 
Li{E,x,r) := {/i G H{B^{x,r)) \ h is bilipschitz, and r) = Id}, 

L^^° (£;, X, r) := {h G H{B^{x, r)) | /i is locally bilipschitz, and h \S(x, r) = Id}. 

Let F be a dense linear subspace of E. Define 

L^{E, X, r; F) := {h G L^{E, x, r) \ h(B^(x, r) n F) = B^(x, r) n F}, 
Ll^{E,x,r;F) := {/i G L^c (E, a;, r) | r) n F) = r) n F}. 

If (X, (?) is an RNM, G <? and h G L}^*^ (F^, x^, r<^), then 

/iM := /i^ U Id t (X - Rng(v9)) G //(X). Suppose that := {F^ \ ^ e ^} is a family of 
linear spaces such that for every G F^p is a dense subspace of E^p. Then J~ is called a 
subspace choice for (X, 

Let LIP(X; (?,.F) denote the subgroup of H{X) generated by {/i^'^l | e /i G 
F^)}. Let LIP (X; ^, J^) denote the sub group of H{X) generated by 
{/il'^l I G ^, he L\^{E^,Xp,rp-F^)}. If F^ = E^ for every ^ G ^, then LIP(X; ^,J^) 
and LIP^^(X; are denoted by LIP (X; ^) and LIP^^(X; ^) respectively. 
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Remark: Even though the groups considered below contain LIP{X; we do not 

have to require at this point that the transition maps in the atlas be Lipschitz. That is, 
we do not require that is bilipschitz for every (f,ip e 

(c) Let K-BM be the class of all {X, G')'s which satisfy the following: There are # and 
such that 

(1) {X, <P) is a Banach manifold and ^ is a subspace choice for 

(2) LIP(X; <P,r)<G< H{X). 

Let i^NM be the class of all (X, G)'s which satisfy the following: There are # and such 
that 

(1) {X, ^) is & normed manifold and ^ is a subspace choice for 

(2) LIP (X; ^,T)<G< H{X). 

Let -R'bnm = -^BM U i^NM • 

(d) Let (X, ^) be an RNM. The set m{X,$) •.^{j{Lp{B^^{x^,r^))\Lpe$} is called 
the normed interior of (X, 

Let G < H{X). The extended normed interior of {X, ^,G) is defined as 

ENI (X, ^, G) := {g{x) | x G NI (X, ^) and g G G}. 

Also, ENI(X, ^,H{X)) is denoted by ENI(X, 

If X is a subset of a normed space E and int^(X) is dense in X, then X is a re- 
gional normed manifold. As a regional normed atlas for X we take the set # = {Id \ 
B^{x, r) I B^{x, r) C X}. We denote ENI (X, #) by ENI (X). Hence ENI (X) = {h(x) \ x e 
int^(X), h e H(X)}. 

Theorem 2.30. (a) Kbtssm is faithful. 

(b) For i = 0,1 let (Xj, ^i) be an RNM and Ti be a subspace choice for (Xj, Let 
Gi < H{Xi). Suppose that for i = 0, 1; 

(1) if {Xi, is an RBM, then LIP(Xi, ^i'Ti) < Gi, 

(2) if {Xi, ^i) is not an RBM, then LIP (X^, ^i, Ti) < Gi. 
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Let ip:Gi^ ^2- Then there is r : ENI(Xi, d) ^ ENI(X2, #2, ^2) such that r m- 
oJuces cp. That is, cp{g) \Em{X2, #2, G2) = tENI(Xi, ^1, d))^ /or e?;er?/ ^ e d. 

(c) Let X &e a subset of a normed space E and Y he a subset of a normed space F such 
that ini^^X) is dense in X and int^(y) is dense in Y. Suppose that cp : H{X) = H{Y). 
Then there is r : ENI(X) = ENI (Y) such that r induces (p. That is, for every g e H{X), 
ip{g)\Em{Y)^{g\Em{X)y. 

Proof (a) If {X, G) e i^sNM and # is a normed regional atlas for X which demonstrates 
that X is a normed manifold, then NI (X, #) = X. So ENI (X, ^, G) = X. Hence (b) 
implies (a). 

(b) The proof of Theorem 2.8 applies without change. 

(c) This is a special case of (b). ■ 

Remark 2.31. The proof of the above theorem applies to RNM's too. The statement that 
is proved for RNM's is as follows. If : Gi = G2, then there is r : ENl(Xi, ^1,^1) = 
EN1(X2, ^2, G2) such that r induces if. That is, for every g e d, ip{g) tENI(X2, ^2, G2) = 
(5fENI(Xi,^i,d)r- □ 

Manifolds with boundary, closures of open subsets of a normed space and closures of 
open subsets of a normed manifold are obviously RNM's. Note that in the above theorem, 
the groups d are not assumed to preserve the boundary of Xi. Indeed, when the X^s are 
infinite-dimensional, it may happen that their boundary is not preserved. 

2.5 The faithfulness of some smaller subgroups. 

The homeomorphisms constructed in Lemma 2.14(b) suggest some new types of subgroups 
of H(X) which may be interesting in the context of reconstruction and in other contexts 
involving homeomorphisms of infinite-dimensional spaces. 

Definition 2.32. Let X be an open subset of a normed vector space E and g e H{X). 

(a) We call g a "finite- dimensional difference" homeomorphism, if there is a finite- 
dimensional subspacc F oi E such that g{x) — x & F for every x & X. 

Let FD (X) denote the set of "finite-dimensional difference" homeomorphisms of X and 
FD.LIP {X) := FD {X) n LIP {X). 
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(b) We call g a weakly "finite-dimensional difference" homeomorphism, if there is a 
finite-dimensional subspace F ol E such that for every x & X there is a e R — {0} such 
that g{x) — ax & F. 

Let WFD {X) denote the set of weakly "finite-dimensional difference" homeomorphisms 
of X and WFD.LIP (X) := WFD (X) nLIP (X) . For a subspace choice system {E, X, S, T) 
define WFD.LIP (X; 5, JT) and WFD.LIP (X; «S, JT) in analogy to the definition of 
LIP(X;»S, J^). See Definition 2.7(a). Also, define i^wFD.BNO in analogy to the definition 

of i^BNO ■ □ 

It is easy to check that FD (X) and WFD {X) are groups. The following is a corollary 
of the proof of Theorem 2.8. 

CoroIIeiry 2.33. i^wFD.BNO is faithful. 

Proof The proof of Theorem 2.8 applies, since it uses only homeomorphisms belonging to 
WFD(X). ■ 
By Lemma 2.14(b), FD.LIP(X) is locally moving. In fact, the construction of 2.14(b) 
can be used to show that FD.LIP (X) is transitive in the following sense. There is an open 
base B of X such that for every B & B and for every finite injective function p whose 
domain and range are subsets of B there is g & G\B\ such that g extends p. In fact, B can 
be taken to be {B^{x,r) \ B^{x,r) C X}. 

Question 2.34. Are any of the classes related to FD (X) faithful? For example, is the 
class Kbfb ■= {{E, G) \ E is a Banach space, and FD{E) <G < H{E)} faithful? 
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3 The local F-continuity of a conjugating homeomor- 
phism 



3.1 General description. 

The Main Result of this section is the statement that if Xi , X2 arc open subsets of normed 
spaces El and E2 respectively, A and 1^2 are countably generated moduli of continuity, 
and T -.Xi^ X2 is such that {H^f {Xi)Y = H}^^{X2), then A = and r is locally 
Ti-bicontinuous. This is proved in Theorem 3.19(a). Equally central are the four results 
stated in Corollary 3.43. 

The conjunction of the final results of Chapters 2 and 3 is stated in Theorem 3.42. It 
says that the existence of an isomorphism between the groups Hp^ (Xi) and Hp^ {X2) 
implies that Ti = 7^2, and that </? is induced by a locally Ti-bicontinuous homeomorphism 
T between Xi and X2. 

As in Chapter 2, the results quoted above are in fact special cases of a more general 
setting. The groups which are actually being considered are of the type Hp'^ {X;S,J^). 
See Definition 3.17. 

There are two methods of proving the Main Result. The central intermediate lemma 
in Method I roughly says that if Xi, X2 are normed vector spaces, t : Xi = X2, and for 
every translation tr^ of Xi, {tv^y e Hp^(X2), then is locally 7^2 -continuous. This is 
in fact the hidden contents of Theorem 3.15. A variant of this statement which works only 
for second category spaces, but yields a slightly stronger result is proved in Theorem 3.26. 

The main lemma in Method II says roughly that if Xi, X2 are normed vector spaces, 
T : Xi ^ X2, and for every bounded affine isomorphism T oi Xi, T'^ e Hp^ (-^2), then r is 
locally /2-bicontinuous. 

Going back to the Main Result, we in fact prove a stronger statement. Suppose that 
{E, X, S, £) and (F, F, T, JF) are subspace choice systems, T, A are countably generated 
moduli of continuity, r : X = y, and the following holds: 

{Hr{X-S,r)y <ZHf{Y) and {H^{Y-T,T)y" Q H^'' {X). 

Then F = A and r is locally T-bicontinuous. This is proved in Theorem 3.19(b). See 
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Definitions 2.7 and 3.17(a). 

Part of this strengthening is needed in the proof that if r : cl(X) = cl(y) and 
{H}^^ {d{X))y = H^'^iY), then T = and r is locally T-bicontinuous. 

There are two situations in which we use Method I and we cannot use Method II. The 
first one appears in Chapter 11, where the reconstruction of the closure of an open set 
is considered. Method I is used again in the proof that the derivative of a conjugating 
homeomorphism is T-continuous. Such results will appear in a subsequent work. 

3.2 Partial actions and decayability. 

If X is a proper open subset of a normed space E, then X is not closed under the group of 
translations T{E) of E. So there is no natural action of T{E) on X. But for every x e X 
there are neighborhoods and oi x in X and Id^ in T{E) respectively such that the 
action of every tr^ G on is defined. Moreover, H{X) contains a homeomorphism 
which coincides with tr^ on B^ and which is the identity outside some bigger neighborhood 
of X. Indeed, even LIP(X) contains such a homeomorphism. We shall use such home- 
omorphisms. To this end we introduce two notions: the notion of a partial action of a 
topological group on a topological space, and the notion of decayability of partial actions. 

Definition 3.1. (a) Let X be a topological space and xeX. Set Nbr^(x) :={U\x eU C 
X and U is open} and MBC = {a e MC | Id[o,oo) < «}■ Let a e MBC, X,Y be metric 
spaces and t : X ^Y. We say that r is a-bicontinuous, if r and are a-continuous. Let 
X & X. We say that r is a-continuous at x, if for some U e Nbr (x), t\U is a-continuous. 
Also, r is said to be a-bicontinuous at x, if for some U e Nbr(x), t\U is a-bicontinuous. 
Let r C MC. We say that r is F-continuous (resp. F -bicontinuous) at x if for some a & F, 
T is a-continuous (resp. a-bicontinuous) at x. 

If i7 is a group, then ch denotes the unit of H. 

(b) Let if be a topological group, X be a toplogical space and A be a function such 
that Dom(A) C H x X and Rng(A) C X. We say that A is a partial action of H on X, if 
the following conditions hold. 

(1) A is continuous. 
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(2) Dom(A) is open in H x X. 

(3) For g & H let gx be the function defined by gx{x) = X{g, x). Then gx is a homeomor- 
phism between Dom{gx) and Riig{gx). 

(4) {eH)x = IdDom((ejf)x)- 

(5) For every g e H, {g-^)x = (^/a)"^- 

(6) For every g,h E H and x e X: if gxix) and hx{g\{x)) are defined, then {hg)x{x) is 
defined and {hg)x{x) = hx{g\{x)). 

Define Fld(A) := Dom((eij)A). Note that by (5) and (6), Bom{gx) C Fld(A) for every 
geH. 

(c) Let a G MBC , a G (0, 1), if be a topological group, A be a partial action of on a 
metric space X, G < H{X) and x G Fid (A). Then A is called an [a, a, G)- decay able action 
at X, if there is > such that for every r G {0,rx) there is = Vx^r G Nbr {ch) such that: 

(i) V X B{x,ar) C Dom(A); 

(ii) for every h E V there is g & G such that: g is a-bicontinuous, g \ B{x, ar) — 
hx\B{x,ar) and supp(gi) C B{x,r). 

Let A C Fid (A). We say that A is an {a,a,G)-decayable action in A, if it is (a.a.G)- 
decayablc at every x E A; X is (a,a,G)-decayable if it is (a, a, G')-decayablc in Fid (A). 
Suppose that F is a modulus of continuity. Then A is called {a, r,G)- decay able if A is 
(a, a, G')-dccayable for some a E F. 

If in the above a = 1/2, then wc omit its mention. So "A is (a, G')-dccayablc at 
means "A is (1/2, a, G)-decayablc at etc. If a = 1/2 and G = H{X), then we omit the 
mention of a and G. So "A is a-decayable at x" means "A is (1/2, a, ii(X))-decayable at 
x" , "A is a-decayable in A" means "A is (1/2, a, ii(X))-decayable in A" etc. 

(d) Let A be a partial action of a topological group ii on a topological space X, A C. H 
and X E X. We write Ax{x) = {hx{x) \ h G A}. We say that x is a X-limit-point, if 
X G acc{Vx{x)) for every V G Nbr(e/i-). □ 
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Note that if A is (a, a, G) decayable partial action of H at then there are V e Nbr (e^) 
and U e Nbr(x) such that h\\U is a-bicontinuous for every h & V. 

The partial actions appearing in this section are obtained by restricting a full group 
action on a space E to an open subset of E. This is described (a) below. 

Proposition 3.2. (a) Suppose that \ is a partial action of a topological group H on a 
topological space E. Let X C Fid (A) be open, and define X\X by setting Dom(AfX) = 
{{h,x) \ h E H and x, hx{x) e X} and (A \X){h, x) = X{h, x). Then X\X is a partial action 
ofH onX. 

(b) Let X be a partial action of H on X , G < H{X), D C G C Fld(A), a e (0,1), 
a G MBC, ro > and let Vr G Nbr(e//) for every r G (0,ro). Assume that: (i) D is a 
dense subset of G , {ii) X is {a, a, G)- decay able in D, {iii) > tq for every x E D, (iv) 
Vx.r 5 Vr for every x E D and r G (0, vq). Then X is (a, a, G)-decayable in G , > ro for 
every x E G , and V^^r 5 K- for every x E G and r G (0, ro). 

Proof The proof of both parts is trivial. ■ 

Suppose that X is an open subset of a normed space E. We shall be interested in two 
partial actions on X: the partial action of the group T{E) of translations of E, and the 
partial action of the group A{E) of affine transformations of E. We need to know that 
these partial actions are decayable. In fact, we shall show that A{E) is (a, G)-decayable, 
where a{t) — 15t, and G is any group containing LIP{X). 

Obviously, the decayabihty of A(£') imphes the decayabihty of both T{E) and the group 
of bounded hnear automorphisms of E. Because we deal with groups containing LIP {X;F), 
we shall really need to show that {T G A(£^) | T{F) = F} is decayable with respect to any 
group G containing LIP(X; F). 

Definition 3.3. (a) Let £^ be a normed space and v E E. Define tr^(x) :=?; + x and 
T{E) = {trf \ v E E}. Whenever E can be understood from the context, we abbreviate 
trf by tiy. We define ci(tru,tr„) — \\u — v\\. 

(b) Let £^ be a normed space and x E X. Denote the group of bounded linear 
automorphisms of E by L(E) and set h{E,x) = (L(E))*''-. For S,T E h{E) define 
d{S,T) = \\S-T\\ + \\S-^-T-^\\. LetA{E) :^{tr^oT\v E E, T E h{E)}. That is, A{E) 
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is the group of bounded affine transformations of E. Suppose that A — trf^T e A{E). 
Then v and T are uniquely determined by A. We denote v — va and T — Ta- We may 
thus define 

d{Ai,A2) = \\VA, - VA,\\ + \\Ta, - 7a, II + \\TX^ - TJ^I- 

Then d is a metric on A{E), {A{E),d) is a topological group, and the action of A(E) on 
E is continuous. Note that h{E,x) < A{E) and the function T ^ T G L(E), is a 

topological isomorphism between L(£') and L(£^, x). 

Let Af , , Af'"^, Af'^ denote respectively the natural actions of T(£'), L(£'), L(E,a;) 
and A(£;) on E. 

(c) Suppose that £^ is a normed space, F is a hnear subspace of E and x E F. Define 

T{E; F) = {trf \veF}, h{E; F) = {T E L(E) | T{F) = F}, 
A{E; F)^{Ae A{E) \ A{F) = F}, h{E, x; F) = (L(F; F))''^ . 

The groups T{E;F), I^{E;F), L{E,x-F) and A{E; F) equipped with the metric they 
inherit from T{E), L(£'), 'L{E,x) and A{E) respectively are metric topological groups. 

If A is a partial action of if on X and Hi < H, let A f i?i denote the restriction of A 
to Hi. Let At' = Af f T (E; F). Af Af '"^'^ and Af are defined in a similar way. 

(d) Suppose that X is a topological space and F is a set. Define 

H(X; F) := {h G H(X) \ h(X (1 F) ^ X (1 F}. 

Proposition 3.4. Let E be a normed space, X C E be open, S be an open cover of X , 
T be a subspace choice for S , S E S , G = LIP (X; S, Fs) and a{t) = 3t. Then Xj'^^ fS is 
{5/8, a, G)- decay able. In particular, Af '''^'^ fS" is {a,G)-decayable. 

Proof We show that if x E S H Eg, then Af '^'^ f is (5/8, a, G)-decayable at x, — 
d(x, E-S), and for every r E (0, r^), = S^(-^'-^«)(IdE, r/4). 

Let r < Tx. Let trf E So v E Fs and ||v|| < r/4. We apply Lemma 2.14(b). 

Choose To of 2.14(b) to be r, choose r and s of 2.14(b) to be 5r/8 and v of 2.14(b) to 
be V. Let h be as assured by 2.14(b). By 2.14(b)(n), /i is (1 + ^_ )-bilipschitz. 
(1 + r- sj/s-ii^;!! ) ^ ^" Hence h is 3-bilipschitz. It follows from 2.14(b) (ii) that h is as 
required. By Proposition 3.2(b), Af '■'^'^ f -S" is (a, G')-decayable. ■ 
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Proposition 3.5. Let r) : [0, oo) — > [0, 1]. Suppose that rj is K-Lipschitz and that r]{t) — a 

for every t > a. Let E be a normed space. Define g : E ^ E by g{x) — r]{\\x\\)-x. Then g 
is Ka)-Lipschitz. 

Proof Let x,y & E. If ||a;||, ||y|| > a, then g{x) = x and g{y) = y, and hence ||5'(a;) — 

g{y)\\ = \\x — y\\. Assume that ||a;|| < a or \\y\\ < a. Without loss of generahty \\y\\ < a. 
Hence 

\\9{x)-9{y)\\ = II v{\Myx-ri{\\y\\yy \\ 

< \\vm)-x-v{\\x\\)-y\\Hvm)-y-vm\^^^ 

= rj{\\x\\y\\x-y\\ + \ n{\\x\\)-ri(\\y\\) \-\\y\\ < \\x-y\\+K.\\x-y\\-\\y\\ < (l+Kay\\x-y\\. 

U 

Proposition 3.6. Let E be a normed space, T G L,{E), r] : [0, oo) [0, 1] and a > 0. Set 
Me = I ■ Suppose that rj is K-Lipschitz, rj{t) — t for every t > a and || / — T||(l + i^a) < 1. 
Define h : E ^ E by 

h{x)^{l-rj{\\x\\)yT{x) + rj{\\x\\yx. 

Then 

(i) h e H{E), h is {\\T\\ + \\I-T\\-{1+Kay)-Ltpschitz, and h'^ is max(^qJ|p^L_, 1)- 
Lipschitz. 

(ii) If F is a linear subspace of E, and T e L,{E; F), then h e H{E] F). 
Proof (i) We prove that h is Lipschitz. Let x,y e E. Then 

h{x) - h{y) = (1 - v{\\x\\)yT{x) + rj{\\x\\yx - ((1 - 77(||y||))-r(y) + r,{\\y\\yy) 
= T{x -y) + {I- T)mx\\yx - v{\\y\\yy). 
By Proposition 3.5, 

\\h{x)-h{y)\\<\\TUx-y\\^\I-T\\il+K^^^^^ 

Hence h is (||T|| + ||/ - T||-(l + Ka))-Lipschitz. 

We prove that is Lipschitz. Let x,y E E. By the above, 
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T-\h{x) - h{y)) = {x-y) + T-\I - T){r){\\x\\)-x - ii{\\y\\)-y) 
= {x-y) + {T-I){i^{\\x\\)-x-yi{\\y\\)-y). 

So 

\\T-'Uh{x)-h{y)\\>\\T-\h{x)-h{ym^^^^ 
> \\x-y\\-\\{T-I)\\-{l+Ka)-\\x-y\\^{l-\\T-I\\-{l+Ka)y\\x-y\\. 

That is, \\x-y\\ < iq^z^p^l^ ■ - h{y)\\. 

(ii) Let xeF. Set = (1 - v{\\x\\)T + r;(||a;||)/. Then h{x) = T^{x) and T^{F) = F. 

U 

Lemma 3.7. Let E be a normed space, X C. E be open, S be an open cover of X, T be 
a subspace choice for S, S & S, x & S H Fs, G — LIP {X; S, Fs) and a{t) — 5t. Then 
Af ''''^^ is {a, G)-decayable at x, r^ = d{x, E - S), and K,r = {B^^'^-^^\Ue, l/^Y'- for 
every r e (0, r^)- 

Proof We may assume that 0^ E S and x = 0^. Set 7 = Id^. Let tq = d{0^, E - S) 
and V = B^^'^'^^s)(^j^ 1/4). Let r < ro and T e V. We show that T is "decayable". Define 
r]{t) : [0, 00) [0, 1] to be the following piecewise hnear function. The breakpoints of rj 
are r/2 and r; r]{t) — for every t e [0,r/2] and r]{t) = 1 for every t > r. Clearly, 77 is 
2/r-Lipschitz. 

Define /i : E^ Ehyhiy) = {l-r]{\\y\\))-T{y)+r]{\\y\\)-y. We check that Proposition 3.6 
applies to h. Set K — 2/r. So rj is X-Lipschitz. Since ||/ — T\\ < 1/4 and Ka — 
f-r = 2, it follows that ||/ - T||-(l + Ka) < + 2) = 3/4 < 1. It thus follows 
from 3.6(i) that h e H{E) and h is ||T|| + ||/ - T||-(l + ira)-Lipschitz. By the above, 
||T|| + \\I-T\\-{l + Ka) < 5/4 + 3/4 = 2. So /i is 2-Lipschitz. Since \\T-^\\ < 5/4, it follows 
that < = 5. By 3.6(i), is 5-Lipschitz. So h is 5-bilipschitz. 

Clearly, supp(/?.) C 5(0^, r) C X. So h \ X e H{X). Also, h \B{0^,r/2) = T \ 
B{0^, r/2). By 3.6(ii), h{E n Fg) = Fs. Hence h \X is as required. ■ 

Lemma 3.8. Let E be a normed space, X C E be open, S be an open cover of X, T be 
a subspace choice for S, LIP {X ; S , < G < H{X) and a{t) — 15t. Let S & S. Then 
X^'^^fS is {a,G)-decayable. 
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Proof Set I = Idfi. Let x e n Fg, = d{x,E - S) and r e (0,r,;). li x ^ let 
= min(l/4,r/8,^) and if x = 0^ let = min(l/4, r/8). Let V^^r = B^^^'^\l , ar) . 
We show that 

If A e A{E;F), then A can be uniquely represented in the form A — tr„^ ^ o (T^.^)*''^, 
where Ta,x e h{E;F). Let A = tr^^oT^, where Ta G L(^;F). Then T^,^ = Ta and 
MA,a; = 't'A + {Ta — Set T = Ta, v = va and = ua,x- Suppose that A e Vx^r- Then 

d(T,/) < < 1/4. So T e B^^^'^s\l,l/4:). Hence T*"^- e 1/4))*'--. Suppose 

that x 0. Then < + ||T - /|H|a;|| < r/8 + ^-llxll = r/4. If x = 0, then u^v. 
So < r/4. In both cases u e ^/4)_ xhis proves (*). 

Let A e Let T and w be as above. By Lemma 3.7, there is hi G H{X; Fs) \B{x, r)| 
such that /ii f i?(x,r/2) = T*""^ [^(a;, r/2) and ^2 is 5-bilipschitz. By Proposition 3.4, 
there is /i2 e //(X; such that /i2 t5(a;,5r/8) = tr„ \ B{x,5r/8) and /ii is 3- 

bilipschitz. Let h — h2°hi. So h & H{X;Fs), supp(/i) C B{x,r) and h is 15-bilipschitz. 
It remains to show that h \B{x,r/2) = A \ B{x,r/2). Let y e B{x,r/2). Then hi{y) = 
T^'^iy). Since T e 1/4), ||T|| < 5/4. So ||T(y-a:)|| < ^\\y - x\\. That is, 

d{T{y-x),0) < l\\y-x\\. Since tr^, is an isometry, (i(T*''^(tra;(|/ - a;)), tr^(O)) < 
That is, ||T*''"(|/) - x\\ < l\\y - x\\. Since y G B{x,r/2), \\T^''='{y) - x\\ < 5r/8. Hence 
h2{T^'^{y)) = tr„(T*''-(|/)). Soh{y) = h2{hi{y)) = A{y). We have shown that if x e SOFg, 
then A^''^*' fS is (a, G)-decayable at x. 

Let X e S - Fs. Then x e acc (5 n Fs). Define r^ = ^d{x, E - S). For r e (0, r^,) let 
ar = imin(l/4,r/8,^) and 14,^ = a,.). Let L> = B{x,r/3)r\Fs. By the above 

argument, for every y E D: Af '^"^ is (a, G)-decayable at y, Vy > r^, and Vy^r 5 Vx,r for 
every r G {0,rx). By Proposition 3.2(b), Af '^^ f5 is (a, G')-decayable at x. ■ 

Recall that in this section we prove that if {Hp'^ {E)y = Hp'^{F), then r is locally 
/"-bicontinuous. If F is countably generated or if /" = MC , then the above is true for any 
E and F. For /"'s which are not countably generated, we have only a partial answer. We 
know how to prove that r is locally /"-bicontinuous only for /"'s which are fi;(ii^)-generated. 
See the definition below. 



69 



Definition 3.9. (a) Let X be a metric space and r > 0. A family A of subsets of X 
is r-spaced, if d{A, B) > r for any distinct A,B & A. A subset C C. X is r-spaced, if 
{{x} \ X E C} is r-spaced. A set C is spaced, if C is r-spaced for some r > 0. 

(b) Let X be a metric space x E X and A C X. We define the set of cardinals K^{x, A) 
as follows: k e K-^{x,A) iff for every U e Nbr(x) there is B C AnU such that \B\ ^ k 
and B is spaced. Let 

K^{x,A) = sup{Hi^{x,A)), k{X) ^minK^{x,X). 

(c) Let be a modulus of continuity. We say that Fq generates F if F = cl^(r'o). We 
say that F is {<k)- generated if there is Fq such that \Fq\ < k and F = cl^(r'o)- 

(d) Let 7 G MC and a,b E [0, oo). Then a b means that a < 7(6) and b < 7(a). 

(e) Let X be a metric space, x E X , G < H{X) and a G MBC. We say that G is 
a-infinitely-closed at x if there is [/ G Nbr(a;) such that if F C G and F satisfies: 

(1) for every / G F, / is a-bicontinuous, 

(2) for every f E F, supp(/) C U and x ^ cl(supp(/)), 

(3) for any distinct f,g E G, cl(supp(/)) n cl(supp(g')) = 0, 

(4) cl(U^,^supp(/)) = {a;}uU/eFcl(supp(/)), 
then oF G G. 

Note that if F is as above, then oF G H{X). So H{X) is a-infinitely-closed at x for 
every a G MBC . 

(f) When dealing with partial actions, we often wish to perform a composition g°f, 
where Rng(/) ^ 'Dom.{g). Such a composition is considered to be legal. The domain of 
the resulting function is /~^(Rng(/) fl Dom ((/)). 

If /, g are functions and p is a 1-1 function, then f g means that 

Dom(/)URng(/) CDom(p), g = pofop-\ 
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Proposition 3.10. (a) If X is a metric space, AC X and x e acc{A), then k{x,A) > b^o- 

(b) If E is a normed space, then k{x,E) — mm{{\D\ \ D is a dense subset of E}) for 
every x & E. 

(c) IfE^ then k{E) = 2^°. 

{d) If E is a Hilbert space with an orthonormal base of cardinality v, then k{E) — v. 

Proof The proof is trivial. ■ 

The next lemma says roughly that if for every h & H, {hxY is r'-bicontinuous at x, then 
there are 7 e r" and neighborhoods T, V of x and ch respectively such that {hxY \T is 7- 
bicontinuous for every h E V. This is proved under the assumption that H is G-decayable, 
where G is an infinitely-closed subgroup of H{X). 

For countably generated r"s the conclusion of the lemma is true for every metric space 
X. If however, F is not countably generated, then we need to assume that F has a 
generating set of size < k{X). The lemma will be apphed to T{E; F) and A{E; F). 

Lemma 3.11. Suppose that: 

(i) X is a metric space, G < H{X), H is a topological group, \ is a partial action 
of H on X , X E Fid (A), x is a \-limit-point, a G MBC, G is a-infinitely-closed at x, 
and for some N e Nbr (x), A is {a, G)-decayable at every point y e Hx{x) fl A^. Set 

K = mm{{K{x,Vx{x)) \ V G Nbr(ei^)}). 

(ii) Y is metric space and r : X = Y. 

(Hi) F is a modulus of continuity, and F is {<k)- generated. 

{iv) Fhere is U E Nbr(x) such that for every g e G\U}: if g is aoa-bicontinuous, then g^ 
is F -hicontinuous at t{x). 

Then P{x) holds, where 

P{x): There are T e Nbr(x), V e Nbr(ei^) and 7 e T such that for every h & V, 
T C Dom{hx) and {hxY \t{T) is ^-bicontinuous. 
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Proof Let Ui e Nbr(x) be as assured by the a-infinite-closedness of G at x. Let be as 
assured by the decayabihty of H at x. Let r e (0, Vx) be such that B{x, r) C UidU f] N, 
and W — Vx,r be as assured by the decayabihty of H aXx. So 1^ e Nbr (cij), W x B{x, r) C 
Doin(A) and W\{x) C B{x,r). First we prove the following claim. 
Claim 1. There is y e B{x,r/2) n Wx{x) such that P{y) holds. 

Proof Suppose by contradiction that there is no such y. Let Fq be as assured by 
Clause (iii). We distinguish between two cases. 

Case 1 iTol = ^^0- Let x — {xi | i e N} be a 1-1 sequence tending to x and contained in 
B{x, r/2) n Wx{x) — {x}. Let {7^ | i e N} be an enumeration of Tq such that {j \ 7^ = 7^} is 
infinite for every i. Let r^;. > be as assured by the decayabihty of A at Xj. Let {r^ | i e N} 
be a sequence such that for any distinct i, j e N we have < rj < r^;., B{xi, rj) C B{x, r), 
d{xi, x) > Ti and c\{B{xi, rj)) fl c\{B{xj, rj)) — 0. 

Let Wi — Vxi,ri be as assured by the decayabihty of A at Xj. That is, Wi e Nbr(eif) and 
Dom(/iA) ^ ri/2) for every /i e Wj, and there is g & G such that is a-bicontinuous, 
5'I"-B(xi,ri/2) = hx\B{xi,ri/2) and supp(g') C B{xi,ri). 

Let = B{xi,ri/2). Then Dom(/iA) 2 l^i for every h e W^. Since -iP(xj) holds, 
there is /ij e Wj such that {{hi)xy \ T{Vi) is not 7i-bicontinuous. Let Qi E G he such 
that gij is a-bicontinuous, gi \ B{xi,ri/2) = {hi)x \ B{xi,ri/2) and supp(g'i) C B{xi,ri). 
Clearly, F :={gi\i e N} satisfies Clauses (1) - (4) in the definition of a-infinite-closedness, 
so g:= OjgN 9i & G. For every u,v & X there are i,j e N such that g{u) — gi°gj{u) 
and g{v) — gi°gj{v). So g is a o a-continuous. Similarly, g~^ is aoa-continuous. Since 
supp(5i) C [/, by Clause (iv), g'^ is T-bicontinuous at t{x). That is, there are 7 e T and 
F e Nbr(T(x)) such that 

(1.1) g'^ \F is 7-bi continuous. 

Let i be such that 7 ^ 7^, and let i > be such that 7 t [0, t] < 7, [" [0, t]. There is j such 
that 7j = 7j, T{B{xj,rj)) C F and (f) diam (r(i?(xj, r^))) < t. 
Set A; = (/ij)a. Now, g \Vj = gj \Vj = k \Vj. So 

(1.2) g^ \t{Vj) = {g,y \t{Vj) = F rr(y,). 
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Recall that k'^ \T{Vj) is not 7j-bicontmuous. So there are u,v E t(T^) such that 
dy{k^u),k^{v)) dy{u,v). By (1.2), 

(1-3) d''{g^{u),g^{v))^^^ d''iu,v). 

Let = 'T~^{u) and Vi — t~^{v). So Ui,Vi e B{xj,rj/2). Since k \ B{xj,rj/2) — 
Qj \ B{xj,rj/2) and supp(g'j) C B{xj,rj), we have k{ui),k{vi) e B{xj,rj). By (f), 
dy{T{k{ui)),T{k{vi))) < t. Also, T(A;(iii)) = k'^{u), and the same holds for v and i;!. So 
dy{u,v) < t and < t By (1.2), 

(1.4) cF{u,v)<t, (f{g^{u),g\v))<t. 

Recall that 7t[0,t] < 7j t[0,t]. Hence by (1.3) and (1.4), 

(1-5) d:'{g^{u),g^{v))^^ cf{u,v). 

Recall that u,v E T{Vj) C T. Hence (1.1) and (1.5) are contradictory. So there is y e 
B{x,r/2) n Wx{x) such that P{y) holds. 

Case 2 |/o| > Kq- Let L = WA(a^) and k = k,^{x,L). We prove that there are 
sequences {r^ | i e N} C (0, oo) and {Lj | i e N} such that: 

(i) rQ — r/2 and | i e N} is a strictly decreasing sequence converging to 0; 

(ii) for every i e N, Lj C L n {B[x, r^) — B{x, ^i+i)) and Lj is spaced; 

(iii) I U{^i M e N}| = 

Suppose first that cf(/t) = Kq. (That is, there is a countable set of cardinals Kj such 
that for every k' E tv, k' < k, and ^ = /t). Let tv = {ni \ i G N} and tq = r/2. We may 
assume that each Ki is infinite. We define Li and rj+i by induction on i. Suppose that 
has been defined. Since Hi < k^{x^L) there is Lj C L fl B{x,ri) such that Lj is spaced 
and \Li\ = Kj. Suppose that Li is Sj-spaced. There is at most one member y E Li such 
that d{x,y) < Si/2. So by removing this member we may assume that d{Li,x) > Si/2. Let 
r^+i = min(f , -i^). Evidently {r,\%e N}, {Li\ie N} fulfill (i)- (iii). 

Suppose that ci[n) > NIq- First we show that 
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(*) For every s > there is M C L fl B{x, s) such that \M\ — k and M is spaced. 

Suppose not, and let s be a counter-example. For every n > let tvn be the set of all 
k' such that there is M C L fl B{x,s) such that \M\ = k' and M is l/n-spaced. Then 
there is n such that K,n is unbounded in k. Let iV be a maximal ^^-spaced subset of 
Lr\B{x, s). Then |A^| < k. So there is k' G K,n such that |iV| < k,'. Let M be a 1/n-spaced 
subset of L n B{x,s) of cardinality /t'. Then there are y & N and zi,Z2 € M such that 
Zi, Z2 G 2^). A contradiction, so (*) holds. 

As in the case that cf(K) = we define a sequence {/tj | i G N}. Indeed, we set Ki = k 
for every i G N. The Lj's and r^'s are now constructed as in the case cf (k) = Kq, and they 
obviously fulfill Clauses (i)- (iii). 

We really need sequences {rj |i G N} C (0, oo) and {Lj |i G N} which fulfill the following 
conditions: 

(i) rQ — r/2 and {rj | i G N} is a strictly decreasing sequence converging to 0; 

(ii) for every i G N, Lj C L n {B[x, — B[x, 2ri+i)) and Lj is spaced, and < \Lj\ 
for every i < j] 

(iii) |U{i^iMeN}| = |ro|. 

Such sequences can be obtained from the original {r^ | i G N} and {Li \ i G N} by taking an 
appropriate subsequence of {r^ | i G N} and by replacing Li by a subset of Li if necessary. 

Let Si > be such that Lj is Sj-spaced. Set M — \J{Li \ i G N}, and let l : M ^ Fq 
be a function such that for every 7 G /q there is n G N such that 7 G i{Lm) for every 
m > n. Define •jy = L{y). Let r-y be as assured by the decayability of H at y. For every 
y E M we define Sy > 0. li y E Li, choose Sy < min{ry,rij^i, Sj/3). Note that for distinct 
y,z E Li, B{y, Sy) C B{x, rj) — B{x, Tj+i) and cl {B{y, Sy)) flcl {B{z, s^)) = 0. So for distinct 
y,zeM, d{B{y,Sy))nd{B{z,s,)) = 0. 

For every y E M let Wy = Vy^sy be as assured by the decayability of A at y. That is, 
Wy E Nbr(eH), Dom{hx) D B{y, Sy/2) for every h E Wy, and there is g E G such that g is 
a-bicontinuous, g \B{y, Sy/2) = h\ \B{y, Sy/2) and supp(gi) C B{y, Sy). 
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Let Vy — B{y,Sy/2). So Dom{hx) 2 Vy for every h e Wy. Since -^P{y) holds, there is 
hy e Wy such that {{hy)xy \T{Vy) is not 7j;-bicontinuous. Let g^j, e G be such that Qy is a- 
bicontinuous, Qy \B{y, Sy/2) — {hy)\ \B{y, Sy/2) and supp(g'j,) C B{y, Sy). For any distinct 
y,z E M, supp (gy) nsupp(g'2) = 0. Clearly, F:={gy \ y e M} satisfies Clauses (l)-(4) 
in the definition of a-infinite-closedness, so g — Oy^M Qy £ G. The rest of the argument is 
identical to the one given in Case 1. We have proved Claim 1. 

Let y be as assured by Claim 1. Since y e Wx{x), there Ssh & W such that y — hx{x). 
Since W — there is g E G such that g is ct-bicontinuous, g \B{x, r/2) = hx \B{x, r/2) 
and supp(g') C B{x,r). So g{x) — y. Since a e MBC, we have a < aoa, and hence 
g is aocK-bicontinuous. The bicontinuity of g and the fact supp(g') C B{x,r) C U imply 
that g'^ is T-bicontinuous at t{x). Let R e Nbr(T(x)) and P E F he such that g'^ \ R is 
/3-bicontinuous. We may assume that 

(2.1) T-\R) C B{x,r/2). 
Hence g'' \R = {hxY \R. So 

(2.2) (^a)^ \R is /9-bicontinuous. 

Note that if T', V, 7' fulfill the requirements of P{y) and T' D T" G Nbr (y), then T", V, 7' 
fulfill the requirements of P{y)- Since P(y) holds, there are Si e Nbr(y), Vi e Nbr(ei7) 
and 7i e r such that for every h E Vi, 

(2.3) Si C Dom(/iA), (^a)^ t'''('S'i) is 71-bicontinuous. 
Since hx{x) = y and t~^{R) e Nbr(a;), we may assume that 

(2.4) SiChx{r-\R)). 

So Si C hx{B{x,r/2)). Let ^2 G Nbr(7/) and V2 G Nbr(eH) be such that 

(2.5) S2CS1, V2CV1, X{V2 X S2) C 

Note that ^2 C RngChx). We define T - (/iA)"H'52), V ^ h'^ ■V2 ■ h and 'y = po^y^op and 
show that T, V, 7 satisfy the requirements of P{x). Since 71 G T, we have 

(2.6) 7 G r. 
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We verify that ii h eV, then 

(2.7) rCDom(/iA) and {h^)x\S2 hx\T, where p = hx\T-\R). 

Let h — h^. Then h e V2 and h — h"^ ■ h • h. We show that hx{z), h\(h\{z)) and 
{h-^)\{hx{hx{z))) are defined for every zeT. Clearty, T C Dom(AA) and Aa(7') = S2. So 
by (2.5), 

(i) for every z & T, hx{hx{z)) is defined and hx{hx{z)) e 5*1. 

By (2.4), Si C Rng{hx). So (/ia)~^(^a(^a('S))) is defined. Since h ^ and by the definition 
of a partial action, it follows that 

(ii) for every z hx{z) is defined and hx{z) = {hx)~^ °hx°hx{z). 

By (ii), T C Dom{hx), and by (2.1), r~^{R) C Dom{hx). So Dom(p-i) = Rng(p) = 
hx{T~^{R)). Since /i e 1^2, we have that 5*2 C Dom{hx), hence Dom{hx \ S2) — S2. 
By (2.4) and (2.5), S2 C hx{T-^{R)). So Dom{hx t -S2) C Dom(p-i). We have that 
Rng(/iA t'S'2) = hx{S2), and from (2.5) and the fact that h e V2, it follows that hx{S2) Q Si. 
By (2.4), ,Si C hx{r-\R)), so Rng(/iA ^-^2) C Dom(p-i). Note that T C r-^{R); indeed, 
this follows from the definition of T, (2.4) and (2.5). So 

(in) for every zeT, hx{z) = {hx \t-\R)){z) = p{z). 

Also, 

(iv) for every ^ e T, hx{hx{z)) = {hx \S2){hx{z)). 

Let z eT and denote u = hx{hx{z)). By (i) and (2.4), u E Si C hx{T-^{R)) = Dom(p-^). 
Hence {hx)''^{u) — p~^{u). We conclude that 

(v) for every z G T, {hx)-\hx{hx{z))) = p-\hx{hx{z))). 

It follows from (ii)-(v) that hx \ T ^ P~^°{hx \ S2)°p. We have verified (2.7). Next 
conjugate (2.7) by r. We obtain that 

(2.8) {{h%\s2y {hx\Ty. 
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Clearly, ({h^)x t-^s)^ = ({h^)xy \r{S2). Since heV,we have eV'^^ V2. So by (2.3), 
(2.9) {{h'')x ISiY is 7i-bicontinuous. 

Fact (2.8) has the form / k, where / = {{h^)x \ 82)^, k = {hx \ Ty and a = 

— {hxY \ R- By (2.9), / is 71-bicontinuous, and by (2.2) a is /3-bicontinuous. Since 

k — a~^ofoa, it follows that k is /i^o-y^^o/^-bicontinuous. Recall that 7 = /5 07^0/5 and 

k = {hx \Ty = {hxy \t{T). Hence {hxY \r{T) is 7-bicontinuous. 

We have shown that for every h eV, Dom{hx) 5 T and {hxY \t{T) is 7-bicontinuous. 

So T, V, 7 satisfy the requirements of the lemma. ■ 

3.3 Translation-like partial actions. 

We have isolated the properties of T{E) and A{E) which are used in the proof that r is 
T-continuous. The following definition deals with the properties of T{E). Partial actions 
having these properties are called translation-like partial actions. In fact, the definition 
captures the properties of T{E;F), where F is any dense linear subspace of E. The 
properties of A(£') to be used, appear in Definition 3.28(b). 

Definition 3.12. Suppose that X is a metric space, if is a topological group, and A is a 
partial action of H on X. Let x e Fid (A). We say that A is a translation-like partial action 
at X, if for every V e Nbr (ch) there are: 

(i) U — Ux,v e Nbr(a;), and a dense subset olU, D — D^y; 

(ii) a radius r = r^y > and a constant K — K^y > 0; 
such that the following holds. 

For any distinct Xq, Xi & D there are n < K--^^^^-^ , a sequence xq = xq,xi, . . . ,Xn E X 
and hi, . . . , hn E V such that Xn ^ B{x, r), and for every i — 1, . . . ,n, xo,xi E Dom{{hi)x), 
{hi)x{xo) = Xi-i and {hi)x{xi) = Xi. 

A partial action A is translation-like, if for every x e Fid (A), A is translation- like at x. 

Proposition 3.13. Let E be a normed space, F he a dense linear subspace of E and X C E 
he open. Then At'" \X is a translation-like partial action. 
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Proof For X e X and V e Nbr^(^'^)(Id) we define U = U^y, D = D^y etc. as follows. 
Let ro > be such that B^(x,ro) C X and {tr^ | v e B^(0,ro)} C V. Now define 
U = B(x, ro/4), D = F n [/, r = ro/2 and K^2. 

For distinct Xq, e D we define n, Xq, . . . , x„ and hi, . . . ,hn as required in Defini- 
tion 3.12. Let n be the least integer such that n-\\xi — Xo\\ > r. For i — 0, let 
Xi — xo + i{xi — xq) and for i = 1, . . . , n let /ij = ^^i^ {i-i){xi-xo)- It is easily checked that n, 
the Xj's and the /ij's are as required. ■ 

We let X and Y denote metric spaces. Their metrics are denoted by d,-^ and d^. 
However, in most cases we write d{x, y) as an abreviation of both d^{x, y) and {x, y). 

Lemma 3.14. Let X he a metric space and X be a partial action of H on X. Suppose 
that X e Fid (A) and X is traslation-like at x. Let Y be a metric space and t : X ^Y. Let 
r C MC; and suppose that for every 7 e T and K > 0, K & F. Suppose that P{x) of 
Lemma 3.11 holds. That is, there are T e Nbr(x); V e Nbr(eif) and 7 e T such that for 
every h & V , T C. Dom{hx) and {hxY \t{T) is ^-bicontinuous. Then is F -continuous 
at t{x). 

Proof Let U = U^y, D = D^y, r = r^y and K = K^y be as assured by the translation- 
likeness of H at X. Set y = T{x), B = B{x,r) and C = t{B). Since C G Nbr(?/), we have 
e d{y, Y - C) > 0. Let R = t{T nU)n B{y, e/2) and M = 2Kr/e. Since 7 G T, we 
have M-7 G F. 

We show that r^^ \ R is M-7-continuous. Suppose by way of contradiction that this 
is not true. Hence there arc G such that d{T^^ (yo) , t^^ (yi)) > M-'y{d{yo,yi)). 

Since D is dense in U and yo,yi G t{U), we may assume that yo,yi G t{D). For every 
h E H let h denote hx, and for i = 0,1 let X£ = T^^{ye). Hence xq,Xi G D. So there are 
n < Kr / d{xQ,xi), xq = xo,xi, . . . ,Xn and hi,...,hn G V such that Xn ^ B, and for 
every i = 1, . . . ,n, Xq, Xi E Dom(/ij), hi{xo) = Xi^i and hi{xi) = Xj. For i = 1, . . . , n let 
Vi = r{xi). 

In the space Y we thus have the following situation: 
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(i) d{y, yo) < e/2; 

(ii) for every i = 1, . . . , n, hJ{yo) = and hj{yi) = yf, 

(iii) yn ^ C. 

Every hi belongs to V, hence \ t{T) is 7-bicontinuous. Also, yo,yi G t(T), so 

(iv) d{yi-i,yi) <'y{d{yo,yi)). 
Hence 

e = d{y, Y -C) < d(y, ?/„) < d{y, yo) + Er=i ^iyi-i, Vi) < e/2 + n ■ 7(rf(?/o, 

< + • ^(^(^0, yi)) < e/2 + • 7(^(^0, y-i)) = e/2 + ^ = e. 

A contradiction, so the lemma is proved. ■ 

The following theorem is the conjunction of Lemmas 3.11 and 3.14. It will be used in 
Theorem 3.16. The statement of Theorem 3.15 is rather technical. So it seems worthwhile 
to explain its main appUcation. Let X be an open subset of a normed space E and 
G < H{X). Suppose that for every x E X and r > there are s G (0,r) and X > 
such that for every v e Be{^-,s) there is gr e G such that g \B{x,s) = tr^, \B{x,s), g is 
K-bilipschitz and supp [g] C B{x, r). Assume further that G is a-infinitely closed for every 
a of the form y — Mt. Then if r is a homeomorphism between X and a metric space Y, 
r is a countably generated modulus of continuity and G'^ C LIP^^ (F), then is locally 
T-continuous. 

Theorem 3.15. Suppose that: 

(i) X is a metric space, G < H{X), H is a topological group, X is a partial action of 
H onX, xe Fid (A) and a e MBC; 

(ii) G is a-infinitely-closed at x; 

{iii) X is a X-limit-point; 

(iv) for some N e Nbr (x), A is {a, G)-decayable in Hx{x) fl N; 

(v) A is traslation-like at x; 

{vi) r is a modulus of continuity and F is {<n) -generated, where k. = mm{{K{x, Vx{x)) \ 

Vemr{eH))}); 
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(vii) Y is a metric space and t : X ^Y; 

(via) there is U & Nbr(a;) such that for every g e G\U]: if g is a°a-bicontinuous, then 
g'^ is r -hicontinuous at r(x). 

Then is F -continuous at t{x). 

Proof Combine Lemmas 3.11 and 3.14. ■ 

The above lemma will be used in the proof that the derivative of a diffeomorphism r is 
locally /"-continuous. For groups of type Hp'^{X), Theorem 3.15 yields a result which is 
slightly weaker than the result obtained in Theorem 3.27, where the action is assumed to 
be "affine-like" rather than just "translation-like". 

Theorem 3.16. Let {E,X,S,J^) be a subspace choice system, F be a (< k{E))- generated 
modulus of continuity, Y be a metric space and t : X ^Y . Suppose that (LIP [X] S, !F)y C 
HjPiy). Then is locally F -continuous. 

Proof het X e X and S e S be such that x e S. Write H = T{E;Fs), A = At'^*' \S, 
G = LIP (X; S, Fs) and a{t) = 3t. We shall apply Theorem 3.15. 

By Lemma 3.4, A is (a, G')-decayable. So 3.15(iv) holds. Let V G Nbr(e//)- Then 
there is r > such that Vx{x) 3 B^^{x,r). Since Fs is dense in E, k{Fs) = k{E). So 
k{x,Vx{x)) = k{Fs) = k{E). It follows that mm{{K{x , Vx{x)) \ V e Nbr(ej^)}) = k{E). 
Since F is (< K(i?))-generated, 3.15(vi) holds. 

Take U in the definition of a-infinite-closedness to be S. Let L be a subset of G which 
satisfies Clauses (l)-(4) in the definition of a-infinite-closedness. (See Definition 3.9(e)). 
Then oL is a o a-bicontinuous, which implies that oL G G. So G is a-infinitely-closed at 
X. That is, 3.15(ii) holds. 

Since for every V G Nbr(ej:/) there is r > such that Vx{x) D B^^'{x,r), x is a A-limit- 
point. That is, 3.15(iii) holds. By Proposition 3.13, A is translation-like at x. That is, 
3.15(v) holds. By the assumptions of this theorem, 3.15(vii) and (viii) hold. 

We have seen that all the assumptions of Theorem 3.15 are fulfilled, so is F- 
continuous at t{x). ■ 



80 



Definition 3.17. (a) Let be a normed space, SC.XCE be open subsets and F be a 
dense linear subspace of E. Let T be a modulus of continuity. We define 

Hr{X) — {he H{X) I there is 7 e T such that h is 7-bicontinuous}, 

Hr{X,S) = Hr{X)\S\, 
Hr{X- F) = {he Hr{X) \ h{X C\ F) ^ X r\ F} 

and 

Hr{X; S, F) = Hr(X, S) n Hr(X; F). 

Similarly, let H}^^ (X, S) = H^^ (X)l^, iJ^c ^) _ ^ ^lc ^x) | n F) = X n F} 
and i/LC ^x- S, F) = H^^ (X, S) n i/^c ^x- F). 

Let {E,X,S,J-') be a subspace choice system. We define Hr{X; S, to be the sub- 
group oiH{X) generated by [j{HriX; S, Fs)\S E S}. Analogously, the group H}^^ {X; S, T) 
is defined to be the subgroup of HiX) generated by \}\HY" (-^5 '^^ ^s) | 5* G 5}. 

(b) Let F be a normed space, z E E and r] G -f^([0, 00)). Define h = Rad^^ as follows. 

X — z 

h(x) ^ z + r](\\x - z\\)- -, x^z 

\\x — z\\ 

and h{z) — z. Clearly, h G H{E). We call h the radial homeomorphism based on r],z. 
Also, denote Rad^Qij by Rad^, and call it the radial homeomorphism based on rj. 

Remark Note the following facts. 

(1) Hr{X) is a special case of Hr{X;S,!F), where S — {X} and Fx — E. The same 
holds for Hj^^ (X). 

(2) Hr{X,S), Hr{X;F), Hr{X;S,F), Hr{X;S,T) C Hr{X). 

(3) i/^C(X,5), i/^C(X;F), H}^''{X-S,F), H}^^' {X ■ S , J^) C H}^^ {X) . 

Proposition 3.18. Let E be a normed space, z & E and r] G -f^([0, 00)). Suppose that r] is 
a-bicontinuous. Then hjj^z is 3- a-bicontinuous. 
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Proof Set h — Rad^^^. We may assume that z — 0. Note that r]{t) < a{t) for every t >0. 
Since a is concave, it follows that ^ • s < a{s) for every < s <t. 

Let u,v e E — {0}. Assume that \\u\\ < \\v\\ and set w — j^v. Then \\w — u\\ < 
\\u\\ + \\w\\ — 2\\u\\. So ll^^ll < \\u\\. Also, 11^; — w\\ — \\v\\ — \\u\\ < \\v — u\\. So 
Ww — u\\ < \\v — u\\ + \\v — w\\ < 2\\v — u\\. Hence 

11%) - Hu)\\ < 11%) - h{w)\\ + \\h{w) - h{u)\\ 

= mv\\) - viM)) + «|k - ^11 = iviM) - viM)) + 2. 

< - ||u||) + 2a(^) < a{\\v - u\\) + 2a{\\v - u\\) ^ 3a{\\v - u\\). 

So h is Sa-continuous. Since — Rad^-i 2, it follows that h"^ is Sa-continuous. ■ 

The main result of the next theorem is Part (a). It is a more readable special case 
of (b). Part (b) is a trivial corollary of (c). The proof of (c) is more than just collecting 
some of the previous lemmas together. It requires an additional argument. 

Theorem 3.19. (a) Let X,Y be open subsets of the normed spaces E and F respectively. 
Write K = k{E) and let F. A be (< K)-generated moduli of continuity. Let t : X = Y , and 
suppose that {Hp^ {X)y = H^'^{Y). Then F = A and r is locally F-bicontinuous. 

(b) Let {E, X, S, £) and {F, Y, T, be subspace choice systems. Write k — k{E) and 
let F, A be (< K)-generated moduli of continuity. Let t : X ^Y, and suppose that: 

(i) {Hr{X;S,J^)y C H^^{Y), (ii) {H^{Y;T, T)y-' C H}^^{X). 
Then F — A and r is locally F-bicontinuous. 

(c) Let {E, X, S, £) and {F, Y, T, be subspace choice systems. Write k — k{E) and 
let F, A be (< Kj-generated moduli of continuity. Let t : X ^Y , and suppose that: 

{i) {hW>{X-S,T)y QH\^{Y), 

{ii) {H4Y;T,J^)y-' CHj^^iX). 

Then A C F and r is locally F-bicontinuous. 

Proof Part (a) is a special case of (b), and (b) is concluded by applying (c) twice: once 
to X, Y and once to Y,X. So it suffices prove (c). 
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(c) Since X and Y are homeomorphic, n{F) — k{E) — k. Suppose by way of contra- 
diction that A % r. Pick any T e T and y e T n Ft, and set x = T~^(y). (Recall that 
Ft denotes the dense subspace of F assigned to T by the subspace choice system). Let 
X E S E S. By Theorem 3.16 and Clause (c)(i), for some 5 E A, is 5-continuous at 
t{x). There is a e {A — F) (1 MBC such that 5 :< a. So r'^ is a-continuous at t{x). 
Choose r > be such that \ B^{y, r) is a-continuous and B^{y, r) C t{S) fl T, and 
let e be such that aoa{e) — r/2. We define 77 : [0, 00) [0, 00) as follows. For t e [0,e], 
r]{t) — a°a{t), for t e [r, 00), r]{t) — t, rj \[e,r] is a linear function, and 77 is continuous. 
Clearly, 77 e i7([0, 00)), and it is easily seen that 77 is 4 • ck o ce-continuous and that 77"^ is 
2-Lipschitz. So 77 is 4 • a o ct-bicontinuous. Let h — Rad^^^^ \ Y. By Proposition 3.18, h is 
12 • a o cK-bicontinuous, hence h e H^{Y). Since y e Ft, we have h{Y fl Ft) —Yd Ft, 
and so h e H^{Y;T,J^). By Clause (c)(ii), g:=h'^ ^ is locally T-bicontinuous, and by 
Theorem 3.16 and Clause (c)(ii), r is locally T-continuous. This imphes that rog is lo- 
cally T-continuous. Since hor — rog, we conclude that hoT is locally T-continuous. Let 
7 e r be such that h°T is 7-continuous at x, and choose s such that h°T \ B^{x,s) is 
7-continuous. We may assume that t{B^{x,s)) C B^{y,r/2). 

Since a ^ F, there is t < s such that a{t) > ^{t). Choose w such that \\w — x\\ — t 
and set z — t{w). Then z e B^{y,r/2) and hence \\h{z) — h{y)\\ — aoa{\\z — y\\). Now, 
\\w — x\\ — \\t''^{z) — r~^(y)|| < a{\\z — y\\). So Q;'~-'-(||t(; — x\\) < \\z — y\\ and hence 

\\hiz) - %)|| = Cioa{\z - y\) > aoaia-\\\w - x\\)) = a{\\w - x\\). 

That is, \\hoT{w) — hoT{x)\\ > a{\\w — x\\) > j{\\w — x\\). This contradicts the fact that 
hoT \ B^{x, s) is 7-continuous. So A C r. 

Since r^^ is locally Z\-continuous, is locally /"-continuous. Recall also that r is 
locally T-continuous. So r is locally T-bicontinuous. ■ 

Remcirk 3.20. The assumptions of Theorem 3.19(c) probably imply that r is locally A- 
bicontinuous. We do not know to prove this fact. However, the final result is not affected. 
We also do not know to prove Theorem 3.19(a) without the assumption that r,A are 
(< K(£'))-generated. □ 

There is a variant of translation-likeness which we shall use in the context of diffeomor- 
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phisms. Suppose that f,g & Diff([0, 1]). If the derivative /' of / is a-continuous and g' is 
/3-continuous, then (i) for some K,L > 0, {f°g)' is (X-o; + L-/3)-continuous. Also, (ii) for 
some M > 0, (/~^)' is M • a-continuous. (iii) A similar fact holds for higher derivatives. 

Let r C MC, and assume that X • a + L • /3 e T for every a,f3 e T and K,L > 0. 
Consider the set = {/ e Diff ([0, 1]) | for some a E F, f is a-continuous}. By (i)-(ii), 
Gr is a group, and by (iii), the analogous fact for Diff "([0, 1]) is also true. So F need not 
be a modulus of continuity in order for Gr to be a group. Let us call such a T a modulus 
of differentiability. 

We do not deal in this work with differentiabihty, but we shall show here that if T is a 
modulus of differentiability and (LIP {X)y C Hp'^{Y), then r"^ is locally T-continuous. 
This is the analogue of Theorem 3.16, and Theorem 3.15 has an analogue too. The proofs 
use the additional assumptions that X is of the second category, and that F is count- 
ably generated. On the other hand, the infinite-closedness of G is not needed, and the 
assumption of decayability is replaced by a much weaker property. 

Definition 3.21. Let X be a topological space, A be a partial action of a topological group 
if on X and G < H{X). Let x E X. We say that A is compatible with G at x, if there 
is G Nbr(eH) such that for every h E W there are U G Nbr(a;) and g E G such that 
U C Dom{hx) and hx\U = g \U. 

We say that A is compatible with G, if A is compatible with G at every x e Fid (A) . □ 

The following lemma replaces Lemma 3.11. 

Lemma 3.22. Suppose that: 

(i) X is a metric space, G < H{X), H is a topological group and H is of the second 
category, X is a partial action of H on X, x E Fid (A), and A is compatible with G 
at X. 

(ii) Y is metric space and t : X ^Y. 

{iii) F is a countably generated subset o/MC, cl^({7}) C F and K ■ j E F for every 
7 e r and K > 0. 

{iv) For every g E G, g^ is F-bicontinuous at t{x). 
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Then Q{x) holds, where 

Q{x): For every W e Nbr(eif) there are T e Nbr(x); a nonempty open subset V C.W 
and 7 e r such that for every h &V: T C Dom{hx) and {hxY \t{T) is j-bicontinuous. 

Proof For every h G H denote hx by h. Let W G Nbr(e//). We may assume that for every 
h eW there are Uh G Nbr(a;) and Qh E G such that Uh C Dom(/i) and hx \U = Qh \U. 

We verify that (*) for every h E W there are Vh > and 7/1 G r' such that B{x,rh) C 
Dom(/i) and h'^ \ T{B{x,rh)) is 7/i-bicontinuous. Let Uh,gh be as above. Then {ghY is 
/"-bicontinuous at r{x). Let 7^ G /" and T G Nbr(r(a;)) be such that {ghY \T is 7/1- 
bicontinuous, and let Vh > he such that B{x,rh) C and T{B{x,rh)) Q T. Obviously, 

h-' \t{B{x, rn)) = {h \B{x, r^))^ = (^^ f^l^^, r;,))" = (ghY \r{B{x, r^)). 

So \T{B{x,rfi) is 7-bicontinuous. That is, (*) holds. 

Let To = {7i I i G N} be such that F — cl^(/o), and assume that {j \ = •ji} is infinite 
for every i G N. Set 

Ki — {h e W \ B{x, T—r) Q Dom(^) and \t{B{x, t—t)) is 7i-bicontinuous}. 

By (*), [J.^^Ki = W. We show that for every i, Ki is closed in W. Set Bi = B{x, -^)). 
Let h E W — Ki. So there are yi,y2 G T(_Bj) such that (i) d{h'^ (yi) , h'^ {y2)) > 7^(^(1/1,1/2)) 
or (ii) d{h7{yi), h7{y2)) < 1i^^{d{yi, ^2))- We may assume that (i) happens. For i = 1,2 let 
Te be an open neighbourhood of h'^{yi) such that d{Ti,T2) > 7j((i(i/i, 1/2))- Set = t~^{T£) 
and xe = T^^{ye). Let Vq = {k E W \ xi,X2 G Dom(A;) , k{xi) G 5*1 and k{x2) G 5*2}. So Vq 
is open. We show that Vq contains h and is disjoint from K^. Clearly, h{x£) = t^"^ {h^ [y ()) G 
T^'^{TYj = Si, hence h G Vq. If k G Vq, then k{x£) G and so k^{yi) G t(iS'^) = T^. Hence 
k'^ \ T{Bi) is not 7j-continuous, namely, k ^ Ki. Since W is of the second category and 
every Kn is closed, there is n such that mt{Kn) 7^ 0. Define V = int(i^r„), T = B{x, ^^) 
and 7 = 7n- Then V, T and 7 are as required in the lemma. ■ 

Definition 3.23. Let X be a metric space, if be a topological group A be a partial action of 
if on X and x G Fid (A). The action A is said to be regionally translation-like at x, if there 
is Wx G Nbr (ch) such that for every nonempty open V C Wx such that V x {x} C Dom (A) 
there are: 
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(i) U — Uxy £ Nbr(x) and a dense subset ofU, D — D^y; 

(ii) a point z — Zxy, a radius r — Vxy > 0, and a constant K — K^y > 0; 

such that for every distinct xo,xi e U (1 D there are n < K- ^^^Ixi) ' ^ sequence z — 
zq, zi, . . . , Zn e X and hi, . . . ,hn e such that Zn ^ B{z, r), and for every i — 1, . . . ,n, 
xo,xi e Dom.{{hi)x), {hi)x{xo) = ^i-i and {hi)xixi) = Zi. 

If A is regionally translation-like at every x e Fid (A) , then A is said to be a regionally 
translation-like action. 

The next proposition is a counterpart of Proposition 3.13. 

Proposition 3.24. Let E be a normed vector space, F he a dense linear subspace of E 
and X he an open subset of E. Then Xj' \X is regionally translation-like. 

Proof Write A = A^'^ \X and define Wx = T{E; F). Let V C Wx be open and nonempty, 
and suppose that V x {x} C Dom(A). Choose v & F and s > such that Vi := {tr^ | u G 
B^{y,s)} C V and Vi x B^{x,s) C Dom(A). Define Zxy = v + x, r = r^y = s/2, 
Uxy = B{x,s/4:), Dxy = Uxy H {x + F) and Kxy = 2. It is left to the reader to verify 
that the above satisfy the requirements of regional translation-likeness of X at x. ■ 

The following lemma is a counterpart of Lemma 3.14. 

Lemma 3.25. Let X be a metric space, and X be a partial action of H on X. Suppose that 
X e Fid (A); and X is regionally traslation-like at x. Let Y be a metric space and t : X '^Y. 
Let F C MC, and suppose that for every 7 e T and K > 0, K & F. Also assume that 
Q{x) of Lemma 3.22 holds. That is, for every W e Nbr(eif) there are U e Nbr(x); a 
nonempty open subset V C. W and 7 e T such that U C T>om.{hx) and {hxY \ t{U) is 
^-bicontinuous for every h &V. Then is F -continuous at t{x). 

Proof Let Wx be as assured by the regional translation-likeness of A at x. By Q{x), 
there are U G Nbr(,T), a nonempty open V C Wx and 7 G /" such that for every h E V: 
U C Dom{hx) and (/^a)^ is 7-bicontimious. So V" C Wx and V x {x} C Dom(A). 

We apply the definition of regional translation-likeness to V. Write S — Uxy, D — Dxy, 
z = Zxy, r = rxy and K = Kxy. 
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Let w — t{z), B — B{z,r) and C = t{B). Since C e Nbr(tt;), we conclude that 
e := d{w, Y-C)>0. Let = r{U n S) and M = Xr/e. Since 7 e T, we have M • 7 e T. 

We show that \R is M-7-continuous. Suppose by contradiction that this is not true. 
For h E H denote hx by h. Hence there are yo,yi £ R such that d{T~^{yo),T~^{yi)) > 
M-^{d{yo, yi))- Since D is dense in S and yo, yi e t{S), we may assume that yo, yi e t{D). 
For £ = 0, 1 let = T~^{y(). Hence xq, xi e D. So there are n < 2; = 2^0, -Zi, . . . , 

and hi,...,hn G such that Zn ^ B, and for every i — l,...,n, xo,xi e Dom(/ij), 
hi{xo) — Zi-i and /li(xi) = Zj. For i — 1, . . . ,n let Wi — T{zi). 

In the space Y we have: Wq — w; for every i — 1, . . . ,n, /i[(yo) = '"^i-i a-nd = u^j; 

and t(;„ ^ C. Every /ij belongs to V, hence ^[ f t{U) is 7-bicontinuous. Also, yo, yi £ '''(t^), 
so d(u'i_i,u'i) < 7(d(yo,yi))- Hence 

e = d{w, Y -C) < d{w, Wn) = d{wo, w„) < ^"^^ d{wi_i, Wi) 

< n ■ -f{d{yo, yi)) < ■ ^{d{yo, yi)) < M.^{d{Lm)) " ^^'^^^O' ^1)) = ^e=^- 

A contradiction, so the lemma is proved. ■ 

Theorem 3.26. Assume the following facts. 

(i) X is a metric space, G < H{X), H is a topological group and H is of the second 
category, X is a partial action of H on X and x e Fid (A) . 

(ii) X is compatible with G at x. 

(Hi) X is regionally traslation-like at x. 

{iv) r is a countahly generated subset o/MC, cl^({7}) C F, and K-jeF for every 
7 e r and K > 0. 

{v) Y is metric space and t : X ^ Y. 

(vi) For every g & G, g'^ is F -bicontinuous at t{x). 

Then is F -continuous at t{x). 

Proof Combine Lemmas 3.22 and 3.25. ■ 
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3.4 AfRne-like partial actions. 

The goal of this part of the chapter is the following final theorem. 

Theorem 3.27. Let {E,X,S,S) be a subspace choice system with dim Y be an 

open subset of a normed space F , F be a {< k{E))- generated modulus of continuity and 
T-.X'^Y. Suppose that {UP{X,S,E)y C H}i^{Y). Then r is locally F-bicontinuous. 

This parallels Theorem 3.16, but has a stronger conclusion. Whereas in 3.16 the con- 
clusion is that is locally /"-continuous, 3.27 says that r is locally T-bicontinuous. 

Definition 3.28. (a) A subset D of a metric space X is called a metrically dense subset 
of X, if for every x,y E X and £ > the are xi e B{x, e) (1 D and yi e B{y, e) (1 D such 
that d{xi,yi) — d{x,y). Note that metric density implies density. 

(b) Let X be a metric space, H he a, topological group and A be a partial action of 
H on X. For h E H denote hx by h. Let x E X. We say that A is an affine-like 
partial action at x, if the following holds. For every V E Nhr (bh) and U E Nbr(2;) there 
are n = n{x, V, U) e N, C/q = Uq{x, V, U) E Nbr(x) and D = D{x, V, U) C Uq such that 
Uq C. U, D is metrically dense in Uq, and for every xi, yi, X2, y2 £ F): if d{xi, yi) — d{x2, ^2), 
then there are hi, . . . ,hn E V such that hi° . . . °hn{xi) — X2, hi° . . . °hn{y\) — y2 and 
hiohi+io . . . ohni{xi,yi}) C U for every 1 <i <n. 

If A is affine-like at every x E Fid (A), then A is said to be an affine-like partial action. 

(c) If if is a group, AC H and n eN, then — {oi • . . . • a„ | oi, . . . , a„ e A}. Let A 
be a partial action of a topological group if on a topological space X. li h E H then hx is 
denoted by h. For U C H and Wi,W2 Q X define 

U[n;WuW2] ^ {hi-...-hn\h,...,hnEU, Wi C DoUl {hi o ... o hn) 3.nd 

hio . . . ohn{Wi) C W2 for every i = 1, . . . , n}. 

□ 

We shall prove two intermediate main facts. They roughly say the following. 

(a) If X is an open subset of a normed space E, and F is a dense linear subspace of E, 
then Af fX is affine-like. 



88 



(b) Suppose that A is a decayable affine-like partial action of on X, r : X = y, T is 
a countably generated modulus of continuity, and {hxY is locally T-bicontinuous for 
every h e H. Then r is locally T-bicontinuous. 

We start with the proof of (a). When proving the afhne-hkeness of Af'^fX at x, it is 
easier to deal first with x's which belong to FDX. To conclude that Af \X is afhne-hke 
at every x E X, we use an observation which says that if A is afhne-hke at every x E C, 
and Uo{x, V, U) and n{x, V, U) depend on a; e C and V in some uniform way, then A is 
affine-like at every x e cl(C). 

Proposition 3.29. Assume the following facts. 

{i) X is a metric space, X is a partial action of H on X, C C. Fid (A), Tq > 0, 
i : Nbr (ch) x C ^ Nbr (ch), n : Nbr {ch) x (0, tq) ^ N and s : Nbr {ch) x (0, ro) 
(0, oo). Denote L{V,y) byVy. 

{a) For every y E C , \ is affine-like at y, and for every V G Nbr(ei^) and r G (0,ro), 
n{y, Vy, B{y, r)) < n{V, r) and Uoiy, Vy, B{y, r)) D B{y, r)) . 

{iii) For every x G cl(C) and W G Wot {en) there are Ui G Nbr(x) and V G Nbr(eii-) 
such that for every y E C H Ui, Vy C W . 

Then for every x E cl(C), A is affine-like at x. Also, if r < ro, then n{x,V, B{x,r)) and 
Uq{x,V, B{x,r)) can be taken to be n(y,r/2) and B{x, ^s{V,r/2)) respectively. 

Proof Let x E cl(C), W E Nbr(e//), r G (0,ro) and U = B{x,r). There is F G 
Nbr(e//) and Ui G Nbr(a;) such that for every y E UiCi C, Vy C W. Define Uq = 
Uo{x,W,U) to be B{x, is(y,r/2)). Let y E C n Uq f] Ui. Then Uo C B{y,s{V,r/2)) C 
Uo{y,Vy, B{y.r/2)). Hence D{y,Vy, B{y,r /2)) fl Uq is metrically dense in Uo- Let D — 
D{x,W,V) = D{y,Vy,B{y,r/2)) f] Uq and n = n{x,W,U) = n{V,r/2). We show that 
Uq, D and n fuUfill the requirements of afRnc- likeness. 

Let Xi,X2,yi,y2^ D be such that d{xi,yi) —d{x2,y2)- Let hi,...,hnEVy be as assured 
by the affine-likeness of A at y. So for every i = 1, . . . ,n, hio . . . ohn{{xi,yi}) C B{y,r/2). 
Clearly, s{V, r/2) < r/2 and d{x, y) < s{V, r/2). So B{y,r/2) C B{x, r) = U. Since y E Ui, 
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Vy CW. So hi, . . . ,hn fulfill the requirements needed in demonstrating that A is affine-like 



If X is an open subset of R, then A(R) \X is not affine-hke. So in what follows we 
assume that dim(£') > 1. 

The group 'L{E) has a property similar to affine-hkeness. But the "affine-hkeness" of 
'L{E) applies only to pairs of pairs Xi, i/i, X2, fji in which X\ — X2 — 0^. 

Lemma 3.30. Let E he a normed space with dimension > 1, Ei be a dense linear subspace 
of E and V G Nbr''"*-^'^^-'(Id). Then there is n = n{V) G N with the following prop- 
erty: {*) For every G Nbr^"(0) there is 1^2GNbr^(0) such that W2 C Wi and for every 
Xi. X2 G W2 n Ei: if \\xi\\ = \\x2\\, then there is S G gy^^j^ fj^Q^f S{xi) = X2. 

Moreover, if in the above V — B^^^'^^\ld , r) and Wi — B^{Q, s), then W2 can be taken 



Claim 1. Let be the 2-dimensional Hilbert space. For every K > 1 and 
V G Nbr^(^'^(Id) there is n = n{V,K) G N such that for every xi,X2 G H^: if 
^ <tll <K, then there is T G such that T{xi) ^ X2. 



Proof We may assume that V — V~^. For some angle 70 > 0, [/ contains all rotations 
Rot^, 7 G [0,7o]. For some Eq > 0, U contains all isomorphisms Ti;{x) = (1 + e)x where 
e G [0, £0]- It is left to the reader to verify that n{U, K) = [7r/7o] + \ogK/ log(£:o + 1) + 2 
is as required. 

We do not prove Claim 2 which is well-known and easy. In fact, the best possible 
constant in Claim 2 is \/2. 

Claim 2. For every 2-dimensional normed space E there is an isomorphism T between 
E and the 2-dimensional Hilbert space such that ||T|| < 1 and ||T-^|| < 3^2. 

Claim 3. Let £' be a normed space, Ei be a dense linear subspace of E, F he a. 
2-dimensional linear subspace of Ei and T G IL(F), then there is Ti G L(ii^; Ei) extending 
T such that d{Ti, Id e) < 3(i(T, Id p). 

Proof Let Xi,X2 be a basis for F such that = span({a;2})). For i = 1,2 let 
ipi, (p2 G F"* be such that ^i{xj) = 6ij-\\xj\\, and let ipi G E* be such that ipi extends ipi and 



at X. 




Proof The proof of the lemma relies on three easy claims. 
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= \M- Set Fi = n?=iker((/?j), hence F^Fi^ E. For x e E let x e F and x e Fi 
denote the components of x in F and Fi respectively, li x — axi + bx2, denote axi and 
bx2 by x^ and x^ respectively. Let x & F. Then |</'i(x)| = — span({x2})) < \\x\\. 
So \\(pi\\ < 1. Hence H'^iH < 1. It follows that \\x^\\ — \il^i{x)\ < \\x\\. Also, 
11^1 < ll^ll + \\x^\\ < 2||x||. Hence \(p2{x)\ = \\x^ < 2\\x\\. So ||V'2|| = 1^211 < 2. 
Hence \\x'^\\ = |'02(a;)| < 2||x||. So ||x|| < ||x^|| + \\x'^\\ < S\\x\\. 

Let Ti be defined by = T{x) + x. Hence T^\x) = r-i(x) + x. Then for every 

xeE, 11(71 - ldE)(x)\\ = ||(r - ldF)(x)\\ < \\T - IdpW ■ \\x\\ < 3\\T - IdpW ■ \\x\\. That is, 
llTi-Idsll < 3||r-Idir||. A similar computation shows that ||ri"^-IdE|| < 3||r-^ -Idj.||. 

So d(Ti,IdE) < Sd(T,ldF)- 

Also for every x e E, Ti{x) - x e F C Ei. So Ti{Ei) = Ei, that is, Ti e L{E;Ei). 
This proves Claim 3. 

We return to the proof of the lemma. Let V e Nbr'''^^'^^^(Id). We may assume that 
V = S'^(^'^i)(IdB,r). Let n = n (s'^(^')(Idjf2, ^),3V2) be as assured by Claim 1. 

Let Xi,X2 e El be such that ||xi|| = ||x2|| 7^ 0. We show that there is S E 
such that S{xi) — X2- Let F be a 2-dimensional subspace of Ei containing xi and X2, 
and T : F ^ be as assured by Claim 2. Since ||r|| < 1 and < 3\/2, 

it follows that ^ < < 3^2. Hence there is e (s^(-"')(Idjf2, ^))'' such 

that So{T{xi)) = T{X2). Let = So,io . . . oSo,n, where So,i e Si^('f'')(Id^2, ^), and 
define = T'^SqT and ^i,^ = T-^So,iT. Then = X2 and = ,5i,io ... o^^^. 

Clearly, Si^i - Idj. = T'^So^i - Idjj2)T, and hence 

11^1, - id^ii < ||r-l • 11(^0, - MmOII • 117^11 < 3v^- 11(^0,^ - ldH^)\\. 

The same inequality holds for {Si^i)~^. So 

d{ldF,Si,i) = ||5,.-Id^|| + ||(5i,,)-l-Id^|| 

< 3v^-||(5o,i-Idjf2)||+3v^-||((,5o,i)-i-Id^2)|| = 3V2-d(5o,i,Id^2)<r/3. 

By Claim 3, there are 6*2,1 ^ h{E; Ei) extending Si^i such that d{\d e, 82,1) < 3-d(ld p, Si^i). 
Hence % G 5^(^;^i)(Ids, r), and so 5:=52,i° • • • °52,n e (^^(^'^^^(Idij, r))" = \/". 

Let H^i e Nbr-^(O), and suppose that Wi 3 B^{0,s). Set M/2 = ^^(0, jYfy^)- For any 
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Lev, \\L\\ < 1 + r, hence for every i < n and L' e V\ \\L'\\ < (1 + r)\ So L'{W2) C Wi 
for every i <n and L' e y\ This proves that n fulfills the requirements of the lemma. ■ 

The following lemma is analogous to Proposition 3.13. 
Lemma 3.31. Let E he a normed space with dimension > 1, F be a dense linear subspace 

E'F ^ 

of E and X C E be open. Then X^' \X is an affine-like partial action. 

Proof At first we show that for every x e XilF, Af \X is affine-like at x. Let Y — X — x. 
The function x from A{E; F) U X to A{E; F)[JY defined by: x{u) ^ u - x, x e X; 
and x{h) = h*^-'' , h e A{E]F), is an isomorphism between the partial actions Af'^fX 
and A^' \Y. Also, % is an isometry. So it suffices to prove that A^' \Y is affine-hke 
at 0^. We rename Y and call it X. 

Denote A{E; F) by A, T{E; F) by T and h{E; F) by L. Let r,s > 0,V ^ B^{ld,r), 
U = S^(0, s), and assume that U CX.We shall find n = n(0^, V, U), Uq = Uo{0^, V, U) 
and D — D{0^, V, U) which demonstrate that A is affine-hke at 0^. Let m = n{B^{ld,r)) 
be as assured by Lemma 3.30. Set t = min(r, s) /2, Wi = B^{0, t) and W2 = B^(o, (j^^) , 
and define n^m + 2, C/q = |l^2 and D ^UoCiF. 

It is obvious that D is metrically dense in Uq. Let xi,yi,X2,y2 £ D be such that 
lla^i — yi\\ = \\x2 — y2\\- For ^ = 1,2 let ge — tr^^^. Since ||a;i||, ||a;2|| < |, it follows that 
9i,g2&B'^{ld,r). Clearly, ge{xe)^0, and since x^y^e J/q^ |l^2, it follows that g^{ye)eW2. 
By Lemma 3.30, there are hi, . . . ,hm £ B^(ld,r), such that hi° . . . °hm{gi{yi)) = 5'2(2/2) 
and for every i — 1, . . . ,m, hi° . . . °/im(fi'i(l/i)) £ W^i- It follows that gij^, hi, ... , h^, gi are 
as required in the definition of affine-likeness. 

To show that A is affine-like at points that do not belong to F we shall apply Proposi- 
tion 3.29. Let X e X. Choose ro > such that B{x, 2ro) C X and set C = B{x, ro) n F. 
By the preceding argument, A is affine-hke at every y E C. For y E C and V e Nbr^(Id) 
we define Vy = V^''^. 

We next define functions n : Nbr'^(Id) x (0, ro) ^ N and s : Nbr^(Id) x (0, ro) ^ (0, 00) 
as needed in 3.29. Let V = S^(Id,r) and s e (0,ro). Set m = n{B^{Id,r)), where 
n(i^'^(Id, r)) is as assured by Lemma 3.30. Define n{V, s) — m + 2, set t — min(r, s)/2 and 
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define s{V,s) — 2(1+^ ■ proved in the preceding argument that 

n(0^, V, B{0^, s)) = n{V, s) and Uo{Q^, V, B{0^, s)) = B{0^, s{V, s)). 



Since tr^^ defines an isomorphism of partial actions, which is an isometry on X, and since 
tiy takes 0^ to y, it can be concluded that 

n{y,V'''y,B''{y,s)) = n{V,s) and Uo{y,V"'\ B^ {y, s)) = B{y,s{V, s)). 

We have shown that Clauses (i) and (n) of Proposition 3.29 hold. 

Recall that xeX, B{x, 2ro) C X and C = B{x, Tq) nF. Let r > and W = B\ld,r). 
We shall find Ui and V as required in Clause (ni) of 3.29. Let A = T{E)-'L{E; F). Clearly, 
A < A{E). Also, A is dense in A. Let W = 5^(Id,r), y = tr^ and Fi = W3~\ Note 
that W ^ WnA. Let i > be such that {B^{ld,t)f C Fi and denote F = B^{ld,t). 
Define 

V^B\ld,t) and Ui^x + B^{0,t). 
Let y e Ui. Then tr^^ ^ g- V and so 

( F)*--- C y . F • F • ( V)-' .g-^^g.{V)'. g-' C ( Fi)^ = W. 

That is, {Vy'y C W. Ify e F, then V^'y C A. In particular, iiy eUiHF, then V^'y C 
TFn A = Vl^. This implies that Clause (ni) of Proposition 3.29 holds. By Proposition 3.29, 
A is affine-like at x. ■ 

Definition 3.32. (a) Let X be a metric space and x & X. We say that X has the discrete 
path property at x (X is DPT at x ), if the following holds. There is U E Nbr [x) and K > 1 
such that (*) for every y,z E U and d G (0, d{y, z)) there are n E N and Uo, ■ ■ ■ ,Un & X 
such that n < K ■ ^^i^, d{y, Uq), d{un, z) < d and d{ui_i, Ui) — d for every i = 1, . . . , n. 
If X is DPT at every x E X, then X is called a DPT space. 

(b) Let X be a metric space and x E X. X has connectivity property 1 at x, (X 
is CPl at X ), if for every r > there is r* G (0, r) such that for every x' G X and 
r' > 0: if B{x\r') C B{x,r*) and C is a connected component of B[x,r) — B{x',r'), then 
Cn (fi(x,r) - B{x,r*)) ^ 0. 

If X is CPl at every a; G X, then X is called a CPl space. 
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Proposition 3.33. Let X be an open subset of a normed space E. Then X is DPT and 
CPl. 

Proof Let x E X and s > be such that B^{x,s) C X. At first we show that X 
is DPT at X. Let y,z E B^{x,s) and d G (0, \\z — y\\). The points Ui = y + i - 
i = 0, . . . ,[\\z — y\\ /d] demonstrate the DPT-ness at x. So K = 1. 

Let r > 0. Take r* to be any member of (0, min(r, s)). Let x' and r' < r* be such 
that B^{x',r') C B^{x,r*). It is trivial that B^{x,s) - B^{x',r') is connected. So 
there is only one component C of B{x,r) — B^{x',r') which intersects B^[x,s), and C 
contains B^{x,s) — B^{x',r'). So C inteisects B{x,r) — B^{x*,r). Trivially, any connected 
component of B{x,r) — B^{x',r') which is disjoint from B^[x,s) intersects B{x,r) — 
B^{x*,r). U 

Suppose that X is an open subset of a normed space E, G < H{X), t : X ^ Y and 
C Hp'^ (Y). Loosely speaking we shall prove that if (f) A{E) \X C G, then r is locally 
r-bicontinuous. Obviously, (f) is flawed because A{E) \X is not a set of homeomorphisms 
of X, and hence not a subset of G. The correct statement which replaces (f) has the 
assumption that Af is compatible with G. We do not know that this assumption suffices 
unless £^ is a normed space of the second category, or in particular, a Banach space. Instead 
we assume that Af is G-decayable, and that G is infinitely closed. These assumptions work 
for every normed space E. 

The following remains open. 

Question 3.34. Let E, F be normed spaces of the first category, t : E ^ F and T be a 
countably generated modulus of continuity. Suppose that A{Ey C Hp^{F). Are r or 
or both locally T-continuous? 

The core fact that leads to the final result of 3.27 is stated in the following theorem. 

Theorem 3.35. Assume the following facts. 

(i) X and Y are metric spaces, x E X and t : X = Y. Also, X is DPT at x, and Y is 
DPT and CPl atT{x). 
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(a) G < H{X), X is a partial action of a topological group H on X, a & MBC, x e 
Fid (A); X is a X-limit-point, G is a-infinitely-closed at x and for some N e Nbr(x); 
A is {a, G)-decayable in Hx{x) fl N. 

{Hi) r is a modulus of continuity, and F is {<K,)-generated, where k — mm{{K,{x, V\{x)) \ 
VemiieH)}). 

{iv) There is U E Nbr(a;) such that for every g e G\U]: if g is a°a-bicontinuous, then g'^ 
is r -bicontinuous at t{x). 

Then r is F -bicontinuous at x. 

We next introduce the notion of almost /"-continuity. The proof of Theorem 3.35 is 
broken into two claims. The first one, Lemma 3.37(b), says that if G fulfills assumptions 
(i) - (iv) of 3.35 and G'^ C Hp'^ (Y), then r is locally almost /"-continuous. This part of the 
proof does not use the DPT-ness or the CPl-ness of X or Y. The second claim is stated 
in Theorem 3.40. It says that if X and Y are DPT and PCI metric spaces, and r : X = Y 
is locally almost T-continuous, then r is locally T-bicontinuous. 

Definition 3.36. (a) Let X, Y be metric spaces, a e MC , T be a modulus of continuity 
and f : X ^ Y. We say that / is almost a-continuous, if / is continuous, and for every 
Xi:yi:X2,y2 £ X: if yi) = d{x2,y2), then d{f{x2),f{y2)) < a{d{f{xi),f{yi))). The 
notion / is almost a-continuous at x means that there is C/ e Nbr (x) such that / \ U 
is almost a-continuous. We say that / is almost F-continuous at x, if for some 7 e T, 
/ is almost 7-continuous at x, and / is said to be locally almost F-continuous, if for every 
X & X, f is almost T-continuous at x. 

n 

(h) li g : A, then g °" denotes g° °g. □ 

The following lemma has also a variant in which H is assumed to be of the second 
category, but decayability is replaced by compatibility, and infinite-closedness is dropped. 

Lemma 3.37. (a) Suppose that the following facts hold, 
(i) X and Y are metric spaces, x & X and t : X ^Y. 
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(a) X is a partial action of a topological group H on X , x & Fid (A) and A is affine-like 
at X. 

(Hi) r is a modulus of continuity and 7 e T. 

{iv) T G Nbr(a;), V e Nbr(ej^), V xT C Dom(A) and for every h eV, {hxY \r{T) is 

'-f-bicontinuous. 
Then r is almost F- continuous at x. 

{h) Suppose that the following facts hold, 
{i) X and Y are metric spaces, x & X and t : X '^Y . 

(ii) G < H{X), X is a partial action of a topological group H on X and a e MBC. 
Also, X e Fid (A); X is a X-limit-point, G is a-infinitely-closed at x and for some 
N e Nbr (x), A is {a, G)-decayable in Hx{x) n N. 

{Hi) r is a {< K)-generated modulus of continuity, where k = m.m{{K{x,Vx{x)) \ V e 
Nbr(e^,)}). 

{iv) There is U G Nbr(a;) such that for every g G G\U\: if g is a°a-bicontinuous, then g'^ 
is F-bicontinuous at t{x). 

Then r is almost F-continuous at x. 

Proof (a) Let n = n{x, V,T), Uq = Uq{x, V.T) and D = D{x, V,T) be as assured by the 
definition of afiine-likeness, (Definition 3.28(a)). For h E H denote hx by h. Set P = 7°", so 
(3 E F. Suppose that xi, yi,X2, y2 E D and d{xi,yi) = d{x2, ^2)- Choose hi, . . . , hn E V as 
assured by the definition afiine-likeness, and define h = o^^^ hi. So h{xi) = X2, h{yi) = y2 
and hio . . . ohn{{xi,X2}) C T for every i = 1, . . . , n. Also, for every i = 1, . . . ,n, {hi)'' \t{T) 
is 7-continuous. Hence d{T{x2),T{y2)) = d{{T{xi))^,{T{y2))'^) < l3{d{T{x2),T{y2))). We 
have shown that t\D is almost /3-continuous. Relying on the fact that D is metrically dense 
in Uo we conclude that t\Uo is almost /9-continuous. So r is almost /"-continuous at x. 

(b) By Lemma 3.11, there are T E Nbr(a;), V E Nbr(eH) and '~f E F such that for 
every h E V: T C Dom{hx) and {hx)^ t'^l^) is 7-bicontinuous. By Part (a), r is almost 
/"-continuous at x. ■ 

The next two propositions are ingredients in the proof of Theorem 3.40. 
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Proposition 3.38. Let x belong to a metric space X, and suppose that X is DPT at x, 
that K and U satisfy condition (*) of Definition 3.32(a) and that W e Nbr(a;). Then 
there is T & Nbr(x) such that: {**) T C W, and for every y,z & T and d e {0,d{y,z)) 
there are n E N and Uq, . . . ,Un e W such that n < K • ^^^^^ d{x, Uq), d{un, y) < d, and 
d{ui, Ui+i) — d for every i — 0, . . . ,n — 1. 

Proof Let s > be such that B{x, {2K + 3)s) C f/ n VT. We show that T := B{x, s) is as 
required. Let y,z E T and d G (0, d{y, z)). Let n e N and uq, . . . ,Un be as assured in (*) 
of 3.32(a). Then for every i = 1, . . . ,n, 

d{ui, x) < d{ui, Uq) + d{uo, y) + x) < id + d + s < nd + d + s 

< Kd{x,y) + 2s + s < K-2s + 2s + s < {2K + 3)s. 
So Ui^W. U 

Proposition 3.39. Let X, Y be metric spaces and t : X '^Y. Suppose that x & X, t is 
almost a-continuous at x, and Y is CPl at t{x). Then there is U & Nbr(x) such that 

every xi,yi,X2, y2 G U: if d{x2,y2) < d{xi,yi), then d{T{x2),T{y2)) < a{d{T{xi),T{yi))). 

Proof Let T G Nbr (x) be such that r f T is almost a-continuous, and s > be such 
that B{t{x),s) C r(T). Choose s* G (0, s) such that for every y E Y and t > 0: if 
B{y,t) C B{t{x), s*), then every connected component of B{t{x),s) — B{y,t) intersects 
B{t{x), s) - B{t{x), s*). Let r* > be such that 

(i) T{B{x,r*))CB{T{x),s*), 

and let r G (0, r*/3) be such that U :=B{x,r) satisfies the following condition: 

(ii) diam(r(C/)) + Q;(diam(T(C/))) < s*. 

We show that U is as required. Let Xi,yi, X2, y2 & U and d{x2, ^2) < d{xi, yi). If d{x2, ^2) = 
then by the choice of T, and since U C T, d{T{x2),T{y2)) < a{d{T{xi),T{yi))). 
Suppose next that d{x2,y2) < d{xi,yi). Let ri = d{xi,yi), and set si = a{d{T{xi),T{yi))). 
By the almost a-continuity of r \T, 

(iii) t{S{x2, ri)) C B{t{x2), Si + e) for every £ > 0. 

Since r < r*/3, d{x2, x) < r and ri = d{xi,yi) < 2r, we have 

(iv) B{x2,ri) C B{x,r*). 
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The following three facts: d{T{x),T{x2)) < diam(T(C/)), Si < a{diaxa {t{U))) and 
diam(T(C/)) + a{dia,m{r{U))) < s*, imply that 

(v) for all sufficiently small £'s, B{t{x2), si + e) C B{t{x), s*). 

Let z — B{r{x2),si + e). We show that r'^iz) ^ B{x2,ri). U z ^ B{r{x),s), then 
T~^{z) ^ B{x,r*) D B{x2,ri). Suppose that z e B{t{x),s), and let C be the connected 
component of z in B{t{x), s) — B{t{x2), si + e). Hence 

(vi) Cn{B{T{x),s)-B{T{x),s*))^(D. 

Since T{B{x2,ri)) C T{B{x,r*)) C B{t{x),s*), it follows that 

(vii) r-\C)n{X-B{x2,n))^$. 

Prom the facts: T{S{x2,ri)) ^ B{r{x2), Si+e) and Cni?(r(x2), s'l+e) = 0, we conclude that 

(viii) r-i(C)n5(x2,ri) = 0. 

The connectedness of C and hence of r~^(C) and facts (vii) and (viii) imply that 

(ix) T-\C)nB{x2,r)=$. 
This implies that t~^{z) ^ B{x2,ri). Since the above argument holds for all sufficiently 
small £'s, it follows that for every z eY: if z ^ B{t{x2), Si), then t~^{z) ^ B{x2^ ri). But 
y2 e B{x2,ri), so t(|/2) e B{t{x2),si). That is, d{T {x 2), r {1/2)) < si = a{d{xi,yi)). U 

Theorem 3.40. Let X and Y be metric spaces, Xq G X, r : X '^Y and a e MBC . 
Suppose that X is DPT at xo, Y is DPT and CPl at t{xq), and r is almost a-continuous 
at xq. Then there is M > such that r is M ■ a-bicontinuous at xq. 

Proof We first show that there is some M>0 such that is M- a-continuous at t{xo). 
By Proposition 3.39, by the fact that Y is CPl, and since r is almost a-continuous at Xq, 
there is U E Nbr(xo), such that for every xi,yi,X2,y2 G U: if d{x2,y2) < d{xi,yi), then 
d{T{x2),r{y2)) < a{d{T{xi),T{yi))). It is given that X is DPT at Xq, so there are W G 
Nbr (xq) and K > 1 such that W <^ U, and W, K satisfy condition (*) of Definition 3.32(a). 
Let V C W be an open neighborhood of Xo satisfying condition (**) of Proposition 3.38. 
Fix any distinct Xi, yi & V and set di — d{xi, yi), ei = d{T{xi),T{yi)), Vi — B{xo, di/2)r\V 
and V2 = t{Vi). 

We show that t ^ f V2 is ^ ■ {K + 2) ■ a-continuous. Let u, v G V2 be distinct and 
set d — d{T~^{u), T~^{v)). Since t~^{u), t~^{v) G Vi, d < di — d{xi,yi). So there are 
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n < K ■ '^'■'^^'^^^ and zq, . . . ,Zn G U such that d(xi, zq), d(zn, yi) < d and d{zi^ ^i+i) — d 
for alH = 0, . . . , n — 1. By the choice of U, 



d{T{xi),r{zo)), d{T{zn),T{yi)), d{T{zi),r{zi+i)) < a{d{TT ^{u),tt ^{v))) = a{d{%v)). 
Hence 

n-l 

d{T{xi),T{yi)) < d{T{xi),T{zo)) + E d{'r{zi),T{zi+i)) + d{T{zn),T{yi)) 

i=0 

< in + 2)a{d{u,v)) < {k + 2) a{d{u,v)). 
It follows from the above inequality that 

< Kd,±2d, . ^^^^^^ ^)) ^ I . + 2)a{d{u, v)). 

So T"^ \V2 is ^-{K + 2)- CK-continuous, and hence is locally T-continuous. 

Note that in the above proof we only used the facts that X is DPT at xq, and that Y 
is CPl at t{xo). 

We now turn to the proof that there is M > such that r is M • a-continuous at Xq. 
In this part we use the facts that Y is DPT and CPl at r{xo). Let Ui e Nbr(xo) and 
X > 1 be such that t{Ui) and K satisfy condition (*) of 3.32(a) apphed to t{xo). By 
Proposition 3.39, there is Uq G Nbr(xo) such that Uq C Ui, and 

(1) for every xi,yi,X2,y2 e Uq: if d{x2,y2) < d{xi,yi), then d{T{x2),T{y2)) < 
a{d{T{xi),T(yi))). 

We apply Proposition 3.38 to r(xo) and t{Uo), and obtain T <OY satisfying condition (**) 
of Propostion 3.38. Let U = t~^(T). We may assume that 

(2) K>2. 

Let x,y e U he distinct. Set N = ^^'^^^l^)^^^^'' and M = max{l,N). We show that if 
x',y' e U and d{x',y') < then d{T{x'),T{y')) < M ■ a{d{x' ,y')). Obviously this 

impUes that r \{B{xo, H U) is M- a-continuous. 

Let x',y' e U he such that d{x',y') < and n = j^^^ - 2. Hence n > 2. 

Let d, = d{r{x),r{y))/n. So there are m < Kn and Zq,...,z„i G t{Uq) such that 
(i(r(x),^o), d{zrmT{ii)) < d and d{zi-i,Zi) — d, i — 1,. . . ,m. hei Xi — {zi) . Denote x by 
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x_i and y by x^+i- For £ e {— 1, m + 1} let — t(x^). The number of x/s is m + 3. So the 
number of distances between consecutive x/s is m + 2. Hence for some i e { 0, . . . , m + 1}, 

(3) d{x,.„x,)>'^. 

It follows from (3) and (2) that 

That is, 

(4) c?(x',|/') < d{xi-i,Xi). 

Since the Zj's belong to t{Uq), the x^'s belong to Uq. This is also true for x_i = x and 
3^m+i = y because they belong to C/ C C/q- By (1) and (4), 

(5) d{T{x'),T{y')) < a(d(zi^i,Zi)) = a{d). 
Also, 

d = ^d{Tix),Tiy))= I I d(r(x),r(|/))< ci(r(a;), r(y)) 

[Kd(3:',!;')J Kd(x' ,y') 

= ■,|.,jaai.y, ''(rM.rfa)) < ,„^!;:;4, -i(rM. r(,)) 

= ^"i;W,x(">' d(ar-,y-) = Afd(a^-,y-). 

By (5), by the fact M >1,N and by the concavity of a, 

d{r{x'),r{y')) < a{d) < a{Nd{x', y')) < a{M ■ d{x', y')) < M ■ a{d{x', y')). 

We have thus shown that r \ {B{xo, ^^^) H U) is M-a-continuous. ■ 

Proof of Theorem 3.35 Let X, x, Y, r, F etc. fulfill the premises of 3.35. Then 
the assumptions of Lemma 3.37(b) are satisfied. So r is almost T-continuous at x. By 
Theorem 3.40, r is T-bicontinuous at x. ■ 

Proof of Theorem 3.27 Let {E, X, S, £) be a subspace choice system, Y be an open sub- 
set of a normed space F, T be a (< «;(£'))-generated modulus of continuity and t : X '^Y. 
Suppose that {LIP {X,S,£)Y C Hp^{Y), and we prove that r is locally T-bicontinuous. 
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For X & X choose S e S such that x e S and denote £^5 by D. We wish to apply 
Theorem 3.35 to G = LIP {X,S,S), H = A{E;D), a{t) = 15t and A = Xf^fS, so we 
check that Clauses (i)-(iv) of Theorem 3.35 hold. 

In Clause (i) we have to check that X is DPT at x and that Y is DPT and CPl at t(x), 
and this was proved in Proposition 3.33. In Clause (ii) we have to check: (1) x is a A-limit- 
point; (2) G is ct-infinitely-closed at x; (3) for some N e Nbr(x), A is (a, G)-decayable in 
NnHxix). 

(1) Obviously, for every V e Nbr^(Id), Vx{x) contains a ball with center at x. So x is 
a A- limit-point. 

(2) Suppose that P e MC, K C and for every distinct ki, k2 G K, supp(A;i) fl 
supp(/c2) = 0- Then k := oK e H{Z), and k is /3o/3-bicontinuous. Also, if M C Z, 
and k'{M) — M for every k' e K, then k{M) — M. These observations imply that G is 
a-infinitely-closed . 

(3) The (a, G)-decayabilty of A at every point of -S" was proved in Lemma 3.8. 
Clause (iii) is given, and Clause (iv) holds, since it is given that G'^ C Hp^ (Y). 

By Theorem 3.35, r is T-bicontinuous at x. We have shown that r is locally T-bicon- 
tinuous. ■ 

In Theorem 3.26 we have presented an alternative argument for showing the local 
T-continuity of t~^. This method used Baire Caregory Theorem, but did not require 
the assumptions of decayabihty of A and the infinite-closedness of G. The same alternative 
argument can be employed in the context of afhne-like partial actions. It is presented in 
the following theorem. 

Theorem 3.41. Assume that the following facts hold. 

(i) X is a metric space, G < H{X), H is a topological group and H is of the second 
category, A is a partial action of H on X and x e Fid (A). 

[a) A is compatible with G at x. 

(Hi) A is affine-like at x. 

(iv) r is a countably generated modulus of continuity, 

(v) Y is metric space and t : X = Y. 
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(vi) For every g & G, g'^ is F -hicontinuous at t{x). 

[vii) X is DPT at x and Y is DPT and CPl at t{x). 
Then r is F -hicontinuous at x. 

Proof For h E H write hx — h. The assumptions of Lemma 3.22 hold, so there are 
T e Nbr(x), a nonempty open subset V C H and 7 e T such that V xT C Dom(A) and 
\r{T) is 7-bicontinuous for every h E V. Note that {h~^y \T{h{T)) is 7-bicontinuous 
for every h eV. 

Let ho e V. There are S e Nbr(x) and Vi e Nbr(/io) such that Vi CV, S CT and 
X(Vi xS) C ho(T). Set W = /iq^-^i- Clearly, W e Nbr(e^^) and x ,5 C Dom(A). Let 
h e W. So for some hi e Vi we have h — h^^ -hi. Prom the facts hi eVi QV and S CT, 
it follows that (1) (hiY \t{S) is 7-bicontinuous, and since hi{S) C ho{T) and h]^^ e V"^, 
we conclude that (2) (ho^Y \T{hi{S)) is 7-bicontinuous. (1) and (2) imply that 1^(3) is 
7 o 7-bicontinuous. 

We have shown that there are W e Nbr (en) and S e Nbr (x) such that 1^ x 5" C Dom (A) , 
and for every h e W, \t(W) is 70 7-bicontinuous. By Lemma 3.37(a), r is almost F- 
continuous at x, and by Theorem 3.40, r is T-bicontinuous at x. ■ 

3.5 Summary and questions. 

The following final theorem combines the results of Chapters 2 and 3. Note that Part (a) 
of 3.42 is not a special case of Part (b). 

Theorem 3.42. (a) Let X,Y be open subsets of the normed spaces E and F respectively, 
F,A be moduli of continuity and cp : Hp^ (X) = H^'^{Y). Suppose that F is (< k{E))- 
generated. Then F = A, there is t : X "^Y such that (p{h) — h'^ for every h e (X), 
and T is locally F -hicontinuous. 

(6) Let {E, X, S, £) and {F, Y, T, JF) he suhspace choice systems, F, A he moduli of 
continuity and (p : Hj^'^ {X;S,£) = H^^ {Y;T, J='). Suppose that F and A are (< k{E))- 
generated. Then F = A, there is r : X ^Y such that (p{h) — h^ for every h e Hp'-' {X;S,S), 
and T is locally F -hicontinuous. 
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Proof (a) LIP {X) C H}^^ {X) C H{X) and the same holds for Y. So by Theorem 2.8(a) 
there is r : X such that r induces (p. Hence {H'^'^{Y)y~^ = H}i'^{X). In particular, 
(LlP(y))^"' C H}^^{X). Since X ^ y, «;(F) = k{E). So T is (< K(F))-generated. By 
Theorem 3.27, is locally T-bicontinuous. That is, r is locally T-bicontinuous. Hence 
H\^{Y) = (//LC(j^))r e //LC(y) jg g^gy ggg ^j^^^ if a G Zl - T, then there is 

h e -f^(y) such that h is ct-bicontinuous and h is not locally T-continuous. This implies 
that A<zr. 

Suppose by contradiction that F — A^^. It is easy to see that there is /i e Hp^ {Y) — 
H\^{Y). So g:=h^~' e H}^^{X). However, ^ h ^ H^'^(Y). A contradiction. So 

(b) LIP (X; S, £) C //LC (j^. 5^ £;) e //(X) and the same holds for Y. So by Theorem 
2.8(b) there is r : X ^ F such that r induces (/?. Hence (//^° (X; S, £)y = //^^ (y . ^-^ j:y 
In particular, (LIP (X; 5, £:))^ C {Y) and (LIP (F; T, JT))^"' C liY^{X). By Theo- 
rem 3.19(b), r — A and r is locally T-bicontinuous. ■ 

The technical and abstract formulation of Theorems 3.15, 3.26, 3.35 and 3.41 hinders 
the understanding of their essence. The above theorems are better understood through 
their application to normed spaces, as stated in the following corollary. 

Corollary 3.43. Suppose that 

(1) {E,X,S,£) is a subspace choice system and G < H{X), 

(2) a e MBC and F C MC, 

(3) F is a normed space, Y C. F is open and t : X ^Y, 

(4) for every g & G, g'^ is locally F-bicontinuous. 

(a) Assume that in addition to (1) -(4) the following conditions are fulfilled. 
(al) For every x & X , if x & S & S, then X^'^^ fS is {a, G)-decayable at x. 

(a2) For every x E X , G is a-infinitely closed at x. 

(a3) F is a modulus of continuity. 

(a4) F is {< k{E))- generated. 
Fhen is locally F -continuous. 

{b) Assume that in addition to (1) - (4) the following conditions are fulfilled. 
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(61) For every x & X, if x e S e S, then X^'^^ \S is compatible with G at x. 

(62) For every S E S, Es is of the second category. 

(63) For every j E F and K > 0, K -j G F. 

(64) F is countahly generated. 
Then is locally F-continuous. 

(c) Assume that in addition to (1) -(4) the following conditions are fulfilled. 
(cl) For every x E X, if x & S & S, then Af '^'^ fS is {a, G)-decayable at x. 

(c2) For every x E X, G is a-infinitely closed at x. 

(c3) F is a modulus of continuity. 

(c4) F is {< k{E)) -generated. 
Then r is locally F-bicontinuous. 

(d) Assume that in addition to (1) -(4) the following conditions are fulfilled, 
(dl) For every x & X , if x & S & S, then X^'^^ \S is compatible with G at x. 

{d2) For every S & S, Es is of the second category. 

(dS) F is a modulus of continuity. 

{d4) F is countahly generated. 

Then r is locally F-bicontinuous. 

Proof Parts (a), (b), (c) and (d) follow respectively from theorems 3.15, 3.26, 3.35 and 
3.41. ■ 

There are cases in which the action is translation-like but not afiine-like. In such 
situations Parts (a) or (b) are applicable but Parts (c) and (d) are not, and hence we can 
only prove the /"-continuity of r^^. 

For spaces of the first category only Parts (a) and (c) are applicable. Part (c) has a 
conclusion stronger than that of Part (a). However, the final theorem about groups of the 
form Hp'^{X), (Theorem 3.19), can be inferred from either Part (a) or Part (c). 

The conclusion of Part (c) is stronger than that of Part (d). But the assumptions of 
Part (c) are stronger in some respect than those of Part (d). Nevertheless, we do not know 
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to construct a group G to which the reconstruction methods of Chapter 2 apply, and for 
which Part (d) can be apphed but Part (c) cannot. 

There are two outstanding open questions. The first is whether the assumption that F 
is (< «;(£') )-generated, is needed. The second is whether translation-hkeness of the action 
imphes the T-continuity of r. 

Question 3.44. Let X, Y be open subsets of the normed spaces E, F, and F he a modulus 
of continuity. Suppose that r : X = r and that {Hj^^{X)y = H}^^ (Y) is r locally F- 
bicontinuous? 

Question 3.45. Let E and F be normed space, t : X '^Y and T be a countably generated 
modulus of continuity. Suppose that {T{E)y C Hp^{Y). Is r locally T-continuous? Is 
the above true when E, F are Banach spaces? 

3.6 Normed manifolds. 

As in Chapter 2, the results of this section extend to normed manifolds. Also, the proofs 
presented to this point transfer without change to this new context. We now state some of 
these results explicitly. 

Definition 3.46. (a) Let {X, #) be a normed manifold. We say that {X, #) is a locally 
Lipschitz normed manifold, if for every (fi,ip & (f'^oip is a bilipschitz function. 

(b) Let {X, # ) and (Y, ^ ) be locally Lipschitz normed manifods and r : X '^Y. We 
say that r is Lipschitz with respect to # and ^, if there is K such that for every x & X 
there are </? e # and t/j e ^ such that x e int(Rng ((/?)), t{x) e int(Rng('0)) and t/j'^orocp 
is X-Lipschitz. We say that r is bilipschitz with respect to # and ^, if both r and are 
Lipschitz. Define 

LIP(X, ^) = {h e H{X) I h is bilipschitz with respect to 

(c) Let (X, $ ) and (F, ^ ) be locally Lipschitz normed manifolds and T be a modulus 
of continuity. A homeomorphism r : X = y is locally F-continuous with respect to # and 

if for every x & X there are (p E t/j E U E Nbr ((^~^(a;)) and 7 e T such that 
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X e int(Rng ((/?)), t{x) G int (Rng('0)), U C Dom((/7) and {ip ^oroip) \U is 7-continuous. 
We say that r is locally r-bicontinuous, if r and are locally T-continuous. Define 

Hp^{X, = {h e H{X) I /i is locally T-bicontinuous with respect to 

(d) Let {X, he a, locally Lipschitz normed manifold, <S be an open cover of X 
and r be a modulus of continuity. Define LIP {X, $,S) to be the group generated by 
U{LIP {X,^)\Sj\S e S} and H}^^ (X, ^ , S) to be the group generated by U{^^^ {X, ^) \Sj \ 
S eS}. 

Theorem 3.47. Let {X, #) and {Y, ^) be normed manifolds with locally Lipschitz atlasses 
and T : X ^Y. Let F be a countably generated modulus of continuity. 

(a) Suppose that (LIP(X, C Hp^{Y, Then r is locally F -bicontinuous with 
respect to # and ^ . 

{b) Let S be an open cover ofX, and suppose that (LIP {X, S)y C Hj^'^ (Y, ^) . Then 
T is locally F -bicontinuous with respect to # and ^ . 

Note that Part (a) is a special case of Part (b). 

We simplify the notation below by omitting the mention of ^ and \l/ . 

CoroIIciry 3.48. Let (X, #) and (y, ^) be normed manifolds with locally Lipschitz atlasses. 

(a) Let F and A be countably generated moduli of continuity, and </? : HY'' {X) = {Y) . 
Then F — A and there is t:X'^Y such that r induces ip, and r is locally F -bicontinuous. 

(b) Let F be a countably generated modulus of continuity, S an open cover of X, and 
G < H{X). Assume that if {X, is a Banach manifold, then LIP(X, <S) < G, and if 
{X, #) is not a Banach manifold, then LIP^°(X,5) < G. Suppose that (p : G ^ if^°(y). 
Then G — Hp^ (X) and there is r : X '^Y such that r induces (p, and r is locally F -bicon- 
tinuous. 

Proof (a) Note that if H}^^ {X) = (X), then F = A. Hence Part (a) can be concluded 
from Part (b). 

(b) We shall apply Theorem 2.30(a). Clearly, LIP (F ; ^) < H}^^{Y). (See Defini- 
tion 2.29(b)). There is an atlas ^' for X such that if {X, (?) is a Banach manifold, then 
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LIP{X, < G, and if {X, #) is not a Banach manifold, then LIP^^{X, < G. Indeed, 
= {V't-B(x,r) I V' e^, -B(x,r) C Dom(V') and there is C/ e 5 such that 'ip{B{x,r)) C [/}. 
By Theorem 2.30(a), there isr :X such that r induces So G^ = //^^ (F). In par- 
ticular, {UP{X,S)y C /i'LC(y) By Theorem 3.47(b), r is locally T-bicontinuous. So 
G^H}^^{X). ■ 
Question In the above theorem does it suffice to assume that LIP [X, S) < G, regardless 
of whether {X, # ) is a Banach Manifold? 
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4 The local uniform continuity of conjugating home- 
omorphisms 



To complete the picture on the local T-bicontinuity of conjugating homeomorphisms, we 
now deal with the group i^MC (^) locally bi-uniformly-continuous homeomorphisms. 
(Note that MC is a modulus of continuity, so the notation -f^MC (^) ^ special case of 
definition 1.12(c)). The methods employed in dealing with H^{X) are quite different 
from those used in the previous section. 

We shall prove the following extension of Theorem 3.42 

Theorem 4.1. (a) Let X,Y be open subsets of the normed spaces E and F respectively, 
r, A be moduli of continuity and (p : H}i^{X) = H^^{Y). Suppose that T is (< k{E))- 
generated or F — MC . Then F — A, there is t : X such that (p{h) — h'^ for every 
h e Hp^ [X), and r is locally F-bicontinuous. 

(b) Let {E, X, S, £) and {F, Y, T, T) be subspace choice systems, F, A be moduli of 
continuity and </? : Hp^ {X;S,£) = H^^ {Y;T,J^). Suppose that F is (< k{E))- generated 
or F — MC, and the same holds for A. Then F — A, there is t : X '^Y such that 
(fi{h) — h'^ for every h e Hp^ {X; S, £), and r is locally F-bicontinuous. 

Note that Part (a) is not a special case of Part (b), since in (b) A is assumed to be 
(< K(£^))-generated or equal to MC, and this is not assumed in (a). The key intermediate 
step in the proof of Theorem 4.1 is Theorem 4.8. 

There are several ways of defining uniform continuity. We sort this matter out in the 
next definition and proposition. 

Definition 4.2. (a) Let {X,d^) and {Y,d^) be metric spaces, and f:X^Y. We say 
that / is uniformly continuous (/ is UC), if for every e > there is 5 > such that for 
every x,y e X: if d^{x, y) < S, then d^{f{x), f{y)) < e. If / : X = f{X) and both / and 
f^^ are uniformly continuous, then / is said to be bi-uniformly-continuous (bi-UC). 

(b) Let a G MC and r > 0. We say that f : X ^ Y is [r, a) -continuous, if for every 
x,y e X: if d^{x,y) < r, then d^ {f{x), f{y)) < a{d^{x,y)). 

(c) We say that f : X ^ Y is uniformly continuous for all distances, if there is a e MC 
such that / is a-continuous. 
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(d) Let / : X — > y and x & X. Say that / is uniformly continuous at x (f is UC at x), 
if there is C/ e Nbr(x) such that f\U is UC, and / is bi-uniformly-continuous at x (hi-UC 
at x), if there is C/ e Nbr(x) such that / \U is bi-UC. 

(e) Let / : X — > y. Say that / is locally uniformly continuous (locally UC), ii f is UC 
at every x & X, and / is locally bi-uniformly-continuous (locally bi-UC), if / is bi-UC at 
every x & X. 

(f) Let {X, d) he a metric space. The discrete path property for large distances is the 
following property of X. There are a,b > such that for every x,y E X and r > there 
are n e N and x — Xq, Xi, . . . , Xn — y i'n X such that for every i < n, d{xi, Xj+i) < r and 
J2i<n Xi+i) < ad(x, y) + b. 

Proposition 4.3. (a) Let f : X ^ Y. Then f is UC iff for some a e MC and r > 0, 
f is {r, a) -continuous. 

(6) Suppose that X has the discrete path property for large distances. Let f : X ^ Y. 
Then f is UC iff f is uniformly continuous for all distances. 

(c) Suppose that f : X ^ Y , f is UC and Rng(/) is bounded. Then f is uniformly 
continuous for all distances. 

(d) Let f:X^Y and x&X. Then f is UC at x , iff for some a e MC , f is a-continuous 
at X. 

Proof All parts are trivial. However, the proof of implication =^ in (a) requires the 
following fact. If t] : (0, a] — > [0,oo), and limt^ori{t) = 0, then there is a € MC such that 
f] < <y\{0,a]. The verification of this fact is left to the reader. ■ 

Definition 4.4. (a) Suppose that X, Y are topological spaces D C. X. Define H[X, Y) — 
{h\h: X ^Y} and H{X; D) = {h E H{X) \ h{D) = D}. 

(b) For metric spaces X, Y define UC (X, Y) = {h e H{X, Y)\his UC}, UC ^(X, Y) = 
{h e H{X,Y) I h is bi-UC} and UC (X) = UC^(X,X). For x e X let PNT.UC(X,x) = 
{h e H{X) I h{x) = X and h is bi-UC at x}. 

(c) Let X be an open subset of a normed space E, S C X he open, and F be a 
dense linear subspace of E. Define UC(X;F) = {/i G UC(X) | h{X HE) = X n E} 
and UC(X;^,F) = UC (X)|^ n UC (X; F). For x e S let VC{X;S,E,x) ^ {h e 
VC{X;S,E) I h{x)^x}. 
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(d) Let {E, X, S, be a subspace choice system. Then UC (X, S) denotes the subgroup 
of li{X) generated by U{UC(X)^ | -5 e 5}, and \]Q{X;S,T) denotes the subgroup of 
E{X) generated by U{UC(X; S, Fs)\S ^ S}. 

(e) For metric spaces X, Y let LUC (X, y) = {/i e E{X, Y)\h\% locally UC}. As usual 
we define LUC ^(X, y) = {/i e E{X, y) |/i is locally bi-UC} and LUC {X) = LUC ^(X, X). 

Remark Note that i^MC (^) < UC(X) but equality need not hold. See Proposition 4.3. 
It is the group i^MC (-^) that fits into the framework better, but the group which has been 
traditionally considered is UC(X). Wc based the above definitions on UC (X) rather than 
on H^[q(X\ As for local uniform continuity, the two ways of defining this notion arc 
equivalent. Hence LUC (X) = i^MC ("^) f*^^ every metric space X. This fact is a triviality. 
The following easy proposition will be used extensively. 

Proposition 4.5. Let X he a metric space and {[/„ | n e N} he a sequence of open sets in 
X such that lim„^oo diam = 0, and for every distinct m, n G N, d{Um,Un) > 0. For 
every n & N let hn & UC(X) be such that supp(/i„) C Then Onenhn G UC(X). 

Proof Let h — o„gN^n- Let £ > 0. Let N e N he such that for every m > N, 
diam (Um) < Let 5i > be such that for every i < N and x,y E X: if d{x, y) < 5^, then 
d{hi{x), hi{y)) < e/3. Let 82 — min({d([/i, Uj) \ i < j < N}), and let 5 — min(5i, 82-, £/3). 

Suppose that d{x,y) < 5, and we show that d{h{x), h{y)) < e. Since for every distinct 
i,j < N, d{x,y) < d{Ui, Uj), there are no distinct i,j<N such that x & Ui and y e Uj. 
So we may assume that one of the following occurs: (i) for some i < N, x & Ui and 
y ^ U{^j I j 7^ (ii) for some i < N and j > N, x E Ui and y e Uj] (iii) for some 
i > N, X E Ui and y ^ \J{Uj \ j ^ i}; (iv) for some distinct i,j>N,xE Ui and y e Uj; 
(v) x,y^\J{Ui\iEn}. 

In Case (i), h{x) = hi{x) and h{y) = hi{y), so since d{x,y) < Si, it follows that 
d{h{x),h{y)) < e. In Case (ii), 

d{h{x), h{y)) < d{h{x),y) + d{y, h{y)) = d{hi{x), hi{y)) + d{y, hj{y)) < e/3 + e/3 < e. 

In Case (iii), 

d{h{x), h{y)) = d{hi{x), hi{y)) < d{hi{x),x) + d{x, y) + d{y, hi{y)) < s/3 + e/3 + e/3 = £. 
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Case (iv) is similar to Case (iii), and Case (v) is trivial. ■ 

Definition 4.6. Let M be a topological space and be a Hausdorff space. 

(a) Let ACM and g : A ^ N he continuous. For every x G cl^ (A) there is at most 
one y & N such that g U {{x,y)} is a. continuous function. Let 

9m,n — {{^tV) \ ^ ^ cl^(A), y E N and g U {{x,y)} is a, continuous function}. 

Obviously, g^ extends g, and Rng{g'^ j^) C cl^(Rng ((/)). When possible, (^^^ is ab- 
breviated by g^^ , and if M = A^, then gf^^ is denoted by g^. If i7 is a set of continuous 
functions from A to B, then H'^^ denotes {h^^ \ h € H}. 

(b) Let X C M and Y CN. We define 

EXT^'^(X,F) = {he H{X,Y) I Dom(/i^_^) = cl^(X)}. 

When possible, we abbreviate EXT^'^{X,Y) by EXT{X,Y). The notation EXT^(X) 
stands for (EXT^'^)±(X, X). 

Proposition 4.7. (a) {i) Let X be a topological space, D C X be dense, Y be a regular 
topological space and h : D ^ Y be continuous. Suppose that for every x & X there is a 
continuous function D U {x} Y extending h. Then \J{hx \ x e X} is continuous. 

{ii) Let M be a topological space, N be a regular space A C. M and g : A ^ N be 
continuous. Then g^ ^ is continuous. 

(6) Let X be a metric space, Y be a complete metric space, A C X , and g : A ^ Y be 
a uniformly continuous function. Then Dom{g^^) = cl{A). 

(c) Let E be a normed space, D be a dense linear subspace of E , X <Z E be open, u E D, 
B^{u,p) C X , x,y e D n B^{u,p), z G B^{u,p), e > 0, < s < min(||a; - z\\, \\y - z\\) 
and max(||a; — z\\, \\y — z\\) < t < \\z — u\\ + p. Then there is h & \JC{X;D) such that: 
(z) supp(/?.|) C B^(z,t) - B^{z,s), (ii) h{x) = x and {Hi) h{y) G B{x,e). 

Proof The proofs of Parts (a) and (b) are trivial. 

(c) Write r' = \\z — u\\ + t. For every a G (0, 1) there is h E L1P(X; Z}) |-B(tt,p)| such 
that h \B^{u, r') is the multiplication by the scalar a/r', that is, h{w) = fjw for every w G 
B^{u,r'). So we may assume that C B^{u,ap). Let s < s < min(||x — ^||, |||/ — ^||), 
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t > t > max{\\x — z\\, \\y — z\\) and z & D he such that — < m.m{t — t, s — s). Since trf 
is an isometry belonging to H{E;D), we may shift z to the origin. That is, we may assume 
that ^ = 0. > \\x — z\\ — \\z\\ > s — {s — s) — s. The same computation apphes to 
y. We conclude that \\x\\, \\y\\ > s. Another similar computation shows that \\x\\, \\y\\ < t. 
It is also obvious that B^{z,s) C S^(0,s) and that B^{z,t) D B^{0,t). It thus remains 
to show that there is h E \JC{X;D) such that supp(/i) C B{0,t) — B{0,s), and h fulfills 
Clauses (ii) and (iii). The construction of such a homeomorphism is routine but long, so 
we skip some details. 

In the inclusion B^{z,t) C B^{u,ap), choose a small enough so that we have 
S^(0, 6max(||x||, ||y||)) C X. By an argument similar to the choice of a above, we may 
also assume that (1) t > 5max(||x||, ||y||) and s < |min(||x||, ||y||). Let F — span({x,y}). 
As in the proof of Claim 3 in Lemma 3.30, there is Ei such that F ® Ei — E, and 
Ikoll + Ikill < Slli'o + Vi\\ for every Vq E F and Vi e Ei. Let || ||^ be a Hilbert norm on F 
such that (2) ||v|| < \\v\\^ < SV2\\v\\ for every v E r . 

For V E E lei vp and ve^ be such that v — vp -\- vp^ and define \v\ — \\vf\\^ + \\vei\\- 
We may assume that 7^ \\x\\^- Let 5" = e F | \\v\\^ = By (1) and (2), 

S C B^{0, t}-B^{0, s). So there is 6 > such that x ^ B^^'^ " \S, h) C S^(0, f) -S^(0, s). 

Suppose that the angle between x and y in (F, || ||^) is 9. Let 77 : [0, 00) — > [0, 00) 
be the piecewise linear function with a unique breakpoint at h such that 77(0) = 9 and 
77(6) = 0. For V E X define hi{v) — Rot^(|^|)(vi?) + fg^, where Rot^ is rotation by angle 
in F. Obviously, hi e L1P{E; D), supp(/ii) C S^(0, t) - S^(0, s), hi{x) = x and for some 
c > 0, hi{y) — ex. It is easy to construct radial homeomorphism /i2 £ LIP (£■;£)), such 
that supp(/i2) Q B^{0,t) — B^{0,s), h2{x) — x and /i2(cy) G -B(x, s). So /i = /i2°^i is as 
required. ■ 

Theorem 4.8 is phrased in a way that Part (a) is easiest to read. Part (b) is the main 
statement of the theorem, and Part (c) is the "pointwise" version of Part (b). So (c) =^ 
(b) =^ (a), and we actually prove (c). 

Note that Theorem 4.8(b) is analogous to Theorem 3.27, but the assumption here is that 
(UC {X)y C LUC (y), whereas in 3.27 the weaker assumption that (LIP {X)y C //lc ^y) 
did suffice. 
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Theorem 4.8. (a) Let X, Y be open subsets of the normed spaces E and F , and r e 
H{X,Y) be such that (UC(X))^ C LUC(y). Then r e h\]C^{X,Y). 

(b) Let {E, X, S, T>) be a subspace choice system, Y be open subset of a normed space 
F and re H(X,Y). Suppose that (UC {X;S,V)y C LUC(y). Then r e L'UC^(X,Y). 

(c) Let X, Y be open subsets of the normed spaces E and F , S C. X be open, D be a 
dense linear subspace of E, x* & S and r e H{X,Y). Suppose that {\]C{X] D ,x*)y C 
PNT.UC(y,T(x*)). ThenT is bi-UC at x* . 

Proof (c) Let X, Y etc. be as in Part (c). 

Part 1 r is UC at x* . 
Suppose by contradiction that for every e Nbr^(a;*), T ft/ is not UC. The trivial proof 
of the following claim is left to the reader. 

Claim 1. For every r > there are sequences y and e > such that: 

(1) Rng(f) U Rng{y) C B^{x\ r/2) n D] 

(2) lim^^oo \\xn - VnW = 0; 

(3) either (i) for any distinct m, n e N, d{{xm,ym}, {xn,yn}) > e, or (ii) if is a Cauchy 
sequence; 

(4) (i(Rng(f)URng(y),a;*) >e; 

(5) for every n e N, ||t(x„) - T(y„)|| > d. 

Let 6-1 > be such that B^{x*,e-i) C S. It is easy to define by induction on i G N 
a radius rj, sequences = {x^ | n G N}, y^ = {yl^ \ n E N} and di,ei > such that 
= ej_i/8 and such that x^ ^y^ ^di^ci satisfy (1)- (5) of Claim 1 for r = r,. By deleting, 
if necessary, initial segments from each of the x"s and y*'s, we may further assume that 
for every i,n G N, ||a;^ — |/^|| < ej/4. We may further assume that either for every i G N, 
Clause (3)(i) of Claim 1 holds, or for every i G N, Clause (3)(ii) of Claim 1 holds. 

Case 1 Clause (3)(i) of Claim 1 holds. Let {{i{k),n{k))\k G N} C be a 1-1 sequence 
of pairs such that limfc^oo ll-'^n(fc) ^ l/}!{k)\\ ~ ^^'^ ^'^^ every i G N, {/c | i{k) = i} is infinite. 
For every A; G N set Uk = x^^ly Vk = y^^ly Sk = 2\\uk - Vk\\ and Bk = B{uk, Sk). Then it 
can be easily checked that for every distinct k,l & N, Bk Q S and d{Bk, Bi) > ei(fe)/4. Also, 
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linife^oo diam(Sjt) = 0. Let Wk G [uk, Vk] — {uk} be such that ||T(i(;fe) — T(iife)|| < l/{k + l). 
So Wk E Bkf] D. By Lemma 2.14(c), there is hk G LIP {X; S, D) such that supp {hk) C Bk, 
hk{uk) = Uk and hk{wk) = Vk- 

By Propostion 4.5, /i := Ok^n hk G UC {X), and indeed /i e UC {X; S, D, x*). However, 
we shall now see that for every V e Nbr^(T(x*)), h7 \V is not uniformly continuous and 
hence ^ PNT.UC (y, t(x*)) which is a contradiction. 

Write — h, h{uk) — Uk, h{vk) — Vk and h{wk) — Wk- Then h{uk) — Uk and Wk — Vk- 
There is i such that for every n, T([x^,y^]) C V. Define cr = {/c e N | i{k) — i}. Then 
Uk,Vk,'Wk e V for every k e a. Now, limfeg^ ||rtfc - Wk\\ = 0, but \\h{uk) - h{wk)\\ = 
\\uk — Vk\\ > di ior every k & a. So h\V is not uniformly continuous. 

Case 2 Clause (3)(ii) of Claim 1 holds. Let Zi — limx*. Note that ZiEE — E. 
Clearly, ZieB^{x*,ri)-B^{x*,ei). Fix ieN and for jeN set iij = max(||xj-^i||,||yi-Zi||) 
and Sjj = min(||x* — — ^ill). By taking a subsequence of | j £ N}, we may 

assume that for every j, tjj+i < Sjj. Let £jj > be such that for every u e B{xpeij), 
\\t{u) - t{x^j)\\ < Choose SijJij such that for every j, Sij > Sij > tij+i > Uj+i. We 
may also assume that for every distinct i and i', d{B^{zi,tifi), B^{zii,tiifi)) > and that 
B^{zo,to,o)Qcl^{S). 

By Proposition 4.7(c), for every i,j there is hij e \JC{X;D) such that supp {hi C 
B^(zi,ti) - B^(zi,Si), hij(x)) = x] and hij(y'j) e B(xi,£ij). Let hi = Oj^-Mhij. By 
Proposition 4.5, /ij e UC(X). So hi e UC(X;i:)). Also, supp(/ij) C 5". Let h = OjgN/ij. 
Applying again Proposition 4.5, we conclude that h e UC {X; S, D, x*). 

We check that /i^ is not bi-UC at t{x*). Let V e Nbr^(T(x*)). For some i, supp((/ii)^) C 
y. Denote u^^ — t(x^) and = '?'(?/})■ So 

(1) for every j, — > di. 

Since hi{yj) G B{x'j,eij), it follows that limj^oo ||T(a;*) — T(/ii(|/])|| = 0. That is, 
lim,-^oo WihiYiu}) - {h^y{v})\\ = 0. Hence 

(2) \imj^^\\h-{u))-h-{v})\\ = 0. 

(1) and (2) imply that h^ \V is not bi-UC. That is, h^ ^ PNT.UC (F, T(a;*)). A contradic- 
tion. We have reached a contradiction in both Case 1 and Case 2. So r is UC at x*. 
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Part 2 is UC at r(x*). 
Suppose by contradiction that this is not true. So for every V e Nbr^(T(x*)), t"^ \V is 
not UC. 

Claim 2. For every k eN there are positive numbers rj^, . . . , and sequences x'^ and 
y'^ which fulfill the following requirements. 

(1) r'[ > >r^ > > ^ 2ri+^ 

(2) limj^oo W^i — x*\\ = and Umj^oo WVi — = 

(3) There is > such that — y'^\\ > for every i e N. 

(4) Rng(f'=) U Rng(y*) C D. 

(5) Define Sk = sup({||t(x) - t{x*)\\ \ x e B{x*,r^)}) and tk = \\t{x*) - t{x'')\\. Then 

(6) lim,^«,||r(a;f)-r(yf)|| =0. 

(7) Either x'' is a Cauchy sequence or x'' is spaced, and either is a Cauchy sequence 
or y'' is spaced. 

Proof Let r° > be such that B{x*,r^) C S. Suppose that has been defined, 
and we define ■ ■ ■ and r^^^. Let r = Since r^^ \ t{B(x* ,r)) is not uniformly 

continuous, there are > and sequences x,y ^ B{x*,r) such that for every i G N, 

— yi\\ > Cfc and hmj^oo — T(7/j)|| = 0. Since D n S is dense in S, we may assume 

that Rng(a;) U Rng(y) C D. We may also assume that x* ^ Rng(x) U Rng(y). 

By interchanging some Xj's with their corresponding yiS, we may assume that 
1 1 2^ j ~ 2;* II > ||?/j — x*||. Taking subsequences we may assume that r2 := limj_^.oo — a;*|| 
and rf := limj^oo WVi — exist. Hence rf < Taking subsequences again, we may 
assume that either x is a Cauchy sequence or x is spaced, and that either y is a Cauchy 
sequence or y is spaced. 

Note that x does not contain a convergent subsequence, since if limit of a 

subsequence of x, then is not continuous at r(x'). Also recall that x* ^ Rng(x). It 
thus follows that tk '•= ||r(a;*), r(x'^)|| > 0. Next define x^ = x and y^ = y. Let rj' < r| 
be such that := sup({||r(a;) — r(,T*)|| | x G B{x*,r^)}) < tk. Finally, let rf = r4/2 and 
rj^+^ = rf/2. This concludes the construction which proves Claim 2. 
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Since limj_>oo W^iW —ft ^^-^oo II = '"f? we may assume that 

(8) for every i e N, rf < ||xf — x*\\ < {r^ + r^')/2 and r\ < - < (rf + r^')/2. 

We may also assume that either for every /c G N, is spaced, or for every /c G N, ^ is a 
Cauchy sequence. 

Case 1 For every k & N, y'' is spaced. Fix k E N and denote rf, x*^, and by r^, 
x, ^ and e respectively. 

Claim 3. There are subsequences {xi^ | n G N} {t/i^ \ n G N} of x and ^ respectively, 
such that d{{xi^ | n G N}, | n G N}) > 0. 

Proof The claim is trivial if x is a Cauchy sequence. So suppose x is spaced. Wc 
show that there is a sequence {in \ n G N} such that (i) lim„>m^oo — yi„\\ exists, and 
(ii) lim„>m^oo \\yim ~ ^inll exists. By repeatedly applying Ramsey Theorem, we obtain a 
decreasing sequence Aq ^ Ai ^ A2 . . . oi infinite subsets of N such that for every £ G N 
and m,n,m' ,n' G Af. if m < n and m' < n', then \ \\xm — yn\\ — \\xm' — yn'\\\ < 2^^. Let 
{in \ n G N} be 1-1 sequence such that for every n G N, G Then (i) holds for 

{in I n G N}. The same argument is applied to show that (ii) holds. 

Let si = lim„>„_oo \\xi^ - yij\ and S2 = hm„>„_»oo WVim - XiJ\- It is easy to see that 
if Si = or S2 = 0, then a; is a Cauchy sequence. So Si, S2 > 0. By removing an initial 
segment from the sequences and {yi„}neN we may assume that for every n > m, 

\\xim - UiJl > ^1/2 and \\xi^ - yi^J\ > S2/2. Recall also that \\xi - yi\\ > e for every i G N. 
So d{{xi^ I n G N}, {yi^ \ n G N}) > min(si/2, S2/2, e). So Claim 3 is proved. 

Wc may thus assume that dk := (i(Rng(a;'^), Rng(y'^)) > 0. 

Claim 4. For every /c G N there is hk G LIP (X; D) with the following properties: 
(i) supp(/ifc) C B{x*,r\) — i?(a;*,rf); and (ii) there is n/j G N such that for every i > rik, 
hk{x^) = x'^ and /ifc(l/f) G B{x*,r^). 

Proof Fix A;, for j = 1, . . . , 5 set r| = rj, write x'^ = x, y^ = y, = Xi, y^ = yi and 
define = Xi—x*, Zi = yi—x* and -Uj = Note that hmjgN +r3Ui)—yi\\ = 0, and 

recall that d{Kng{x),Kng{y)) > 0. From these facts it follows that by removing an initial 
segment of x and of y, we may assume that there is a > such that \\xi — {x* +r3-Uj)|| > a 
for every i.j G N. Similarly, since y is spaced, wc may assume that {x* + rs-UjjjgN is 
spaced too. Certainly we may choose a to be smaller than ra — and ri — rs, and we 
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may assume that for every i, \\wi\\ > — a/8 and — a/A < \\zi\\ < + a/A. Let 
Li — [x* + riUi,x* + (r3 + a/A)uj\. Note that yi e Lj. We show that for every 
d{xi, Lj) > a/ A. Let y e Lj. If y G [x* + (ra — a/2)uj, x* + (r^ + a/A)uj], then 

\\xi - y\\ > \\xi - {x* + r3Uj)\\ - \\{x* + raUj) -y\\>a- a/2 = a/2, 

and if y e [x*, x* + (rs — a/2)ui], then 

- y\\ > \\xi -x*\\- \\y - x*\\ >rs- a/8 - {r^ - a/2) = 3a/8. 

It follows that d{xi,Lj) > a/A. 

Let Vi = x* + r4Ui, and let 6 > be such that for every i ^ j, \\vi — Vj\\ > b. We 
show that if i 7^ j, then d{Li,Lj) > 6/2. It is easy to see that d{Li,Lj) = d{vi,Lj). Let 
X* + tUj e Lj. lit e [r4, r4 + b/2], then 

\\vi — {x* + tUj)\\ > \\vi — VjW — \\x* + tUj — VjW > b — b/2 — b/2. 

Ut>r4 + b/2, then 

\\vi - (x* + tUj)\\ > \\tUj\\ - > r4 + b/2 - ^ b/2. 

It follows that there is o? > such that: 

(1) for every i ^ j, 2d < d{Li, Lj); 

(2) for every i j, d < d{xi, Lj); 

(3) r3 + a/A + d< ry, 
(A) r4-d> rs. 

Let L] — [vi,yi]. So Lj C Lj. Hence 

(1.1) for every i^j, 2d<d(LlL]); 

(1.2) for every i j, d < d{xi, L]); 

(1.3) h^-v,\\ <rs-r4 + a/A. 

By (3), d{B{L}, d), X-B{x\ri)) > ri-{r^+a/A+d) > and by (4), d{B{L\, d), B{x\rr,)) > 
r4 — — d > 0. So 
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(1.4) d(B{Ll d),X- (B(x*, n) - B(x*, rg))) > for every i e N. 

Recall that yi e D, but Vi need not be in D. For every i, choose v[ & D sufficiently close 
to Vi and define V- = [v[,yi]. This can be done in such a way that L- satisfy (1.1)- (1.4). 
So indeed choose v[ E D r\ B{x*,ri) in such a way that the L'-'s fulffil (1.1)- (1.4). Write 

Vk,i = 

Let K = i^seg('^3 - r4 + a/4, li) be as in 2.14(c) and i e N. By 2.14(c), there is 
h[ e LIP(X;D) such that: supp(/i9 ^ B{L[,d), /i- is X-bilipschitz, and h[{yi) = v[. 
Since the L^'s satisfy (1.1), it follows that for every i ^ j, d(supp (/i-), supp (/i^)) > 0. So 
hk '.= Oi^^h\ is well defined. Also, hk is 2ir-bilipschitz. 

For every i, hk{yi) = h'i{yi) = v ■ G B{x*,rA). By (1.2) applied to the L^'s, xi ^ supp {hk). 
So hk{xi) = Xi. By (1.4) applied to for every i, supp(/i^) C S(x*,ri) — B{x*,r5). So 
supp(/ife) C S(x*,ri)-S(x*,r5). Recall that for every i, h\ e H{X;D). So hk G H{X;D). 
We have shown that /ijt fulfills the requirements of Claim 4. 

Let /i = Ofce^/ifc. By Proposition 4.5, G UC(X). Since i?(x*,r°) C S, we obtain that 
supp(/t) C S, and since for every k, hk G H{X; D), we conclude that /i G H{X; D). Also 
for every /c, x* ^ supp(/ifc)- So /i(x*) = x*, that is, /i G UC{X; S, D,x*). 

We shall reach a contradiction by showing that h'^ ^ PNT.UC (FT(a;*)). Let V G 
Nbr^(r(a;*)). Let k be such that r(S(a;*,r^)) C V. Hence 

(i) for every i G N, r(a;^), t(|/j^) G and limi_»oo [^(a;^) — t(|/j^)|| = 0. 
/i^(T(xf)) = T(a;f) and h^{T{y^)) = r{h{y^)) G T(S(x*,r^)). So for every i G N, 
(t) \\{h^{r{x'[)) - r{x*)) - {h^{T(yf)) - r(x*))|| 

= ||(r(a;f) - t{x*)) - {T{h{y^)) - t{x*))\\ > \\t{x^) - t{x*)\\ - Mh{y^)) - t{x*)\\. 

Recall that /i(yf) = Vk,i G B{x*,r4). Let Sk,tk be as in Clause (5) of Claim 2. Then 
\\T{h{yf)) - t{x*)\\ < Sk and ||T(xf) - t(x*)|| > tk- Denote the right handside of (f) by A. 
So A > tk — Sk- By Clause (5) in Claim 2, tk — Sk > 0. We have proved that 

(ii) for every i G N, \\h-(r{xf)) - h^r{y^))\\ >h-Sk>0. 

(i) and (ii) demonstrate that h'^ \ V is not bi-UC. We have shown that for every 
V G Nbr(r(a;*)), h'' \V is not UC. That is, /i^ ^ PNT.UC (F, r(a;*)). A contradiction. 
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Case 2 For every A; e N, y'^ is a Cauchy sequence. 

Claim 5. For every k eN there is hk G LIP{X;D) with the following properties: (i) 
supp(/ife) C B{x*,r^) — B{x*,r^); and (ii) there is rife e N such that for every i > Uk, 
hk(x^) = x^ and hk(yf) e B{x*, r|). 

Proof Fix k, and denote x'^, x^, etc. by x, y, rj etc.. Let y — hm^y. Since 
is continuous, y e cl'^(5') — -S". Also, \\y — x*\\ — r3. Since y ^ E and Rng(x) C 
E, Rng(x) n [x*,y] contains at most one element. By removing this element we may 
assume that e := (i(Rng(x), > 0. Let b — (r4 + r5)/2, a — {r4 — r^)/'2. and c = 

min(a,e,ri — r^). Let w e be such that — = h. Let e D be such 

that — IIt; — < c/12. By Lemma 2.14(c), there is /i e LIP(X;D) such that 
supp(/i) C B{[u,v\,c/A), h{u) — V and h{B{u,c/12)) — B{v,c/V2). Since h is bilipschitz, 
Dom(/i'^') = c\^{X). Denote h ^ h'^K We show that ^(y) e S^(x*,r4). Since y e 
S^(ii,c/12), /i(y) e S^(t;,c/12). So 

||/i(y) < \\h{y) -v\\ + w|| + < c/12 + c/12 + 6 < b + a/6 <b + a = n. 

It follows that 

(1) for all but finitely many i's, hiiji) G B{x*,r4). 

For every [m, v]) > d{xi, [y, w]) — (c/12 + c/12) > e — c/6 > c/4. So ^ supp(/i) 

and hence 

(2) h{xi) = for all i e N. 

\\u - x*\\ < c/12 + rs < ri - c/4. It easily follows that B{[u,v],c/4:) C B{x*,ri). 
\\v — x*\\ >b — c/12 > rs + a/4. Next we have that 

d{B{[u,v],c/4:),x*) > d{B{[y,w],c/4:),x*) -c/6-c/4:^b-5c/12 > r^. 

So i?([M, w], c/4) \^ B{x* ,r^) = 0. Similarly, for every y G B{[u,v],c/4:), 

\\y\\ < max(||ii||, \\v\\) + c/4 < max(||y||, \\w\\) + c/12 + c/4 = rg + 5c/12 < ri. 

That is, supp(/i) C B{x*,ri). So 

(3) supp(/i) C S(x*,ri) -S(x*,r5). 
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It follows that hk:=h fulfills the requirements of Claim 5. So Claim 5 is proved. 

The remaining steps in the proof are identical to those in Case 1. So both Case 1 and 
Case 2 lead to a contradiction. This means that is UC at r{x*). ■ 

Question 4.9. Let X, Y be open subsets of the normed spaces E and F and r e H[X, Y) 
be such that (LIP(X))^ C LUC(F). Is r locally UC? Is r'^ locally UC? 

Note that by Theorem 3.27, the answer to both parts of the question is positive for E^s 
such that k{E) > 2^°. Hence the answer is positive for open subsets of i^. 

Proof of Theorem 4.1 

(a) Let X,Y, r,A and (p be as in Part (a). Suppose that F is (< -generated. 
Then by Theorem 3.42, F — A and there is r e H{X, Y) as required. 

Note that for every metric space X, L\JC{X) — Hl^{X). 

Suppose that T = MC. By Theorem 2.8(a), there is r e H{X,Y) such that r in- 
duces ip. (UC {X)y C LUC (y). So by Theorem 4.8(a), r is locally bi-UC. So (LUC (X)y = 
LUC (y ) . Hence (X) — {Y) . We have seen that the above equahty imphes that 
MC = Zl. So Part (a) is proved. 

(b) Let {E,X,S,S), {F,Y,T,J^), F,A be and (p he as in Part (b). If both F and A 
are (< «;(£') )-generated, then by Theorem 3.42, F — A, and there is r which induces (p. 

Suppose that A or F are not (< «;(£'))-generated. By Theorem 2.8(a), there is 
T e H{X, y) such that r induces (p. 

Suppose by contradiction that F — MC and A ^ MC. Hence A is (< «;(£^)) -generated. 
Clearly, (LIP {X\ S, £)Y C {Y). By Theorem 3.27, r is locally /4-bicontinuous. Hence 
{H\''{Y;T,T)y-' C Hl'^iX). However, (//^c (y. ^ _^))r-i ^ //lc (^.^ Hence 
Hlg {X; S, E) C //LC ^x). A contradiction. It follows that F^A^MC. ■ 

As in Chapter 3, the analogous statement for manifolds is also true. 

Corollary 4.10. Let (X, <P) and (y, ^) he normed manifolds with locally Lipschitz atlasses. 
Let F and A he moduli of continuity, Suppose that F is countably generated or F — MC , 
and the same holds for A. 

(a) // LP : Hj^^ {X, <P) = {Y). Then F ^ A and there is r:X^Y such that r 
induces p), and r is locally F-bicontinuous. 
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(b) Let S be an open cover of X, T be an open cover of Y and </? : iJ^^ {X, S) = 
H\^{Y, ^,T). Then F ^ A, there is r : X such that (p{h) = /i^ for every h E 
Hp^{X;S,S), and T is locally F-bicontinuous. 
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5 Other groups defined by properties related to uni- 
form continuity 

5.1 General description. 

The results we have obtained on groups of type if^^ (X) are more comprehensive than 
those obtained for other types of groups. We have presented the results on Hp*^ (X) in the 
quite general framework of "subspace choice systems" . We now abandon this framework, 
and restrict the discussion to the class of open subsets of normed spaces. 
Recall the following notations which were introduced in the introduction. 

Definition 5.1. (a) For a set F of 1-1 functions let F^^ — {f~^ \f e F}. Suppose that V is 
used as an abbreviation for some property of maps, and let X and Y be topological spaces. 
We shall use the notation V{X, Y) to denote the set of all homeomorphisms between X 
and Y which have property V. We denote 

V^{X,Y):^V{X,Y)n{V{Y,X))-' and V{X) :=V^{X, X). 

Usually but not always this convention will be used for T^'s which are "closed under com- 
position" . {V is closed under composition, if for every f : X ^Y and g -.Y ^ Z: if / and 
g fulfill V, then gof fulfills V). In such cases V{X) is a group. 

(b) Let {X,d) be a metric space. X is uniformly - in - diameter arcwise - connected 
(UD.AC), if for every £ > there is 5 > such that for every x,y E X: if d{x, y) < 5, then 
there is an arc L C. X connecting x and y such that diam(L) < e. 

(c) Let -f^NRM be the class of all spaces X such that X is an open subset of a normed 
space. Let -f^BNC spaces X such that X is an open subset of a Banach 
space. Let -f^NFCB be the class of all spaces X such that X is an open subset of a normed 
space of the first category, or X is an open subset of a Banach space. □ 

Note that a disconnected space may be UD.AC. The space [0, 1] U [2, 3] is such an 
example. 

The following statement is a typical example of some of the final results obtained in 
this chapter. It is restated in Corollary 5.6. 



122 



Theorem A. Let X,Y e -f^NFCB • Suppose that X andY are UD.AC spaces. Let 
(p : \JC{X) ^ UC(y). Then there is r E UC^(X,y) such that r induces (p. 

The reason that Theorem A can be proved only for members of -f^NFCB not for all 
members of i^NRM is that Theorem 2.8 cannot be used. This is so, since in Theorem 2.8 
we need to know that LIP^^ (X) < G. However, LIP^^ (X) ^ \JC(X). 

Theorem A assumes that the open sets X and Y are UD.AC. Different extra assumptions 
on the open sets in question are often used in proving other reconstruction results. We make 
sure though, that these extra assumptions do not exclude the known well-behaved open sub- 
sets of a normed space. For example, convex bounded open sets are always included. Usu- 
ally the classes for which reconstruction is proved do contain some complicated open sets. 

Theorem A has the following corollary. 

Theorem 5.2. Let F and K he the closures of UD.AC hounded open suhsets ofW"^ and 
M" respectively. Let : H[F) ^ H{K). Then ip is induced by a homeomorphism between 
F and K. 

The proof of Theorem 5.2 appears after Example 5.7. The boundedness of F and K 
above is necessary, see Example 5.8. The analogue of Theorem 5.2 for open subsets of 
infinite-dimensional normed spaces is proved in 6.22. The boundedness of F and K is not 
required in the infinite-dimensional case. 

Let us point out that the closure of a UD.AC open subset of does not have to 
be a Euclidean manifod with boundary, neither does it have to be a polyhedron. The 
reconstruction theorems for polyhedra and for Euclidean manifolds with boundary were 
proved in [Rul] 3.34 and 3.43. Theorem 5.2 is not a special case of these theorems. 

Definition 5.3. (a) Throughout this section, if not otherwise stated, X and Y denote 
nonempty open subsets of normed spaces E and F respectively. The metrics and d^ are 
both abbreviated by d. For A C X, cl(A), bd(A), a,cc{A)^ B{A,r) etc. arc abbreviations 
for c\^{A), hd^{A), acc'^(yl), B^{A,r) etc.. Let x, y, etc. denote the infinite sequences 
{Xn I n e iV}, {?/„ I n G IN}, {x^ \ n G IN} etc.. So x C X means that | n G IN} C X. 

(b) For A C A define 6^ (A) := d{A, E - X). The notation 5^{x) abbreviates 5^{{x}) 
and 5-^ {A) and are abbreviated by 5 {A) and 8{x). 
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(c) If L is a rectifiable arc, then Ingth (L) denotes the length of L. 

(d) Let A C X. We say that ^ is a positively distanced set (PD set), if S{A) > 0. A 
bounded PD set is called a BPD set. A squence x is a BPD sequence if Rng (x) is a BPD 
set. 

(e) Let {Ai | i e N} be a sequence of sets. We define limj_»oo A — if for every 
U e Nbr(x) there is iq such that for every i > iq, Ai QU . 

(f) Let / : X — > y. We say that / is positive distance preserving (f is PD.P), if for 
every PD set A C. X, f{A) is a PD subset of Y. The function / is boundedness preserving 
(f is BDD.P), if for every bounded AC. X, f{A) is a bounded set, and / is boundedness 
positive distance preserving (f is BPD.P), if for every bounded PD set A C. X, f{A) is a 
bounded PD subset of Y. 

(h) Let UCoiX) := {/ e UC(X) | Dom(/^i) = d{X) and /^^ \hd{X) = Id}. □ 

The following definition lists some subgroups of H[X) for which reconstruction can be 
proved. 

Definition 5.4. Let / : X -> F. 

(a) / is houndedly UC (f is BUG), if / is boundedness preserving, and for every 
bounded set B C X, f \B is UC. According to Definition 5.1(a), B\JC{X,Y) = {/ G 
H{X,Y) I / is BUG}. 

(b) / is extendible, if Dom(/'^') = cl(X). According to Definition 4.6(b), 
EXT(X, Y) := {/ e H{X, Y) \ f is extendible}. 

(c) / is bounded positive distance UC (f is BPD. UC), it f is BPD.P, and for every BPD 
set AC X, f\A is UC. 

(d) / is positive distance UC (f is PD. UC), if / is PD.P, and for every PD set A C X, 
f\A is UC. 

(e) / is LUC on hd{X) (f is BR. LUC), it f is extendible, and for every x e hd{X) 
there is U e Nbr^^(^)(a;) such that \U is UC. 

(f) / is completely LUC, (f is CMP. LUC), it f is extendible, and f^^ is UC at every 
X e cl(X). That is, for every x E cl(X) there is U E Nbr (x) such that lU is UC. 

(g) f is UC around bd(X) (f is BDR.UC), it f is extendible, and for some d > 0, 
\{x E d{X) I S{x) < d} is UC. 
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(h) Let A,B C X. We say that / is {A, B)-\JC, if for every £ > there is 5 > such 
that for every x E A and y E B: if d{x,y) < 5, then d{f{x),f{y)) < e. The function / is 
BI. UC, if / is extendible, and is (bd (X), X)-\]C. Note that / is BI.UC iff for every £ > 
there is 5 > such that for every x,y E X: if 6{x),d{x,y) < S, then d{f{x),f{y))) < e. 

□ 

Note that if V is one of the properties defined in (a) - (h), that is, if 
P = BUC, EXT, BPD.UC, PD.UC, BR.LUC, CMP.LUC, BDR.UC, BI.UC, 

then V{X) is a group. 

For each V appearing above wc can prove the following statement. If (/? : V{X) = V{Y), 
then there is r G V^{X,Y) such that r induces (p. More precisely, the above statement 
can be proved, provided that some additional restrictions arc imposed on X and Y. 

We shall prove the above statement only for UC (X) and the groups BUC (X), EXT (X), 
BPD.UC (X) and CMP.LUC (X) defined in 5.4(a), (b), (c) and (f). Recall that the group 
LUC (X) has been already dealt with in Chapter 4. We omit the proof for the remaining 
groups, since the arguments used are similar to those employed in the proofs that we do 
present fully. Also, the groups that we do deal with are defined by properties that seem to 
have played a role in other contexts in analysis and topology. 

The group UC (X) and each of the groups in Definition 5.4 except for EXT(X) has 
a generalization in which "uniform continuity" is replaced by 'T-continuity" . This type 
generalization is demonstrated by the following three examples. 

Example 1 The generalization of UC (X) is defined as follows. Let r' be a modulus 
of continuity. Wc say that f : X ^ Y is nearly /^-continuous, if there are a E F and r > 
such that / is (r, a)-continuous. Let i7^^(X, Y) be the set of / G H{X, Y) such that / is 
nearly /'-continuous. In view of Proposition 4.3(a), UC(X) = H^[X). 

Example 2 The generalization of CMP.LUC (X) is defined as follows. For a modulus of 
continuity T let Hp^^-^^{X) ^ {h E EXT(X) | for every x E cl(X), h"^ is T-bicontinuous 
at x}. 

Example 3 The generalization of BPD.UC (X) is the following group. For a modulus 
of continuity F let 
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^NBPD (^x) = {he H{X) I h and h'^ are BPD.P, and for every BPD set A(ZX,h\Ais 
nearly r-bicontinuous}. 

The reconstruction problem for these generalizations has not been investigated thor- 
oughly. However, an answer for the groups in Example 3 is given in Theorem 5.32. Ex- 
ample 2 is considerably more difficult to sort out. It is dealt with in Chapters 8-12. The 
generalization in Example 1 is not true. A counter-example is presented in Example 5.11. 

So far, the reconstruction question arising from Example 2 has only a partial answer. 
It is proved only for principal moduli of continuity, (see M6 in Definition 1.9), and only for 
X's with a "well-behaved" boundary. This is proved in Theorem 12.20. 

5.2 The group of uniformly continuous homeomorphisms. 

The first group to be considered is UC(X). The final reconstruction theorem for such 
groups is stated in Corollary 5.6. The following is the main intermediate theorem. 

Theorem 5.5. Let X,Y e i^NRM- Suppose that X is UD.AC. Let r e H{X,Y) be such 
that {\]Co{X)y C UC(y). Then re \JC(X,Y). 

Proof Variants of the argument used in this proof will be applied in several other proofs. 

Suppose by contradiction that r ^ \JC{X,Y). Let d > and x,y C X he such that 
liuin^^ d{xn,yn) = 0, and for every n e N, d{T{xn),T{yn)) > d. Since r is continuous, 
there is no 2; e X such that {n\ Xn = z} is infinite. So we may assume that x is 1-1. We 
may further assume that for every distinct m,n eN, {xm, Vm} H {xn, Vn} = 0- By 2.15(a), 
we may assume that either (i) x is Cauchy sequence, or (ii) there is e > such that x is 
e-spaced. 

Case 1 (i) holds. Let x* = lim^f. So x* e E - X. Note that either x* e mt^(X) 
or X* e cl^(bd(X)). By the UD.AC-ness of X and since liuin^oo d{xn, yn) = 0, we may 
assume that for every n e N there is an arc Ln C. X connecting x^ and |/„ such that 
lim„^oo diam(L„) = 0. We define by induction on fc, e N and > 0. Let Uq — 0. 
Suppose that Uk has been defined. Let ru = \d^{Ln^, {x*} U {E — X)) and Uk+i be such 
that Ln^^^ C B^{x*,rk). We denote a;^^, and by Uk, Vk and Jk respectively. 
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Let Uk — B-^{Jk,rk). Clearly, limjfc_»oodiam(C/jt) = 0, and for every k e N, S{Uk) > 
and d(C4, U{C/,„|m 7^ A;}) > r^. heiwk £ J^— {life} be such that d(T(iifc), T(u'fc)) < 1/(A;+1). 
By Lemma 2.14(d), there is hk G LIP(X) such that supp(/ife) C Uk, hk{uk) — Uk and 
hk{wk) = Vk. 

Let h — Oke^hk- By Proposition 4.5, /i e UC(X). Since 5(supp(/ife)) > 0, h E 
\JCo{X). We check that ^ \JC{Y). Clearly, h''{T{uk)) = T(wfe) and h''{T{wk)) = T(vfe). 
However, limfe_^.oo (^(t (life), T(u'fe)) = 0, whereas for every k & N, d{T{uk),T{vk)) > d. So 

/i^ ^uc(y). 

Case 2 (ii) holds. By the UD.AC-ness of X, and since hm„_^oo d(x„, y„) = 0, there 
is A?" e N such that for every n > N there is an arc L„ C X connecting x„ and y„ such 
that diam(L„) < e/6 and lim„_»oo diam(L„) = 0. We may assume that N — 0. Let 
r„ = min(diam(L„),5(L„)/2) and C/„ = B{L„,rn). So 5(C/„) > 0, lim„_»oodiam(C/„) = 0, 
and for every distinct m, n e N, rf(C/^, [/„) > e/3. The proof now proceeds as in Case 1. ■ 

The final result for groups of type UC {X) is at this stage as follows. 

Corolleiry 5.6. Let X,Y e -f^NFCB- Suppose that X and Y are UD.AC spaces. Let 
(p : \JC{X) ^ UC(y). Then there is r E UC^(A:,y) such that r induces (p. 

Proof Combine Corollary 2.26 and Theorem 5.5. ■ 

In the case of local uniform continuity, we deduced from the fact that (UC(X))^ C 
LUC(F), that both r and are LUC. The analogue of this fact for uniform continuity 
is not true. 

Example 5.7. (a) Let X — Y — {1, oo), and r : X ^ Y be defined by t{x) — ^/x. Then 
(UC(X))^ C UC(y), but is not UC. 

{b) There are bounded open subsets X and Y of the Hilbert space and r e ii{X^ y) 
such that (UC(X))'^ C UC(y); butT~^ is not uniformly continuous. The boundary of both 
X and Y is the union of a spaced family of spheres. 

Proof (a) Clearly r"^ ^ UC(X). Let / G UC(X). By Proposition 4.3(b), / is a- 
continuous for some a G MC. By the uniform continuity of f~^, there is C such that for 
every y e X, f-\y + 1) - f-\y) < C. Set K ^ C + 1. We check that f{x) > x/K for 
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every x e X. Let y E X. Then f-\y) - 1 < f-\[y] + 1) - f-\l) <[y]-C <yC. 
Hence f-\y) < Cy + 1 < {C + l)y. That is, y < f{{C + l)y). Write x = (C + l)y. We 
conclude that if x > C + 1, then x/K < f{x). The above inequahty holds automatically 
for x < C + 1 since f{x) > 1. 

We show that is (1, 2-\/XQ;)-continuous. This trivially implies that is UC. Let 
y > X > 1 he such that y — x < 1. We have T~^{y) — r~^{x) — y^ — x^ < 2y{y — x). So 
f{T~^{y)) — f{T~^{x)) < a{2y{y—x)) < 2ya{y—x). The last inequality follows from the fact 
that 2y > 1. Now, rfr'^y) - rfr'^x) = y/fW) - ^/JW)- There is c e (/(x^), /(y^)) 
such that TTpy - a/7F) = 275(/(?/') - /(^'))- Recall that /(x^) > xV^. So 

ny) - nx) = TfT-\y) - TfT-\x) = ^,{f{y') - fix')) < • 2ya{y - x) 

- ' ^"^^ ~ ^) ^ '^/T^ ' -x)^ 2^/Ka{y - x). 

(b) In £2 let e, = (0, . . . , 0, i, 0, . . .) and = Sv^e^. Let X = 5(0, 6) - Un>o B{ai, 1) 
and y = 5(0,6) — [J^^^g i?(aj, 1/n). For every n > let /i„ : [0, 00) — > [0, cxd) be the 
piecewise linear function with two breakpoints which takes to 0, 1 to 1/n, and such that 
hn{t) = t for every t > 2. Let r„ : X ^ F be defined by r„(a;) = a„ + /i„(||a; — pz^, 
and r = o„>or„. It is left to the reader to check that r is as required. ■ 

We shall later see a finite-dimensional example in which (UC(X))^ C UC(F), but 
T"^ is not uniformly continuous. In Example 6.7(a) we construct two bounded domains 
X,Y CR' and r e H{X, Y) with these properties. 

However, for some sets X, which are very well behaved, the fact that (UC(X))'' C 
UC(F) does imply that is uniformly continuous. Theorems 7.1 and 7.7(a) and Re- 
mark 7.8(b) and (c) prove the above implication in some special cases involving subsets of 
a Banach space or a Banach manifold. For example, the above implication holds when X 
and Y are spheres of a Banach space. 

Proof of Theorem 5.2 Let X' and Y' be UD.AC open subsets of and M" respectively, 
F = cl(X'), K = cl(F') and ip : H{F) = H{K). Let X = int(F) and Y = mt{K). Clearly 
X and Y are regular open sets, F = cl(X) and K = cl(y). It is trivial to check that X 
and Y are UD.AC. It is also trivial to check that if Z is a bounded regular open subset 
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of R^ then H{c\{Z)) = {/^' | / e UC(Z)}. Let ijj : //(X) ^ H{Y) be defined by 

= '/'(r^) r>^- So V' : UC(X) ^ uc(y). 

By Tfieorem 2.8, there is r e H{X,Y) such that for every h e UC(X), ^(/i) = /i^- 
Obviously, {\JC{X)y — \JC{Y). Applying Theorem 5.5 to r and one concludes that r 
and are uniformly continuous. It follows that r^^ : F ^ K. It is trivial that for every 
he H(F), ip(h) ^h^'\ u 

Part (a) of the next example shows that in Theorem 5.2, the requirement that F and K 
are bounded cannot be dropped, and Part (b) shows that in Theorem 5.2, the requirement 
that F and K are closures of UD.AC open sets cannot be dropped. 

Example 5.8. (a) There are regular open connected subsets X,Y GM.'^ such that X, Y are 
UD.AC, X IS bounded, c\{X) ^ cl(F) but H{c\{X)) = H{c\{Y)). 

(b) There are regular open connected subsets X,Y CM.'^ such that X is UD.AC, X and 
Y are bounded, d{X) ^ cl(r) but H{d{X)) ^ H{cl{Y)). 

Proof (a) Let x e 5(0,1) and Bi = B{x/2^'+\ 1/2^'+^). So UeN^« ^ ^(0,1/2), for 
every i ^ j, cl (Bi) D cl (Bj) = and hmj^cc — 0. 

Let F — cl(i?(0, 1)) — [j.^^Bi. Let t{x) :=x/\\x\\'^ be the inversion map in and 
K ^ t{F - {0}). Let X = int(F) and Y = mt{K). Then F = d{X) and K - cl(F). 
Clearly, X, Y are UD.AC. It is easy to see that H(K) = {{h\{F - {0}))" | h e H{F)}. So 
H{F) = H{K). It is obvious F^K. 

(b) Let 

Xo^{{e-Tr,t)\0 e{0,27r), t e (1 - | • | sin ||, 1 + i • | sin f |} 

and 

Yo = {t-{cose,sm9) \ 9 e (0,27r), t e (1 - i • | sin ||, 1 + i • | sin f |}. 

Note that Xq is a strip surrounding the line segment ((— tt, 0), (tt, 0)) with width tending 
to as (^,0) approaches (— tt, 0) and (tt, 0), and Yq is a strip surrounding the circular 
arc {(cos ^, sin ^) | 9 e (0, 27r)} with width tending to as ^ approaches and 27r. Let 
T -.Xo^Yohe defined by r{{9 - 7r,t)) ^ t- {cos9,sm9). Then r e H{Xo,Yo). 
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For every n e Z let a;„ = (l^-^>0)> "^n = | min(5^o(x„), d(x„, {x^ | i e Z - {n}}) 
and Bn = S(x„,r„). So S„ C Xq, for n ^ m, B„ n ^ 0, lim„_oo-B„ = (tt, 0) and 
lim„__oo-B„ = (-7r,0). Let X ^ Xq - Unez-^n and Y = t(X). Clearly, X and Y 
are bounded, connected and regular open. Hence H{cl{X)) — and the same 

holds for Y. It is also obvious that cl(X) ^ cl(y). Note that for every h e H{c[{X)), 
h{{7r, 0)) e {(tt, 0), (-TT, 0)} and the same holds for (-tt, 0). Also, for every h e H{c\{Y)), 
/i((l,0)) = (1,0). It follows that h"^^ i— > {h^Y^ , h e H{X), is an isomorphism between 
H{c\{X)) and H{c\{Y)). ■ 

Example 5.8(b) calls for the following questions. 

Question 5.9. A topological space Z has the Perfect Orbit Property, if for every z & Z, 
z e acc{{h{z) I h G H{Z)}). Is it true that for every open X C M™ and F C W: if cl(X) 
and cl(y) have the Perfect Orbit Property and (p : H[cl{X)) = H[cl{Y)), then there is 
T G iJ(cl(X), cl(y)) such that r induces (f7 

If the above is not true, is the conclusion in the above question true for open subsets 
of M" that have the following stronger property: For every x G bd(X) the orbit of x under 
H{cl{X)) is locally arcwise connected. 

Is the same true for open subsets of infinite-dimensional normed spaces? □ 

The generalization of Corollary 5.6 is not true for all moduli of continuity. As shown in 
the next example, F^^^ is a counter-example. The question whether Theorem 5.6 is true 
for any countably generated F is open. 

Question 5.10. Is there a countably generated modulus of continuity F such that for 
every normed space E and r G H{E): if {Hr{E)y = Hr{E), then r G Hr{E)l 

Example 5.11. Let E he a, normed space and r G H{E) be defined by: t{x) = a; if 
||x|| < 1 and t{x) = if \\x\\ > 1. Then (LIP(£;))^ = LIP(£;) and r ^ UP{E,E). 

Proof Let g G LIP(X, X). We show that g"^ is Lipschitz. Let r be such that r > 1, ||5'(0)|| 
and g{B{0,r)) D B{Q, 1). We show that g"" \{E - -6(0, r^)) is Lipschitz. Suppose that g is 
X-Lipschitz. Letue E- B{0,r). Then 

\\g{u)\\ < \\g{u) - 5(0)11 + ||5(0)|| < K\\u\\ + \\g{0)\\ < K\\u\\ + \\u\\ - (i^+ 1)||«||. 
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That is, 

(i) \\g{u)\\ < {K + l)\\u\\. 

For u,v E E — {0} write w{u, v) = jj^w, and for u,v 9~^{^) set Wg{u, v) = w{g{u), g{v)). 
Clearly, 

(ii) \\u — w{u,v)\\ = \\\u\\ — \\v\\\ < \\u — v\\, 

(iii) \\w{u, v) — v\\ < \\w{u, v) — u\\ + \\u — v\\ <2\\u — v\\, 
and it follows that 

(iv) \\g{u) -Wg{u,v)\\ < K\\u-v\\, 

(v) \\wg{u,v)-g{v)\\<2K\\u-v\\. 

Claim 1. There is M such that for every x,y E E — B{0, r^): iiy = Xx for some A > 1, 
then Wg^iy)- g^{x)\\ < M\\y - x\\. 

Proof Let x = az and y = {a + e)z, where \\z\\ = 1 and a > 0. Clearly, e > and hence 
\\y — x\\ = e. Also, a > r^. Then ||r^-'-((a + e)z) — T~^{az)\\ = y/a + e — \fa < e/v^a + e. 
Set u = T^^((a + e)z) and v = T^^{az). So \\u — v\\ < ej^fa^rt. The next inequality uses 
the definitions of r and w^, the X-Lipschitz-ness of g and Fact (i). 

\\T{g{u)) - T{wgM)\\ = \\\g{u)r - \\wg{u,v)r\ = \\\g{u)r - \\g{v)r\ 
= i\\9iu)\\ + \\9{vm^\\g{u)\\-\\g{v)\\\<{\\g{u^^^ 



Ke 
Ja+e 



< {Mu)\\ + \\g{v)\\).K\\u-v\\<{\\g{u)\\ + \\g{v)\ 

< {K + l){\\u\\ + M).^ = iK + 1)( A + ^ + V^) • 



< 2{K + ify/^TTe- ^ = 2{K + Ife = 2{K + lf\\y - x\\. 

We next find a bound for ^T{wg{u,v)) — T{g{v))^. Since g is X-Lipschitz and by (v), 
\\T{wg{u,v))-T{g{v))\\ = \\g{v)\\-\\wg{u,v)-g{v)\\ < {K + l)-\\v\\-2K -Wu - v\\ 

< {K + l)-^-2K-^^<2{K+lf-\\y-x\\. 

Note that g'^{y) = T{g{u)) and g'^{x) = T{g{v)). It follows that 

\\g^iy)-g^{x)\\<\\T{giu))-T{wg{u,v))\\ + \\T{Wgiu,v))-T^^^^ 
So Claim 1 is proved. 
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Claim 2. There is M such that for every x,y e E — S(0, r^): if = ||y||, then 
U{x)-g^{y)\\<M\\x-y\\. 

Proof Let \\x\\ — \\y\\ — a > r"^. Set u — t~^{x) and v — T~^{y). Then by (iv), 
\\g{u) - Wg{u,v)\\ < K\\u - v\\. So 

||r(^(^)) -rK(^,^;))|| = \\\g{u)r - \H{u,v)r\ = \\\g{u)r - \\g{v)r\ 
= {Mu)\\ + ||^?(^^)||) ■ IlkHII - ||^?(^^)||| <{K + mu\\ + \\v\\). \\g{u) - g{v)\\ 

< 2{K +l)^-K\\u-v\\ = 2{K + 1)K^-^-^ < 2{K+lf\\x-y\\. 

We next find a bound for \\T{wg{u,v)) — T{g{v))\\. By (iv) we have [[^^(li, t;) — g{v)\\ < 
2K\\u-v\\. So 

\\r{wg{u,v)) - r{g{v))\\ = \\g{v)\\-\\wg{u,v) - g{v)\\ < (K + l)^- \\wg{u,v) - g{v)\\ 

< {K + l)^-2K\\u-v\\ = {K +1)^-2K-^^^ < 2{K+lf\\x-y\\. 

It follows that \\g^{x) - g^{y)\\ < 4(ir + iy\\x - y\\. We have proved Claim 2. 
Let x,y E E — B{0, r^). By Claims 1 and 2 and by (ii) and (iii), 

\\g^{x) - g^{y)\\ < \\g^{x) - g^{w{x,y))\\ + \\g^{w{x,y)) - g^{y)\\ 

< 4:{K+lf\\x-w{x,y)\\ + 4:{K+iy\\w{x,y)-y\\ < 12{K+lf\\x-y\\. 

We have shown that if g is Lipschitz, then g'^ \ {E — S(0, r^)) is Lipschitz. Since for 
every bounded set B, r \B is bilipschitz, it follows that g'^ \B{0,r'^) is Lipschitz. It is now 
esay to conclude that g'^ is Lipschitz. 

The proof that (LIP(£;))^"' C LIP(£;) is slightly different. Denote r"^ by rj. We 
prove that if g is bilipschitz, then g^ is Lipschitz. Let g e LIP(X), suppose that g is 
X-bilipschitz and let r be such that r > max(l, 2X||^(0)||) and g{B{0,r)) D B{0, 1). We 
show that g^ \{E — B{0, y/r)) is Lipschitz. 

We shall use facts (ii) - (v) from the preceding part of the proof. In addition, we need 
the following fact, het u e E - S(0, r). Then 

Uu)\\ > \\g{u) - gm - ym > M/K - ||y(0)|| > \\u\\/K - \\u\\/2K = \\u\\/{2K). 

That is. 
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(vi) \\9{u)\\ > \\u\\/{2K). 

Claim 3. There is M sucli tliat for every x,y e E — B{0, ^Jr)■. if y = Ax for some 
A > 1, then Wg'^iy) - g'^{x)\\ < M\\y - x\\. 

Proof Let x = az and y = {a + e)z, where ||2;|| = 1 and a,e > 0. Then |||/ — x|| = e and 
a > y/r. Set u = r)~^{{a + e)z) and v = r]~^{az). We skip the verification of the following 
facts: 

(1) \\g^{x)) - v{wg{v,um < V2K'/^x - yl 

(2) Uw,{v,u))-g\ym<'^^K'^'\\x-y\\. 
Prom (1) and (2) it follows that 

Wg^ix) - g^iy)\\ < Ug{v)) - v{wg{v,u))\\ + UwgM) - vigiuM < 5V2K^/^x - y\\. 
This proves Claim 3. 

Claim 4. There is M such that for every x,y e E — B[0,-\/r): if = \\y\\, then 
\\g^{x)-g^iy)\\<M\\x-y\\. 

Proof Let ||a;|| = \\y\\ > \/r. Set u = rj~^{x) and v — V~^{y)- We skip the verification 
of the following facts: 

(3) Ug"{y))-r]{w,{v,um < {V2/2)K'/^y - x\\, 

(4) \\rj{wg{v,u)) - g^ixm <2V2K^/^\\y - x\\. 
We conclude that 

\\g'^{y)-g^^{x)\\<{5y/2/2)K'/'\\y-x\\. 

This proves Claim 4. 

The rest of the argument is the same as in the preceding part of the proof. ■ 
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5.3 The group of homeomorphisms which are uniformly contin- 
uous on every bounded set. 

We now turn to the group BUG (X) of all homeomorphisms / of X such that / and 
are boundedness preserving, and / and are uniformly continuous on every bounded 
subset of X. The final reconstruction result for such groups is stated in Theorem 5.20. 
The conclusion of 5.20 is the statement: (*) if ip : BUG (X) = BUG(y), then there is 
T G BUG^(X, y) such that r induces (p. However, (*) is not true for general open sub- 
sets of a normed space, so we shall make some extra assumptions on X and Y. These 
assumptions are (roughly): (1) X and Y are uniformly- in- diameter arcwise- connected; 
(2) the orbit of every member of bd (X) under the action of BUG (X) contains an arc, and 
the same holds for Y. 

Let ABUG {X,Y) = {he H{X, Y) \ for every bounded set AC X, h\AisVC}. Recall 
that ABUG(X) = ABUG^(X,X). Whereas BUG (X) is a group, it is not always true 
that ABUG (X) is a group. It is easy to construct an open set X in a normed space and 
/ G ABUG (X) such that / takes a bounded set to an unbounded set. We can then choose 
another g G ABUG(X) such that g°f^ ABUG(X). However, if X has the discrete path 
property for large distances, (see 4.2(f)), then every member of ABUG (X) is boundedness 
preserving, and hence ABUG(X) = BUG(X). So ABUG(X) is a group. 

Proposition 5.12. Let X have the discrete path property for large distances. 

(a) There are ai,bi > such that, for every x,y & X and < t < d{x,y), there are 
n & N and x — xq, xi, . . . , Xn — y such that n < {aid{x, y) + hi)/t, and for every i < n, 
d{xi,Xij^i) < t. 

(b) If Y is a metric space, and r G ABUC(X, y), then r is boundedness preserving. 
(Hence BUC(X,y);. 

(c) BUC(X) = ABUC(X). 

Proof (a) Let a; = 2:0, ^i, . . . , = y be such that d{zi,ZiJ^i) < t/2 for every i < m, 
and X]i<m ^(^j? ^i+i) — Cid{x,y) + h. There are n G N and = io < • • • < "^n < ''^ 
such that for every j < n, t/2 < d{zi., Zi^_^_J < t and d{zi^,Zm) < t/2. It follows that 
n • I < ^j<j^ <^(-2j, -2j+i) < ad{x,y) + b. Hence n < {2ad{x,y) + 2b)/t and so n -|- 1 < 
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((2a + l)d{x, y) + 2b) /t. For j < n define Xj — Zi. and define x^+i = z^- Then n + 1 and 
xq, . . . , Xn+i are as required. That is, we may take ai and bi to be 2a + 1 and 2b. So (a) is 
proved. 

(b) Let ai,6i be the numbers obtained by applying Part (a) to X. Let C C X he 
bounded. Define r = diam(C) and B — B{C,air + Since B is bounded, there is 
5 > such that for every x,y e B: if d{x,y) < 5, then d{T{x),T{y)) < 1. Let x,y E C. 
If d{x,y) < 5, then d(r(x), r(y)) < 1. Otherwise, let n e N and x — zq, . . . , Zn — y he 
such that n < {aid{x,y) +bi)/5 and d{zi,Zi+i)) < 5 for every i < n. So for every i < n, 
d{x,Zi) <n5 < ^l^(^:y}±h.s < air + bi. So Zi e B and hence d{r{zi),r{zi+i)) < 1. Then 
d{r{x),r{y)) < J2i<ndirizi),r{zi+i)) <n< {aid{x,y) + bi)/5 < (ai • diam(C) + So 
t(C) is bounded. 

(c) By Part (b) , if / e ABUC {X, X) , then / e BUG (X, X) . So ABUC (X) = BUG (X). 

U 

Remark Part (b) of the above proposition follows trivially from Proposition 4.3(b). How- 
ever, the proof of 4.3 was left to the reader. 

Suppose that r G H{X,Y) and (UC(X))^ C ABUC(r). Assuming that r is bound- 
edncss preserving, the proof that r G ABUC(X, F) is just as the proof of 5.5. This is the 
contents of the next lemma. The main problem will be to deduce that r is boundedness 
preserving. 

Definition 5.13. Let X be a metric space. X is boundedly uniformly - in - diameter arc- 
wise - connected (X is BUD. AC), if for every bounded set S C X and £ > there is 5 > 
such that for every x,y & B: if d{x, y) < 5, then there is an arc L C. X connecting x and 
y such that diam(L) < e. 

Lemma 5.14. Let X be BUD. AC, and t G H{X,Y) be boundedness preserving. Suppose 
that (UC(A:))^ C BUC(r). Then re BUG (AT, F). 

Proof The proof of the lemma is the same as the proof of 5.5. ■ 

The following example is a preparation for Theorem 5.18. It shows that the assumptions 
of that theorem are "correct" . 
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Example 5.15. (a) Let X = S^(0, 1) - {0}, Y ^E- cl(S^(0, 1)), and t{x) := ^ be 
the inversion map from X to Y. Then (BUC(X))^ = BUC(y), but r is not ABUC. Note 
that e bd(X) and for every h e BUC(X), h^^Qi) = 0. In Part (b) we get rid of this 
pathology. 

(b) Let X, Y and r be as in part (a). Let Xi = X x R, Yi = y x R and ti(x, y) = 
(T(x),y). Then (BUC(Xi))^i C BUC(yi), but Ti is not ABUC. In this example, X does 
not have boundary points fixed under BUG (X), but we have containment and not equality 
between (BUC(Xi))^i and BUC(yi). 

We next formulate the movability property of X, which will be used in the proof that 
r is boundedncss preserving. It is rather technical but it includes many open sets whose 
boundary is not so well-behaved. 

Definition 5.16. For /i : [0, 1] x X ^ X and i e [0,1] we define ht{x) :=h{t,x). We 
say that X has Property MVl, if for every bounded B C. X there are r — tb > and 
a = as G MC such that for every x & B and < s < r, there is an a-continuous function 
h : [0,1] X X X such that: (1) for every t G [0, 1], /it G H{X) and h^^ is a-continuous; 
(2) ho = Id and d{x, hi{x)) = s; and (3) For every t G [0, 1], supp(/it) C B{x, 2s). O 

Note that if there is x G bd {X) such that f{x) — x for every / G BUG (X), then X does 
not have Property MVl. On the other hand. Property MVl holds for sets whose boundary 
is, in a certain sense, well behaved. Open half spaces, open balls, and complements of 
closed subspaces fulfill MVl. 

The following family of examples contains open sets X such that cl (X) is not a manifold 
with boundary. Let U be any nonempty open subset of a normed space Eq and X — U xW. 
Then X has Property MVl. More generally, X has Property MVl if the following happens. 
Let Eo be a normed space, £■ = £'o x R, s > and a G MBC . Suppose that X is an open 
subset of E with the following property. For every x G bd (X) there are: an open subset 
U C Eq, xq G hd{U) and a homeomorphism (p from B^°{xo, s) x [—1, 1] into E, such that: 

(1) ipixo,0) = X, 

(2) Rng((/9) is closed in E, and lp{B^"{xq, s) x (—1, 1)) is open in E, 

(3) X n Rng((^) = ip{{U n B^o(xo, s)) X [-1, 1]), 
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(4) (/? is a-bicontinuous. 
Proposition 5.17. (a) Let X be a metric space, a e MC and {/i„ | n e N} C H{X). 
Suppose that for every distinct m,n e is a -continuous anc? supp(/i^)nsupp(/i„) = 0. 

Then o„gN/i„ is a°a-continuous. 

(b) Let X be a subset of a normed space E, a & MC and | n e N} C H{X). 
Suppose that for every distinct m,n E N, is a-continuous, cl'^(supp C X and 
supp(/Ito) nsupp(/i„) = 0. Then o^gpj/i^ is 2a -continuous. 

Proof (a) Denote h = Onenhn- Let x,y G X. Then there are m,n G N such that 
x,y e supp(/im) U supp(/i„) U (X - |Jjgj^supp(/ii)). So h{x) = hm°hn{x) and h{y) = 
hm°hn{y)- Since hm°hn is a o a-continuous, d{h{x),h{y)) < aoa{d{x,y)). 

(b) Denote h = o„gi^/i„. Let x,y G X. Then there are m,n G N such that 
x,y e supp (/im) U supp (hn) U (X - J.^j^ supp (hi)). If x or y belong to X - IJ-^j^ supp (hi), 
or x,y G supp(/im), oi x,y G supp(/i„), then either d{h{x),h{y)) = d{hfn{x), hm{y)) < 
or d{h{x),h{y)) = d{hn{x) , hn{y)) < a{d{x,y)). 

So we may assume that x G supp (km) and y G supp Let 2; G [x, y] Plbd (supp {km))- 
Then z G X and z ^ supp (/;,„). Hence hm{z) = hn{z) = z. So 

d{h{x), h{y)) < d{h{x), h{z)) + d{h{z), h{y)) = d{hm{x), hm{z)) + d{hn{z), hn{y)) 

< a{d{x, z)) + a{d{z, y)) < 2a{d{x, y)). 

■ 

Theorem 5.18. Let X, y G i^NRM- Suppose that X has Property MVl, and let r G 
H{X,Y) be such that (UC(X))^ C BUC(y) C (BUC(X))^. Then r is boundedness pre- 
serving. 

Proof Suppose otherwise. Let x C X be a bounded sequence such that t{x) is unbounded. 
We may assume that either X IS cl Cauchy sequence or x is spaced. 

Case 1 X is a Cauchy sequence. Applying MVl to the bounded set Rng(,T) we obtain 
= ''"Rng(x) > and a = aRng(^) G MC. Set x* = lim'^x, and choose 6 > such that 
6, a{6) < r/4, and m such that d{xm, x*) < 6. Let h : [0, 1] xX ^ X be the isotopy provided 
by MVl when x and s are taken to be Xm and r, and let h = h^^ i]x_g- (^^^ Definition 4.6). 
From the fact that h is a-continuous it follows that h : cl [°'^1^^([0, 1] xX) cl^(X) and h is 
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a-continuous. Since hi is a-continuous, d{hi{x*) , hi{xm)) < a{d{x* , Xm)) < 0({S) < r/4. So 
d{x*,hi{x*)) > d{xrnM{xrn)) - d{xrn:X*) - d(hi{xrn):hi{x*)) > r - r/4 - r/4 = r/2. That 
is, d{x*, hi{x*)) > r/2. For n e N define L„ = h{xn, [0, 1]). 

Claim 1. lim„^oo '^(''■(-^n), 0) = oo. Proof Suppose otherwise. Then there are a 1-1 
sequence {uk \ k eN} and a sequence {tfe | G N} C [0, 1] such that {t(/i(x„j., tk)) \ k eN} 
is bounded. We may assume that {tk \ k e N} converges to t*. Since ht* G UC(X), 
{ht*y e BUC(y). In particular, {ht*y e BDD.P(y). It follows that {T(/it. (x„J) | k e 
N} — {ht*y{{T{xn^.) I k e N}) is unbounded. Let Ik be the interval whose endpoints 
are and t* and L'^ — h{Ik x {xn^.}). By the a-continuity of h, limfc_^.oo diam(Lj;.) = 0. 
Proceeding as in the proof of Case 1 of Theorem 5.5, we construct a 1-1 sequence {ki\i e N} 
and g e \JC{X) such that g{h{tki, Xn^)) — h{t*,Xn^.,). The fact that g e \JC{X) implies 
that g'^ e BUC(y), so in particular, g'^ boundedness preserving. However, g'^ takes the 
bounded sequence T{h{tki,Xn^..)) to the unbounded sequence T{h{t*, Xn^.))- A contradiction, 
so Claim 1 is proved. 

Let Un — h{l,Xn) and [/„ = S^(t(L„),1). There is a subsequence {Un^. \ k E N} oi 
{Un\n e N} such that for every k E N, C S(0, d(0, C/„,^J)/2. For every k E N, let 
gt e UC(y) be such that supp(cj'fc) C U„^ and g'fe(r(a;„J) = t(w„J. Let g = OkeN92k and 

Clearly, g e BUC(y). So / must belong to BUC(X). Note that lim„gNiin = hi{x*) ^ 
X* = lim„6Na:^n- So since /(x^^J = u^^^ and /(x^^^+J = ^r^^fc+i, {/(a:;nj | e N} is not 
convergent in E. However, {xn^, | A; G N} is convergent in E. Hence / takes a Cauchy 
sequence to a sequence which is not a Cauchy sequence. So f ^ BUC(X), a contradiction. 

Case 2 x is spaced. Let ro > be such that x is 5ro-spaced. Applying MVl to 
the bounded set Rng(a;) we obtain ri — rRng(?) > and a — Q;Rng(?) £ MC. Let s — 
min(ro,ri). For every n E N let hn ■ [0,1] x X ^ X be the function assured by MVl for 
Xn and s. Recall that for t e [0, 1], hn,t{x) is the homeomorphism of X taking every x E X 
to K{t,x). Set L„ K{[0,1] X {xn}). 

Claim 2. \imn^^d{T{Ln),0) — oo. Proof Suppose otherwise. Then there are a 1-1 
sequence {nk\k G N} and a sequence {tk\k G N} C [0, 1] such that {r{hn^. {tk, Xn,,))\k G N} is 
bounded. Clearly, for every distinct m, n G Nandg,t G [0, 1], (i(supp (/im,g),supp (/i„,t)) >ro. 



138 



So by 5.17(a), /:= Oke-Nhn^,t, e UC(X). So ^ e BUC(y) C BDD.P(y). We shall reach 
a contradiction by showing that takes an unbounded sequence to a bounded sequence. 
{r{xnk) \ k eN} is unbounded, whereas n{T{xnk) \ k e N}) = {r(/infc(^fe, a^nfc)) | A; e N} is 
bounded. Claim 2 is thus proved. 

Let Un — hn{i,Xn), Vn — hn{l/n,Xn) and Un — B^{T{Ln), 1). There is a subsequence 
{Un^ I A; e N} of {[/„ I n e N} such that for every k eN, U^^ C B{0, d{0, C/„,^J)/2. For 
every k e N, let gk G UC(y) be such that supp(cj'fe) C Unk, gkirixn^)) = Ti^uk) and 
9k{r{vnk)) = T{unk)- Let g = Oke^gk and / = g''~\ 

Clearly, g e BUC(y). So / must belong to BUC(X). By the ct-continuity of all /i„'s, 
\imk^^d{xnk,VnJ = 0, whereas for every k eN, d{f{xn^),f{vnj) = d{xn,^,Un^) = s. So 
/ ^ BUC(X), a contradiction. ■ 

Recall the convention that X and Y denote open subsets of the normed spaces E and F. 

Corollary 5.19. Let X,Y e -?^nrm ■ Suppose that X is BUD. AC, and X has Property 
MVl. Let re H{X,Y) be such that {UC{X)y C BUC(r) and (BUC(r))^"' C BUC(X). 
Then re BUC(X,r). 

Proof Combine Lemma 5.14 and Theorem 5.18. ■ 
The following Theorem is the final result for groups of type BUC(X). 

Theorem 5.20. Let X,Y e -f^NFCB • Suppose that X and Y are BUD. AC, and X and Y 
have Property MVl. Let cp : BUC(X) ^ BUC(y). Then there is r e B\JC^{X,Y) such 
that T induces (f. 

Proof Combine Corollaries 2.26 and 5.19. ■ 

5.4 Groups of homeomorphisms which are uniformly continuous 
on every bounded positively distanced set. 

We next deal with the group BPD.UC(X) and with some related groups. Recall that 
BPD.UC(X) is the group of all homeomorphisms / such that / and take every subset 
of X whose distance from the boundary of X is positive to a set whose distance from 
the boundary of X is positive, and such that / and are uniformly continuous on 
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every such set. The generahzation of BPD.UC(X) to arbitrary moduh of continuity is 
denoted by Hp^^^(X). That is, BPD.UC(X) is the group Hp^^^(X) when T = MC. 
These groups are explained in the next definition. The final reconstruction result for such 
groups appears in Theorem 5.32, and this result is obtained for countably generated T's 
and for F — MC. The main intermediate result for countably generated T's appears in 
Theorem 5.24(b), and it says that if (LIPoo(^))^ C HP^^^(X), then r e Hp^^^(X,Y). 
The intermediate result fot F — MC appears in Theorem 5.31. The analogous statement 
here is: if (UCoo(^))^ Q BPD.UC(y), then r e BPD.UC(X,y). The groups LIPoo(^) 
and UCoo(-'^) are defined in 5.23. 

For open subsets of a Banach space we can also conclude that e BPD.UC (X, y). 
That is, if (B\]C(X)y C BPD.UC(y), then t'^ e BPD.UC(y,X). This is done in 
Theorem 5.41(a). 

A weaker variant of uniform continuity pops up, and is also dealt with. Groups arising 
from this variant are defined in 5.21(c) and are denoted by Hp^^^^{X). The final result 
for such groups is stated in Theorem 5.36. The main intermediate results for such groups 
appear in Theorem 5.24(a) and Proposition 5.35. 

We next define the groups H^^^{X), H^^^^ (X) and H^^^^{X). 
Definition 5.21. (a) Define 
H^^^ {X, y) = {/ e BPD.P (X, Y) I for every BPD set ACX, f\A is T-continuous}. 

(b) Let r be a modulus of continuity and / : X — > F. We say that / is nearly F- 
continuous on BPD sets, if for every BPD set A C X there are a & F and r > such that 
/ \A is (r, a)-continuous. See Definition 4.2(b). We denote by Hj^^^^ (X, Y) the set of all 
h G BPD.P (X, Y) such that h is nearly r'-continuous on BPD sets. 

(c) Let a G MC, and / : X — F be a function between metric spaces. Recall that 
according to Definition 1.12(a), / is locally {a}-continuous, if for every x G X there is 
U G Nbr^(a;) such that / ft/ is a-contimious. Let / : X — F be a function between metric 
spaces and P be a modulus of continuity. Call / weakly F- continuous, if there is a G .T 
such that / is locally {a}-continuous. If / G H[X, Y) and both / and are weakly 
T-continuous, the / is said to be weakly F -bicontinuous. 
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Let X and Y be open subsets of normed spaces E and F respectively, T be a modulus 
of continuity and f : X ^ Y. Call / weakly F-continuous on BPD sets, if for every BPD 
set A C X, f \ A is weakly T-continuous. We denote by H^^^^{X,Y) the set of all 
h e BPD.P(X, y) such that h is weakly T-continuous on BPD sets. 

(d) Let X a subset of a metric space E. X has the discrete path property for BPD sets, 
if for every BPD subset A C X there are d > and K > 1 such that for every x,y E A 
and r > there are n E N and x — xq, ■ ■ ■ ,Xn — y E X such that n < K ■ ^^^y^, and for 
every i < n, S{xi) > d and d{xi, Xi+i) <r. □ 

Note that H^^^ {X), H^^^^ (X) and i/^BPO ^x) are groups. It is easy to check that for 
X's which are open subsets of a finite-dimensional normed space, X has the discrete path 
property for BPD sets iff X is connected. For infinite-dimensional normed spaces neither of 
the above implications is true. In any case, "well-behaved" open subsets of a normed space 
have the discrete path property for BPD sets. For example, an open ball has this property. 
We first observe the following easy facts. Part (a) follows from Proposition 4.3(a), and the 
proof of (b) is left to the reader. 

Proposition 5.22. (a) BPD.UC(X) = H^l^^{X). 

(b) Suppose that X has the discrete path property for BPD sets. Then Hp^^ {X) — 

Definition 5.23. (a) X is BPD-arcwise- connected (X is BPD. AC), if for every BPD set 
A C. X there are C,D > such that for every x,y E A there is a rectifiable arc L C. X 
connecting x and y such that Ingth(L) < D and S{L) > C. 

(b) In some of the subsequent lemmas it will be convenient to regard a sequence as a 
function whose domain is an infinite subset of N. So if a C N is infinite, then the object 
{xi I i e cr} is considered to be a sequence. The notions of a subsequence, a convergent 
sequence etc. are easily modified to fit into this setting. 

(c) Let LIPoo(X) = {h e UF{X) \ supp(/i) is a BPD set} and UCoo(^) ^ {h E 
UC(X) I supp(/i) is a BPD set}. 

(d) For X E X let Si{x) = max(||a;||, l/d^{x)). We abbreviate 6^{x) by Si{x). 

(e) Let A C N and n eN. Define ^ {m E A\m > n}. The notations A^"-, 
A^"' etc. are defined analogously. □ 
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Note that if X is BPD.AC, then X is connected. Note that a subset A Q X is BPD iff 
sup({5f (x) I X e A}) < oo. 

Theorem 5.24. Let F be a countably generated modulus of continuity. Suppose that X and 

Y are open subsets of normed spaces E and F respectively, X is BPD.AC and t e H{X, Y) . 

(6) If{UFoo{X)y C H^^'^^iY), then r e 

Variants of the argument appearing in Claims 3 will be used in several other proofs. 

Lemma 5.25. Suppose that X is BPD.AC, r e H{X,Y) and (LIPoo(^))^ Q BPD.P(r). 
Then re BPD.P(X, Y). 

Proof Let X, Y and r be as in the lemma. 

Claim 1. Suppose that u e X, < r < s, B{u, s) Q X and x C B{u, r). Then t{x) is 
BPD in Y. Proof Suppose by contradiction that t{x) is not BPD in Y . Let a e (0, 1) be 
such that t{B{u, ar)) is BPD in Y. Let 77 : [0, 00) — > [0, 00) be the piecewise linear function 
with breakpoints at ar and (r+s)/2 such that r]{ar) — r and for every t > (r+s) /2, r]{t) — t. 
Let h = Rad^„ \X. (See Definition 3.17(b)). Then h e LIPoo(^). Letv^h'^x). Clearly, 

V C B{u,ar). So r{v) is BPD in Y. Obviously, /i^(r({;)) = r{x). Hence /i^ takes a BPD 
set to a set which is not BPD. That is, ^ BPD.P(y), a contradiction. 

Claim 2. If x is a BPD sequence in X and x is a Cauchy sequence, t{x) is a BPD 
sequence in Y. Proof Suppose by contradiction that x is a counter-example. Let x* — 
hm^(f). Clearly, x* e mt(X). Let u e X and r > be such that x* e B^{u,r) and 
B^{u, 2r) C X. Let y be a final segment of x such that y C B{u, r). Then y is a counter- 
example to Claim 1. This proves Claim 2. 

Suppose by contradiction that r ^ BPD.P(X, y). Let x be a BPD 1-1 sequence such 
that t{x) is not BPD. We may assume that \\va.n_^^5i{T{xn)) — 00. Hence for every 
subsequence y of x, T{y) is not BPD. 

It follows from Claim 2 that x has no Cauchy subsequences. Let x* & X — Rng [x] and 
A — Rng(x)U{x*}. Let C an D be as assured by the property BPD.AC. For every n e N let 
-^n ^ -'^ be a rectifiable arc connecting x* and x„ such that 5{Ln) > C and lngth(L„) < D. 
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Note that UneN is a BPD set. Let 7„ : [0, 1] ^ L„ be a parametrization of L„ such that 
7„(0) = X*, 7n(l) = Xn, and for every t e [0, 1], lngth(7„([0, t])) = t ■ lngth(L„). 

For every infinite cr C N and t e [0, 1] let A[a, t] — {7n(^) | n £ cr}- We regard A[a, t] as 
a sequence whose domain is a. Clearly, for every t e [0, 1], >1[N, C cl {B {x* ,tD)). So by 
the continuity of r, there is to > such that for every t e [0, to], and cr C N, t(A[(7, i]) is 
a BPD set. For every infinite (7 C N let s,, = mi{{t e [0, 1] | t(A[(7, t\) is not a BPD set}). 
So So- > 0. 

For (7, 77 C N let (7 c 77 mean that cr — 77 is finite. 

Claim 3. There is an infinite cr C N such that for every infinite r] C. a, — s^-. Proof 
Suppose by contradiction that no such a exists. Clearly if 77 c cr, then > s^- We define 
by transfinite induction on 1/ < cui an infinite subset C. N such that for every 1/ < /i: 

S and Sa-^ > s^^. If a^, has been defined, let (T,^+i C a^, be such that So-^+i > Sa-^. If /i 
is a limit ordinal, and (Tj, has been defined for every u < /i, let cr^u be an infinite set such 
that for every ly < /i, CTf^cai,. By the induction hypthesis, ii u < /i, then Sa^_^_^ > s^^. Hence 
Scr^ > > Scr^. So the inductiou hypothesis holds. The set {sg.^ | < is a subset of 
R order isomorphic to a contradiction. Claim 3 is proved. 

Let (7 be as assured by Claim 3 and write s — Sa- 

Claim 4. A[a, s] does not have Cauchy subsequences. Proof Suppose by contradiction 
that 77 C (7 is infinite, and ^[77, s] is a Cauchy sequence. Since A[N, 1] — x does not 
contain Cauchy subsequences, s < 1. Let x — limA[77,s]. Since ^[77,5] is a BPD sequence 
X e mt (X). So there are u e X and r > such that x e B^{u, r) and B^{u, 3r) C X. We 
may assume that ^[77, s] C B{u, r). For every i and t, \\^i{t) — 7i(s)|| < {t — s)-D. So for 
every t e {s,s + r/D), A[ri, t] C B{u, 2r). By the definition of cr, s^^ — Sa — s. So there is 
te{s,s + r/D) such that T{A[r], t\) is not a BPD subset of Y. But A[r], t] C B{u, 2r) and 
B{u, 3r) C X. This contradicts Claim 1. So Claim 4 is proved. 

By Proposition 2.15(a) and Claim 4, we may assume that there is d > such that 
A[a-, s] is d-spaced. Let r = min(C, d)/4. 5(A[a-, s]) > C, and so B^{A[a,s\,r) C X and 
5{B^{A[a,s\,r)) > 0. Also for every distinct m,n e a, d{B{j^{s),r), B{jn{s),r)) > d/2. 
Let ti e (s— 2^, s). Since ti < s, it follows that T(A[cr, ti\) is a BPD set. Let ^2 £ [s, * + 2^) 
be such that T{A[a, t2\) is not a BPD set. 
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By Lemma 2.14(b), there is K > 1 such that for every normed space E, u E E, r > 
and x,y E B^(u,r/2) there is h E H{E) such that h is X-bihpschitz, supp(/i) C B^{u,r) 
and h{x) — y. 

Clearly, for every n e a, 7n(^i), 7n(^2) £ -S(7n(s), r/2). So by the above fact, there is 
hn e H{X) such that hn is K-bilipschitz, supp(/i„) C S(7„(s),r) and /in(7n(^i)) — 7n(^2)- 

By Proposition 5.17(b), h:= o„go-/i„ e LIP(X). Since supp(/i) C ^^(^[(T, s], r), and 
5{B^{A[(T,slr)) > 0,h e LIPoo(^). Hence /i^ e BPD.P(y). However, T(A[77,ii]) is a 
BPD set, T{A[ri,t2\) is not a BPD set, and h'^{T{A[rj,ti\)) = T{A[rj,t2\). A contradiction. 

■ 

Proposition 5.26. For a compact metric space C and t > let I'cit) denote the minimal 
cardinality of a cover of C consisting of subsets of C whose diameter < t. 

Let C — {Cj I i e N} &e a sequence of compact subsets of a metric space X, and let 
V : (0, oo) — > N. Suppose that for every i & N, Ud < ^- Suppose further that there is 
no infinite set rj C. N and a sequence {q | i e 77} such that for every i & rj, Ci & Ci, and 
\Ci\i e 77} is a Cauchy sequence. Then there is a subsequence D of C such that D is spaced. 

Proof Suppose that C has no spaced subsequences, and we show that there are an infinite 
set A C N and a Cauchy sequence c = {cj|i G A} such that for every i G A, q G Cj. There 
are a subsequence of C and r G M U {00} such that limjj^oo (^(C*/, Cj) = r. Since C 
has no spaced subsequences, r = 0. Wc may assume that C = C^. 

For p C N let Tp* be the tree of finite sequences n such that for every i < Ingth(n), 
ni<p,. Let 5",?= n^gN^^^'''- 

Let Pi = Y[j<i ^(Xl 3)1 T = and S = Sp. Then for every i G N there is {Ci^n \ n E T} 
such that for every n E T, Ci^a is closed and diam(Cj^^) < l/lngth(n); for every £ G N, 
Ci = lj{^i,ri \ n E T and Ingth (n) = £}; and for every rh,n E T: if rh is an initial segment 
of n, then d^n C C,^. 

By Ramsey Theorem, there are a sequence of infinite subsets of N, ^ D . . . and 
q,fES such that for every i and i,j G Af if i < j, then d{C^^^^-^<e, Cjf,^^<e) = d{Ci,Cj). 

Let ^ C N be an infinite set such that for every i, A — A^ is finite. For every i G A let 
A = rijeNQ.grN^^ ^^"^ = HjeNQ/rN^^- Clearly, Di,Ei are singletons, denote them by 
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Xi and Hi respectively. We check that hmj_^oo,i<j ^^(^^i) — 0. Let £ > 0. Then there is 
A^i such that for every i,j > Ni, d{Ci, Cj) < e/3. Let N2 be such that I/N2 < e/3, N3 be 
such that A-^^ C An^ and N = max(A^i, A^s). Let i < j and i,j e A-^ . So i,j e An^- 
Hence d{C^^^^<N2,Cj^,p^^<N2) — d{Ci,Cj) < e/3. It follows that 

d{xi, Uj) < diam (Q^-^p^<jv2 ) + d{Ci, Cj) + diam (C^_-^p^<jv2 ) < e/Z + e/Z + e/Z = e. 

We have proved that limj_,oo,i<j ^^(^^i, — 0. Let £ > 0. Choose N such that for every 
i,j e A--^: if i < j, then y^) < e/2. Suppose that 11,12 e A^^ and let j be such that 
^1,^2 < i e A. Then d{xi^,Xi2) < d{xi^,yj) + dd/jjXi^) < e. So {xi \ i e A} is a Cauchy 
sequence. ■ 

Lemma 5.27. There is Kaxd^^t) > such that for every normed space E, L,r > 0, and 
a rectifiable arc ■y Q E with endpoints x,y: i/lngth(7) < L, then there is h & H{E) such 
that: 

(1) supp(/i) CB(7,r); 

(2) h\B{x,r/2)^try_,\B{x,r/2); 

(3) h is Ksxc {L, r) -bilipschitz. 

Proof Let n — [^] + 1. Suppose that 7 : [0, 1] X. There are = to,ti, . . . ,tn — 1 such 
that for every i < n, lngth(7 \ [ti, tj+i]) < r/2. Let Xi = •yiti). Then for every z e [xi, Xi+i], 
d{z,-f\[ti,ti+i]) < r/A. So [j-^^B{[xi,Xi+i],3r/4:) C B{-f,r). By Lemma 2.14(c), there are 
hi, . . . ,hn & H{E) such that for every i — 1, . . . ,n: 

(1.1) supp(/ij) C B([xi^i,Xi\,3r/A); 

(1.2) hi \B{xi.,, I • f ) = tr \B{xi.i, I • f ). 

(1.3) hi is -ft^scg ('"/2, 3r/4)-bilipschitz. 

Let h = hn° ■ ■ ■ °hi. Then h satisfies requirements (1) and (2) in the lemma. Also, 
h is i^seg (^^72, 3r/4) "-bilipschitz. Since n = '(2L/r] + 1, we may define ii'arc(^, ^) = 
irseg(t/2,3t/4)[¥l+i. ■ 

If L is a rectifiable arc let : [0, 1] — > L be a parametrization of L such that for every 
t e [0, 1], lngth(7^ r[0,i]) = t ■ Ingth(L). 
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Lemma 5.28. Let X be an open subset of a normed space E. For n E N let Ln Q X be 
a rectifiable arc with lngth(L„) < M and 5{Ln) > d > 0. Let 7„ = 7l„ and x„ = 7n(0). 
Suppose that {x„ | n e N} is spaced and 1-1 and that there is x* & X such that for every 
n e N; 7n(l) = X* . Then there are x & X , r > an infinite 77 C N and t e (0, 1] such 
that: 

(1) B{x,r) C X, B{x,r) is a BPD set, and for every n E rj, Xn ^ c[^{B(x,r)); 

(2) for every n E rj, jn(t) G B{x,r); 

(3) {jn t [0, I e r)} is spaced. 

Proof For 77 C N and t e [0, 1] let A[r], t] = {7„(i) | n e N}. We regard A[r], t] both as a 
set and as a sequence. For every infinite 77 C N let 

— inf({s e [0, 1] I A[r), s] contains a Cauchy sequence}). 

Since for every n eN, 7„(1) — X ^ Sfj IS well defined. Clearly, if 77 C cr, then s^, > s^r- 

As in 5.25, there is an infinite cr C N such that for every infinite 77 C a, = S(j. Let 
s = s^. We show that iit e [0, s), then 

(*) there is no infinite set 77 C a and a sequence {tj | i G t]} such that for every i & f], 
ti e [0,t], and {7i(ti) | i € 7;} is a Cauchy sequence. 

Suppose otherwise. We may assume that {ti | 7 G 77} is a convergent sequence. Let t* be 
the limit of this sequence. So t* < s. Let Jj be the interval whose endpoints are ti and t*. 
Recall that lngth(7i \Ii) = \t*-ti\ •lngth(7i) < \t* -ti\-M. So lim^ (i(7i(ti), 7^(r)) = 0. 
Hence {7i(i*) 1 7 G 77} is a Cauchy sequence. This contradicts the definition of s. 

Suppose by contradiction that there is an infinite rj a such that A [77, s\ is spaced. Let 
e > be such that A [77, s] is e-spaced. Then for every i G [s, s + gl^], ^[77, t] is spaced. So 
Sr, > Sff. This contradicts the definition of a. 

It follows that A[a, s] contains a Cauchy sequence. Hence wc may assume that A[(t, s] is 
a Cauchy sequence. Let x = \im^ A[a, s]. Since {xn 1 77 G a} is 1 - 1, we may assume that for 
every n, x ^ Xn- Since > d > 0, d^{x, E — X) > d > 0. Since {xn 1 7Z G N} is spaced, 

there is < r < d such that | 77, G a} fl B^{x, r) — 0. Let i = s — i^. There is iq such 
that for every io < i G cr, (i(7i(s), x) < r/4. We may assume that io = 0. So for every i G cr. 
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d{-fi{t),x) < d{-fi{t),^i{s)) + d{^i{s),x) < lngth(7i r[i, s]) +r/4 < {s -t) ■ M + r/i < 3r/4. 
Let X e En B^{x, r/8). So for every i e a, d{-fi{t),x) < 7r/S. 

By (*) and Proposition 5.26, there is an infinite rj C a such that {7^ \[0,t\ \i e 77} is 
spaced. Also, since S{x) > d-r/S, 5{B{x, 7r/8)) >d-r>0. So B{x, 7r/8) is a BPD set. 
Hence x, r, rj and t are as required in the lemma. ■ 

Proposition 5.29. Let F be a countably generated modulus of continuity, and let a > 0. 
Then there is {an \ n eN} C. F such that 

(1) For every a & F there is n & N such that a ^ an- That is, {an \ n E N} generates F, 

(2) for every m < n, a^n \ [0, a] < an \ [0, a] . 

Proof Let {f3n I n G N} be a generating set for F such that for every m < n, f3m ^ /3n- 
We define by induction Kn > and an E F. We assume by induction that a„ = Kn(3n- 
Let Kq = 1 and ao = Pq. Suppose that Kn and q;„ have been defined. Let i < n. 
Since (3i ^ (3n+i and «j = KiPi, it follows that Mi := sup^^jQ g^'^^^x) ^'^^ ^n+i = 

max(Mo, . . . , M„) + 1 and an+i = -^n+i/^n+i- Obviously, {a„ | n G N} C r and {an | n G N} 
is as required. ■ 

Proof of Theorem 5.24 (a) Let F, X, Y and r be as in Part (a). We have that 
LIP 00 (X) C H^^^^{X) and H^^^^ (Y) C BPD.P(r), hence (LIP 00 (^))^ C BPD.P(r). 
So by Lemma 5.25, r G BPD.P (X, Y). 

Using the notation of Definition 2.7(a), LIP 00 (-^) = LIP [X]U), where U is the set of all 
open BPD subsets of X. Clearly, H^^^^ (Y) C H\i^\Y) so we have that {UP {X;U)Y C 
H]^^{Y). Hence by Theorem 3.27, r is locally T-continuous. 

Suppose by contradiction that there is an open BPD set [/ C X such that for no a G r", 
T \ U is locally {a}-continuous. Let {a„ | n G N} generate F . We may assume that for 
every m < n G N, a,n ^ ««• For every n G N let = a„o«n and a;„ G ?7 be such that for 
every V G Nbr"^(,T„), r is not /?„-continuous. Let x — {Xn | n G N}. 

Suppose by contradiction that x has a Cauchy subsequence y. Let y = lim^ y. Since U is 
a BPD set and Rng(y) CU,y e inF(X). Let ii G X and r > be such that B^{u, 2r) C X 
and y G B (u,r). Since r is locally /'-continuous, there are V G Nbr^(M) and G r such 
that r is /5-continuous. There is /i G LIP (X) |.B(m, r)| such that h'^{y) G int(l/). Since 

/iG LIPoo(X), /i^ G i/WBPD(y^_ 
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Recall that r e BPD.P{X,Y). Since B{u,r) is a BPD set in X, W := T{B{u,r)) is a 
BPD set in Y. So there is a E F such that {h'^)~^ \W is locally {aj-continuous. Since 
limy = y and h'^^{y) e int(y), we may assume that h{y) C V. Let K be such that h 
is X-bihpschitz, and define ^{t) — Kt. So 7 e T. We show that for every n e N, r is 
q; o /5 o 7-bicontinuous at y„. Note that r = {h'^)~^oroh. We have 

(i) /i is 7-bicontinuous at yn- 
Since /i(|/„) G B{u,r), we have 

(ii) T is /9-bicontinuous at h{yn)- 
Also, r(/i(y„)) e r(S(ii,r)) = W^. So 

(iii) (/i^)"^ is a-bicontinuous at T{h{yn))- 

It follows from (i) - (ni) that r is a o /? o 7-bicontinuous at Clearly, a 0/^07 g .T, so there 
is n such that a 0/307 ^ Hence r is /3„-bicontinuous at yn- This contradicts the choice 
of yn- So X does not have Cauchy subsequences. 

We may thus assume that x is spaced. Let x* E U- Since X is BPD. AC, there are 
M, d > and rectifiable arcs {L„ | n G N} such that for every n G N, L„ connects x„ with 
X*, S{Ln) > d and lngth(L„) < M. Applying Lemma 5.28 to x* and {L„ | n G N} we 
obtain x G X, r > 0, an infinite 77 C N and t G (0, 1] as assured by that lemma. So for the 
parametrization 7„ of L„ defined in Lemma 5.28 the following holds: 

(1.1) B{x,r) C X, B[x,r) is a BPD set, and for every n E rj, Xn ^ cl^ {B{x,r)); 

(1.2) for every n Erj, 7n(^) G B{x,r); 

(1.3) {7„ t[0, \ n E 77} is spaced. 

We may assume that 77 = N. For every nGN let i„ be the least t' such that 7n(t') G 
cl^(5(x,r)). Let 7n = 7nf[0,t„] and y^ = 7n(^n)- So d{yn,x) =r and Rng{-f'JnB{x,r) =0. 

Since r is locally T-continuous, there is a* G T and ri < r such that r \ B{x,ri) is 
Q;*-continuous. Let = x + y • {yn, — x)/\\yn — x\\ and L* = Rng(7^) U [yn, Zn]- So L* is a 
rectifiable arc. Clearly, there are M*, d*, L>* > such that for every distinct ttt., n G N, 

(2.1) lngth(L:;,)<M*; 

(2.2) 5{L*J>d*- 
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(2.3) d{L*^,Ll)>D\ 

Let r* > be such that r* < d* /2, D*/3, ri/2. For every n e N we apply Lemma 5.27 with 
L = M*, r = r*, 7 = L* , a; = x„ and y = Zn- We obtain /i„ e such that: 

(3.1) supp(/i„) C5(L:,r*); 

(3.2) /i„ rS(x„, rV2) = tr,„_,„ rB(x„, rV2); 

(3.3) hn is Xa^c(-/W"*,r*)-bihpschitz. 

Clearly, | n G N} and {h~^ | n G N} satisfy the conditions of Proposition 5.17(b) with 
a{x) — Ka;rc{M*,r*) ■ X. Define h — o„gN/i„ and g — h^^. So by Proposition 5.17(b), 
h and g are 2X(M*, r*)-Lipschitz. Also (5(supp(/i)) > d* - r* > 0. So h,g E LIPoo(^). 
Since r e BPD.P (X, F), r(L'^) is a BPD subset of Y. We shall thus reach a contradiction 
by proving the following statement. 

(*) There is no a G such that g'^ \t{U) is locally {aj-continuous. 

Let a E r. Choose n such that a, a* ^ a;„ and set u = T{zn)- For s > define 
Us = B{u, s), Ts = T~^{Us) and Ss = h~^{Ts). There is s > such that: 

(4.1) a\[0,2s]<an\[0,2s]; 

(4.1) TsCBizn,r*/2); 

(4.1) «* t[0,diam(T,)] < ^ [0, diam(T,)]. 

Let s' < s. Wc show that /i^ \B{u,s') is not a-continuous. Since Sg' is a neighborhood of 
Xn, there are x^,x'^ G Ss' such that 

(5.1) diTix'),Tix'))>Pn{d{x\x')). 

For i = 1, 2 let = h{x') and i** = r(^^). So z^, z^ G T^' and so ^^^ g Us'- By (4.2), the 
choice of Zn and the choice of r*, T^/ C ^(zn, r*/2) C S(x, ri). So r fTs/ is Q;*-continuous. 
Hence a*{d{z^,z^)) > d(u\u^). 
By (4.3),a„(d(^i,z2))>Q;*(d(^i,z2)). 

So an{d{z^,z^)) > d{u^,u^). Hence 

(5.2) d{z\z^) > {an)-'{d{u\u^)). 

Since T^/ C B{zn,r* /2) and by Property (3.2) of hn, \Us' is an isometry. So 



149 



(5.3) d(z\z'')^d(x\x^). 
By (5.1) and (5.3), 

(5.4) dir{x^),rix^))> PM^\z^)). 
Combining (5.2) and (5.4) we obtain 

(5.5) d{T{x'),T{x')) > Pn{{an)-'{d{u\u'))). 

But Pn — OLn°OLn- So 

(5.6) d{T{x^),T{x'^)) > an{d{u\v?)). 

By Clause (4.1) in the definition of s, and since ui, U2 G B{u, s), 

(5.7) d(r(a:i),r(x2)) > Q;(d(^x\ ^x^)). 

But t{x') = {h-^y{u') = g^{u'). So 

(5.8) d{g^{u^),g^{u^)) > a{d{u\u^)). 

We have proved (*), and this contradicts the fact that g'^ e H^^^^{Y). So Part (a) is 
proved. 

(b) Let r, X, Y and r be as in Part (b). As in the proof of Part (a), we conclude that 
T e BPD.P(X, y) and r is locally /"-continuous. 

Suppose by contradiction that there is an open BPD set f/ C X such that for no a E F 
and r > 0, r\U is (r, Q;)-continuous. By Proposition 5.29, there is a set {a;„ | n G N} which 
generates F and such that \ [0, 1] < t [0, 1] for every m < n. For every n G N let /3„ = 
OnOOn, and Xn,x'j^ E U he such that d{xn,x'^) < 1/n and d{T{xn),T{x'^)) > /?„(ci(x„x^)). 
Let X — {xji I n G N}. 

Suppose by contradiction that {xm | i G N} is a Cauchy subsequence x. Denote yi = x^ 
and = x^.. Let y = lim'^^. Since ?7 is a BPD set and Rng(y) U, y E int(X). 
Let u E X and r > be such that B^{u,2r) C X and y G B^{u,r). Since r is locally 
/"-continuous, there are V G Nbr"^(-u) and 13 E F such that r is /9-continuous. There is 
h E LIP {X) \B{u,r)\ such that /ig(y) G mt(\/). Since h E LlPoo(X), /i^ G Hf^^^{Y). 

Recall that r G BPD.P(X,F). Since B{u,r) is a BPD set in X, it follows that 
W •.— T{B{u,r)) is a BPD set in Y. So there are a E F and s > such that \ W 
is (s, «)-continuous, and {h'^)~^ \W is (s, a) -continuous. Since limy = limy' = y and 
h^e{y) G int(V^), we may assume that h{y),h{y') C V. 
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Prom the fact h e L1P{X) it follows that lmii_,^ d{h{yi) , h{y!i)) — 0. Set Ui — 
h{yi) and u\ — h{yl). Since h{y),h{y') C V and t \ V is /3-continuous, it follows that 
Y^va.i^oo d{T{ui) ■iT{u'^) — 0. We may thus assume that for every i e N, d{T{ui),T{u'^) < s. 

Let K be such that h is X-bilipschitz, define ^{t) — Kt and p — aofio^. So ^ E F and 
hence p E F. We show that for every i eN 

(t) diriy,),riyX<pidim,yd)- 

Note that r(|/j) = (Jf y^ orohiiji), and the same holds for y[. So 

(1) <7(%.,yD- 

Now, e ^ and r f is /9-continuous, so 

(2) d(r(Mz/0),T(MyD))</5(7(%i,z/D))- 

Since d{T{ui),T{u[)) < s and T(iij), T(rt-) e VF, it follows that 

(3) rf((r)-Hr(«.)),(/^n-Hr«))) <a(rf(r(«0,r(«0)- 
Obviously, (l)-(3) imply (f). 

Denote = /i„^. There is j such that p ^ Let £ G N be such that p[[0, l/£] < 
4[[0, Let z = max(j,£). So d{yi,y'^ < l/ui < From (f) and the fact (3j\[0, 1] < 
/3i |"[0, 1] we conclude that d{T{yi),T{y[)) < p{d{yi,y'^) < Pi{d{yi,y'i)). That is. 

This contradicts the way that and were chosen. So x has no Cauchy subsequences. 

We may thus assume that x is spaced. Let x* G U. Since X is BPD.AC, there are 
M, d > and rectifiable arcs {L„ | n G N} such that for every n G N, L„ connects a;„ with 
X*, S{Ln) > 0? and lngth(L„) < M. From Lemma 5.28 we obtain a; G X, r > 0, an infinite 
77 C N and t G (0, 1] such that for the parametrization 7„ of L„ defined in Lemma 5.28 
the following holds: B{x,r) is a BPD subset of X, for every n E r], Xn ^d^{B{x,r)) and 
7„(i) G B{x, r) and the set of arcs {7^ f [0, t] | n G 1]} is spaced. We may assume that r] = N. 

For every n G N let t„ be the least t' such that 7„(t') G cl^(5(i;, r)). Let 7^ = 7„ \[0, i„] 
and y„ = 7n(^n)- So = r and Rng(7^) n B{x, r) = 0. 

Since r is locally /^-continuous, there is a* E F and ri < r such that r f ri) 
is Q;*-continuous. Let ^ x + ^ ■ {yn - x)/||y„ - x\\ and L; = Rng(7^) U 
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So L* is a rectifiable arc. Clearly, there are M*,d*,D* > such that for any distinct 
m,n eN, lngth(L;^) < M*, 5{L*J > d* and d{L*^,Ll) > D*. Let r* > be such that 
r* < d*/2, D*/3, ri/2. 

For every n E N we apply Lemma 5.27 with L — M*, r = r*, 7 = L*, x = x„ and 
y = Zn- We obtain /i„ e H(X) such that supp(/i„) C B{Ll, r*), K \B{xn, r* 12) = tr^^-^^^ \ 
B{xn,r*/2) and /i„ is i^arcl-^*, '^*)-bilipschitz. 

The families | n e N} and | n e N} satisfy the conditions of Proposition 5.17(b) 
with a{x) — Kaic{M*,r*) -x. Let h — Onenhn and g — h~^. So by Proposition 5.17(b), h 
is 2Xarc(-/W"*,r*)-bilipschitz. Also, 5(supp(/i)) > - r* > 0, and hence h,g e LIPoo(^). 
Since r e BPD.P(X,y), t(C/) is a BPD subset of Y. Prom the fact (LIPoo(^))^ C 
^NBPD^y-^ it follows that for some a e T and r > g'^ is (r, Q;)-bicontinuous. We 

shall thus reach a contradiction by proving the following statement. 
(*) There are no r > and a e T such that g'^ \'t{U) is (r, a) -continuous. 

Let r > and a e T. Por n e N set = h{x'^), Un = T{zn) and u'^ = t{z'j^). Choose 
m eN and b e (0, 1) such that a \[0, b], a* \[0, b] < am f [0, b]. So for every n > m, 

(1) a\[0,b]<a^\[0,b]; 

(2) a*\[0,b]<an\[0,b]. 
There is n > m such that: 

(3) l/n<b; 

(4) a*{l/n) < r; 

(5) a*{l/n) < b; 

(6) l/n<r*/2. 

By the choice of Zn and r*, B{zm r*) C S(x, ri). So r t-B(2;„, r*) is Q;*-continuous. Since 
d{xm x'jj) < 1/n < r*/2 and by the definition of /i„ and h, 

(7) d{Xn,x'J ^d{Zn,z'^). 

Hence z'^ G B{zn,r*), and so 

(8) rf(?7,„,0 < a*{d{zn,z'J). 

By (3) and (7) d{zn,z'^) < l/n< 6, so by (2) and (8), d{un,u'j^) < an{d{zn,z'^)). It follows that 



152 



(9) d{zr„z'J>a-\d(un,u'J). 

By (7) and (9), d{xn,x'^) > a~^{d{un,u'n))- By the definition of Xn anda;^, d{T{xn),T{x'^)) > 
an°an{d{xn,x'J). So 

(10) d{T{Xn),T{x'J) > an{d{Un,u'J). 

Note that r(a;„) = g'^iun) and t{x'^) = g'^{u'^). So 

(11) d{g^{un),g^{u'J) > an{d{un,u'J). 

Since d{zn, z'^) < 1/n, by (8) and (5), d{un, u'J < b. So by (1), an{d{un, u'J) > a{d{un, u'^^))- 
It now follows from (11) that 

(12) dig^{un),g^K))>a{d{un,u'J). 
By (8), d{u^,u'J < a*{l/n). So by (4), 

(13) d{un,u'J < r. 

Facts (12), (13) mean that g'^ l^iU) is not (r, a)-continuous. This was proved for arbitrary 
r and a, namely, we have proved (*). We have a contradiction to the fact that g'^ € 
^NBPD^y^ So Part (b) is proved. ■ 

Question 5.30. Does Theorem 5.24 remain true when the assumption that F is countably 
generated is dropped or replaced by the assumption that F is generated by a set whose 
cardinality is < k,{X)7 

Note that the use of the countable generatedness of F in the proof of 5.24 was essential. 

Theorem 5.31. LetX,Y e X^rm • Suppose that X is BP D.AC. Let r E H{X, Y) be such 
that (UCoo(X))^ C BPD.UC(F). Then re BPD.UC(X,F). 

Proof By definition, BPD.UC {¥) C BPD.P (Y), hence by Lemma 5.25, r G BPD.P (X Y). 

Suppose by contradiction that r ^ BPD.UC {X, Y). Then there are d > and x,y Q X 
such that Rng(a;) U Rng(y) is a BPD set, limn-^^d{xn,yn) — 0, and for every n & N, 

d{T{Xn),T{yn)) > d. 

Suppose by contradiction that x has a Cauchy subsequence. We may then assume that 
X is a Cauchy sequence. Let x = Mm^ x. Since Rng(x) is a BPD set, x G int(X). Let 
u e X and r > be such that B^{u, 2r) C X and x e B^{u, r). 
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BPD.UC(X) C LUC(X) and UCoo(^) = UC{X,U), where U is the set of all open 
BPD subsets of X. So by Theorem 4.8(b), r e LUC {X, Y). So there is F e Nbr^(ii) such 
that t\V is uniformly continuous. There is h e LIP (X) \B{u, r)\ such that (y) e int (V). 
Since h e UCooW, h"- e BPD.UC(X). 

Recall that r e BPD.P(X,y). Since 5(ii,r) is a BPD set in X, W :=r{B{u,r)) is 
a BPD set in Y. So \W is bi-UC. Since limf = limy = x and e mt(y), we 

may assume that h{x),h{y) C T/. Since h is uniformly continuous and r is uniformly 
continuous, 

(1) linii^^ d{T{h{xi)),T{h{yi))) = 0. 

Note that (/i^)^^(r(/i(a;j))) = T{xi), and the same holds for y^. So for every i, 

(2) d{{hn-\r{h{x,))),{hn-\r{h{ym > d. 

(1) and (2) contradict the fact that \W is bi-UC. So x has no Cauchy subsequences. 

We may thus assume that there is s > such that x is s-spaced. Let r = min(s, 5{x)) /3. 
We may assume that for every n & N, d{yn,Xn) < r/3. Let r„ = 2d(y„,x„). Hence 
B^{xn,rn) C X, and lim„^oo diam(S^(x„, r„)) = 0. Also, for every distinct m, n e N, 

d{B^{Xm,rm),B^{Xn,rn)) > s/3. 

For every n e N, let Zn G [x„,yn] be such that d{T{zn),T{xn)) < d/{n + 2), and 
hn e \]C{X) be such that supp (/?,„) C 5(a;„,r„), hn{xn) = Xn and /i„(2;n) = yn- By 
Proposition 4.5, h:= o„gN^n £ UC(X). Also 5(supp(/i)) > r/3. So /i e UCoo(-'^)- Hence 
/i^ e BPD.UC(y). f U y U z is a BPD set. So since r e BPD.P(X,y), it follows that 
t{x) U T(y) U t(z) is a BPD set. However, h'^ |"(T(f) U T{y} U t{z)) is not UC. This is so, 
because \imn^oodiT{xn),T{zn)) — 0, whereas for every n e N, d{h'^{T{xn)),h'^{T{zn))) — 
d{T{xn),T{yn)) > d. A contradiction. ■ 

Theorem 5.32. Let F, A be moduli of continuity. Suppose that F is countably generated 
or F — MC, and that the same holds for A. Let X,Y & -f^NFCB? ^'^^ assume that X 
and Y are BPD. AC. Suppose that ip : H^^^^ (X) ^ H^^^^ (Y). Then F ^ A and there is 
T e {HP^^^)^{X,Y) such that r induces (p. 

Proof Let U denote the set of all open BPD subsets of X. Note that 
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(1) LIPoo(^) < HP^^^{X) < 1XT{X) and LIPoo(^) = UP{X,U). 

Hence by Corollary 2.26, there is r e H{X,Y) such that r induces (p. Suppose that A is 
countably generated. Clearly, 

(2) H^^^^{Y)CH^^^{Y). 

By (1) and (2), {UP{X,U)y ^ i/^^^F). By Theorem 3.27, r is locally Z\-bicontinuous. 
Suppose by contadiction that o E A — F. Let B be an open ball in E such that B 
is a BPD subset of X and such that for some j3 E A, t \ B is /3-bicontinuous. There is 
g G H{X)\B} such that g is a-bicontinuous, and for every 7 G is not 7-bicontinuous. So 
g ^ Hp^^^{X), but g'^ G H^^^^{Y), a contradiction. So A C F. An identical argument 
shows that F C A. Hence F = A. Applying Theorem 5.24 to r and r^^, we conclude that 

Suppose next that T = Z\ = MC . Since UCoo(X) < H^IF^ (X), we have {VCoo{X)y C 
H^^^ {X), and the same holds for Y. Hence Theorem 5.31 may be applied to r and t~^. 
We conclude that r G BPD.UC^(X, Y). That is, r G (iJSc^°)±(X, F). ■ 

We now turn to the group H^q^^ (X). We shall reach the same final result as for the 
groups of type H^^^ (X). But here we need the extra assumption that X is fiUable. This 
notion is defined below. 

Definition 5.33. Let X be a topological space and G < H{X). A sequence x C X is 
called a G-filling of X, if the following holds. For every sequence {C/j | i G N} such that for 
every i, Ui G Nbr(xi), there is sequence {g'j | i G N} C G such that [ji^^gi{Ui) — X. We 
say that X is G-fillable if X has a G-filling. 

The trivial verification of the following observation is left to the reader. 

Proposition 5.34. Let E be a normed space. 

(a) If E is separable and X C E is open, then X is LIP 0Q[X)-fiUable. 

(b) lfr>0, then B^{0,r) is UP oo{X)-fiUable. 

The following observation gives some answer for the groups of type H^^^^ (X). 

Proposition 5.35. Suppose that X is BPD. AC, UCoo(X) < G < H^^^^^ {X) and X is 
G-fillable. Let r G H{X, Y) be such that G^ C H^§^^ (Y). Then r G H^§^^ (X, Y). 
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Proof Let U be the set of all open BPD subsets of X. Then UCoo(^) = UC(X,W). 
Note that H^^^{Y) C LUC(y). So (UC(X,W))^ C LUC(y). By Theorem 4.8(b), 
r e LUC±(X,y). Similarly, (LIPoo(^))^ C (UCoo(^))^ Q H^§^^ (Y) C BPD.P(y). So 
by Lemma 5.25, r e BPD.P(X,y). 

Let X be a G- filling for X. For every i e N let C/j e Nbr(xj) and ctj be such that r fC/j 
is aj-bicontinuous. Let {g'j | i G N} C G be such that [j{gi{Ui) \i eN} — X. 

Let A C X he a, BPD set. We show that r |"A is weakly MC-bicontinuous. Since 
r e BPD.P(X,y), t{A) is a BPD set. For every i e N let Pi be such that Qi \A is locally 
{/3i}-bicontinuous and 7^ be such that gj \t{A) is locally {7i}-bicontinuous. Next note that 

r\9im = {9l\r{Ui))o{T\Ui)o{{gi)-'\gi{Ui)). 

Hence r \{gi{Ui) n A) is locally {7joQ;io/5j}-bicontinuous. 

There is p e MC such that for every i e N, 7i ° ° A ^ p. Hence for every i e N, 

T I" {gi{Ui) n y4) is locally {p}-bicontinuous, and from the fact \Ji^^{gi{Ui) P\ A) = A we 

conclude that r \A is {p}-bicontinuous. So r e i?MC^° (-^^ ■ 

Theorem 5.36. Let F, A be moduli of continuity. Suppose that F is countably generated 
or F — MC, and that the same holds for A. Let X,Y & -f^NFCB • Assume that 

(1) X andY are BPD. AC; 

(2) IfF = MC, then X is H^§^^ {X)-fiUable, and the same holds for A and Y. 
Suppose that ip : i/WBPD ^x) ^ i/WBPD ^y). Then F = A and there is t e i/WBPD Y) 
such that T induces ip. 

Proof The proof is very similar to the proof of Theorem 5.32. ■ 
In some cases we reach a final reconstruction result of the following strong form. 

(1) If ip : V{X) = Q{Y), then either V{X) = Q{X) and there is r G Q^{X, Y) such that 
r induces (p, or V(Y) = Q{Y) and there is r e V^{X, Y) such that r induces (p. 

In other cases we are able to reach only the following weaker conclusion. 

(2) If (p : V{X) ^ V{Y), then there is r e V^iX, Y) such that r induces (p. 
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Roughly speaking, in order to prove results of the first form, we need to prove the following 
intermediate claim. 

(3) If T e H(X,Y) and (V(X)y C V(Y), then r e V^(X,Y), 

and in order to prove a result of the second form, the following intermediate claim suffices. 

(4) If T e H(X,Y) and (V(X)y C V(Y), then r e V(X,Y). 

For example. Theorem 4.8 which deals with the group L\JC{X) has the stronger form (3), 
and Theorem 5.5 which deals with the group UC {X) has the weaker form (4). 

The strong intermediate claim is not always true. Example 5.7 shows that Statement (3) 
is false for UC (X), and Statement (3) is also false for BPD.UC (X), as is shown in Example 
5.38(a). However, if X is an open subset of a Banach space, and X fulfills some additional 
requirements, then the implication 

(BPD.UC(X))^ C BPD.UC(F) G BPD.UC^(X,F) 

is true. This will be proved in Theorem 5.41(a). Later, in Theorem 7.7 we shall prove an 
analogous statement for \JC{X). Namely, if X satisfies certain additional requirements, 
then iUC{X)y C UC(y) =^ T e \]C^{X,Y). 

We need yet another notion of weak uniform arcwise connectedness. This will be the 
additional assumption in Theorem 5.41(a). 

Definition 5.37. Let E he & metric space, X C E and x G bd'^(X). We say that X is 
locally arcwise connected at x, if for every e > there is 5 > such that for every y, z E X: 
if d{x, y), d{x, z) < 5, then there is an arc L C X connecting y and z such that diam (L) < e. 
We then call x a simple boundary point of X. We say that X is locally arcwise connected 
at its boundary with respect to E {BR.LC.AC with respect to E), if every boundary point 
of X is simple. □ 

An equivalent formulation of simplicity is as follows. For every £ > there is 5 > 
such that for every y, z G X fl B{x, 6) there is an arc L connecting y and z such that 
L C. X n B{x,e). Note that being locally arcwise connected at x G bd(X) implies but is 
not equivalent to the fact that X U {x} is locally arcwise connected at x. 

The following example shows that the completeness requirement in Lemma 5.39 cannot 
be dropped. 
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Example 5.38. Let E he an incomplete normed space, K C. [0, 1/2) be a closed nowhere 
dense perfect set containing 0, X' = S^(0, 2) - S^(0, 1), u e S^{0, 1), 

c ^ {(i+tyu\t e K - {0}}, X ^x'-c, y = 5^(0,1), d = {(i-tyu\t e k-{o}}, 

and Y^Y'-D. 

(a) X and Y are BPD.AC, BR.LC.AC and UD.AC. 

(b) There is r E H(X,Y) such that (BPD.\JC(X)y C BPD.UC(y) andr'^ ^ BPD.UC (F, X). 

(c) There is r e H{X, Y) such that 

(1) (BPD.UC(X))^ C BPD.UC(F), 

(2) ^BPD.P(F,X), 

(3) for every BPD set A C. X, t\A is bilipschitz. 

Proof (a) This part is trivial, so we leave its verification to the reader. In any case, 
Part (a) shows that the fact that the boundaries of X and Y are well-behaved, does not 
by itself imply that t'^ e BPD.UC {Y, X). 

(b) This part follows from (c). So it suffices to prove (c). 

(c) Note the following facts: C C 5^(0,3/2) - S^(0, 1), D C S^(0, 1) - S^(0, 1/2), 
u e acc(C) and u e acc(D). 

Let y e S^(0, 1/2) - S^(0, 1/2). By Proposition 2.25(b), there is p e LIP {E) |^^(0,1/2)| 
such that p(0) = y and p{E - {0}) = E. So p{D) = D and hence p{Y - {0}) = Y. Let 
?7 : X ^ y - {0} be defined by r]{x) = (2 - \\x\\) • ^ and r = por]. Clearly, r e H{X, Y), 
and it is easy to check that r satisfies Clause (3). 

Let r > be such that B^{y,r) C B^{0, 1/2) and M = B^{y,r) n E. Then M is a 
BPD subset of Y. However, (M) contains a set of the form B^{0, 2) - B{0, 2-e), where 
£ > 0. So T-\M) is not a BPD subset of X. Hence Clause (4) is fulfilled. 

We show that r fulfills Clause (1). It is easy to check that (BPD.P(X))^ C BPD.P(y). 
So it remains to show that ii h e BPD.UC (X) and M C y is a BPD set, then h'' \ M is 
bi-UC. 

Since p is bihpschitz it suffices to show that for every h e BPD.UC (X) and M C 
y - {0}: if d{M, D U S{0, 1)) > 0, then \ M is bi-UC. (Indeed we show that \ M is 
bi-UC, even for M's which satisfy M CY -{0} and d{M, D)>0). 
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Claim 1. Let Z,W be metric spaces, z E Z, and f : Z ^ W. Suppose that / is 
continuous at z, and for every r > 0, f \ {Z — B{z,r)) is UC. Then / is UC. Proof Let 
£ > 0. There is 5i > such that di\&m{f{B{z,5i))) < e. Let ^2 > be such that for 
every x,y e Z — B{z,6i/2): if d{x,y) < 82, then d{f{x),f{y)) < e. Let 6 — min((5i/2, 52). 
Suppose that d{x,y) < 5. Either x,y E Z — B{z,Si/2) or x,y e B{z,Si). In either case 
d{f{x),f{y)) < e. Claim 1 is proved. 

Claim 2. Let h e BPD.P(X) and f C X be such that lim„^oo lkn|| =2. Then 
lim„_^.oo = 2. Proof Suppose by way of contradiction that this is not true, and 

let X be a counter-example. Since h e BPD.P(X), for every subsequence x' of x, h{x') 
is not a BPD sequence. It follows easily that either x has a subsequence x' such that 
lim„_^oo ||^(^n)ll — or X has a subsequence x' which converges to a member of C. Taking 
X to be x' we may assume that either (i) lim„_^oo ||^(^n)|| = 1 or (ii) for some u & C, 
lim h{x) — u. 

Suppose that (i) happens. Then for every n e N there are ii„ e C, s„ > r„ > and an 
arc LnQ X such that the following hold. 

(1) h{xn) e Ln and L„ intersects both S{un,rn) and 5'(it„,s„). 

(2) Set Sn = S{un,rn) U S{un, s„). Then S^{Sn) > 0. (Hence Sn C X). 

(3) Define dn — sup({ci(2;, S{0, 1)) | ^ e L„ U Sn}). Then lim„_,.oo c?n — 0. 

(4) {B{un,Sn)-B{un,rn))nC^$. 

Suppose that (ii) happens. Then for every n e N there are s„ > r„ > and an arc 
Ln C X such that the following hold. 

(5) h{xn) G Ln, and L„ intersects both S{u,rn) and S{u,Sn)- 

(6) Set Sn = S{u, r„) U S{u, Then S^{Sn) > 0. (Hence SnQX). 

(7) Define dn — sup{{d{z, u) \ z & L„ U Sn})- Then lim„_^oo dn — 0. 

(8) iBiu,Sn)-B{u,rn))nCj^0. 

In both Case (i) and Case (ii) denote A„ = L„ U S'„ and i?„ = h~^{An). Let z he a. 
sequence such that Zn € Bn for every n G N. By (3) and (7), lim„^oo S^{h{zn)) = 0. From 
the fact that h e BPD.P(X) it follows that lim^^oo ^^(^n) = 0. There is a subsequence 
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{ui \ i eN} such that either hm„_»oo d{zni, S{0, 2)) = or hin„_^oo d{zni, S{0, 1) U C) = 0. 
We may assume that rii — i for every i. Suppose by contradiction that the latter happens. 
Now, Xn,Zn £ -Bn, Bn is connectcd and \min-*ood{xn, S{Q,2)) — 0. We also have that 
d(5'(0,2),5'(0, 1) U C) > 0. Choose y„ e S„ such that - = \\zn - XnW/l. Then 
I n e N}, bd(X)) > 0, a contradiction. So lim„_,oo ^^(-s^n, S{Q, 2)) = 0. 
Let e„ = sup({d(2;, 5'(0, 2)) | z e -B„}). It follows that lim„_,.ooe„ = 0. Let n be such 
that e„ < 1/4. Denote ,S = -5^ and T = Since ,5 is a BPD set, T is a BPD 

set. Let d — d{T, S{0,2)). It is obvious that X — S has three connected components, 
and neither of them is a BPD set. So the same holds for T. However, since e„ < 1/4, 
T C S(0, 2) - S(0, 3/2) and so X n S(0, 3/2) is contained in a component oiX -T, and 
B{0, 2) — S(0, 2 — d) is also contained in a component oi X — T. It follows that one of 
the components of X - T is contained in W := S(0, 2 - d) - S(0, 3/2). But is a BPD 
subset of X. A contradiction, so Claim 2 is proved. 

Let h e BPD.UC(X) and denote g = h''. 

Claim 3. e Dom(^'=^) and ^^'(0) = 0. Proof Let x C B{0, 1) - {0} be such that 
limf = 0. Then lim„_oo lk"^(a;n)|| = 2. Note that h e BPD.P(X). Applying Claim 2 to 
h, we conclude that lim„_»oo ||^(^~^(2^n))|| — 2. Hence lim„_»oo \\v{h{v~^{^n)))\\ — 0. That 
is, lim„_^oo [^(^^n)!! = 0. So Claim 3 is proved. 

Let M C y - {0} be such that d{M, D) > 0. Let r > and N = r]-^{M - B{0, r)). 
Then d{N, S{Q, 2)) > r. So 77 fA^ is bilipschitz, hence (i) r/"^ \ (M - S(0, r)) is bihpschitz. 
A^ is a BPD subset of X. So (ii) h \ N is bi-UC. Also, h{N) is a BPD subset of X. In 
particular, d{h{N), S (0,2)) > 0. So (iii) vlH^) is bilipschitz. 

g\{M - B{0,r)) = r]ohor]-^ \ {M - B{0,r)) 

= (V \h{ri-\M - B{0, r)))) o {h \ri-\M - B{0, r))) o (77-1 \{M - B{0, r))) 

= r]\h(N)o(h\N)o(r]-'^\(M - B(0,r))). 

By (i)- (iii), ^ - B{0,r)) is bi-UC. By Claim 3 and Claim 1, \M is UC. Applying 
the same argument to we conclude that {g'^^y^ \9{M) is UC. So g \M is bi-UC. That 
is, \ M is bi-UC. It has been already argued that this implies that e BPD.UC(F). 
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Lemma 5.39. Suppose that X is an open subset of a Banach space E. 

(a) BUC(X) C BPD.UC(X). 

(&) Suppose thatX is BR.LC.AC, r e H{X,Y) and (BUC(X))^ C BPD.P(y). Then 

e BPD.P(y,x). 

Proof (a) Let h G BUC(X). Suppose that x G bd(X), a? C X and Ymvx = x. Then h{x) 
is a Cauchy sequence. Let y = \imh{x). Clearly, y G bd'^(X) U int(X) and y ^ X. Since 
E is complete, int (X) = X. Hence y G bd(X). We have shown that Dom(/i'^') = cl(X) 
and that h'^^ (hd{X)) C bd(X). Applying the same argument to h^^ one concludes that 
(t) /i^'(bd(X)) = bd(X). It is trivial that /i^' G BUC(cl(X)). 

Suppose by contradiction that A is a BPD set and h{A) is not a BPD set. By definition, 
h is boundedness preserving. So h{A) is bounded and hence 6{h{A)) = 0. Let x C h{A) 
and y C bd(X) be such that lim„^oo c?(a^n, 1/n) = 0. By (f), {h'^^)~^{y) C bd(X). So 
for every n, d(h''^{xn),h^^{yn)) > 5{A) > 0. Hence {h^^)~^ f (Rng(a;) U Rng(y)) is not 
uniformly continuous. A contradiction. 

(b) Let X, y and r be as in Part (b), and suppose that Y is an open subset of the 
normed space F . Then F is a Banach space. To see this note that an open ball B of F 
is homeomorphic to an open subset of E. So B is completely metrizable. But F = B, 
so F is completely metrizable. So F is a dense Gs subset of F, and so is every coset of 
F in F. Since F has no disjoint dense Gs subsets, F = F. Suppose be contradiction 

^ BPD.P(y, X). Then there is a 1-1 sequence x C X such that x is not a BPD 
sequence, but t{x) is a BPD sequence. We may assume that lim„^oo ^f" (a^n) = oo. 

Since t{x) is a BPD set, it does not have convergent subsequences in F, hence t{x) 
does not have Cauchy subsequence. So we may assume that there is d > such that t{x) 
is d-spaced. 

Claim 1. X is not a Cauchy sequence. Proof Suppose otherwise, and let x* = lima;. 
Then x* G bd(X), for if x* ^ X, then x is a BPD sequence. 

By the simplicity of x*, we can find a subsequence y of {Ln I n G N} and open 

sets {Un I n G N} such that y2n, l/2n+i & Ln Q Un Q cl(t/„) C X, for any distinct m, n G N, 
d{Um, Un) > 0, and lim„^oo diam(f/„) = 0. 

Let Zn & Ln — {y2n} be such that lim n^^d{T{y2n),T{zn)) = 0. It follows that 
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(1) T(y) U t{z) is a BPD set. 

Let hn e \]C{X) be such that hn{y2n) = y2n, hn{zn) = y2n+i and supp(/i„) C [/„. By 
Proposition 4.5, /i:= On^nhn £ UC(X). However, 

(2) /i^ t(r(y) U r(f)) is not UC. 

To see this recall that \im.n^aod{T'{y2n))T'{zn)) = 0. However, d{h'^ {r{y2n)), h'^{T{zn))) = 
d{T{y2n),T{y2n+ij) > d. Facts (1) and (2) mean that h'^ ^ BPD.UC(F). A contradiction, 
so Claim 1 is proved. 

Claim 2. It is not true that lim„_^oo ^{xn) = 0. Proof Suppose otherwise. By 
Claim 1, we may assume that there is ei > such that x is ei-spaced. For every n G N let 
bn G bd(X) be such that d{xn, hn) < 25{xn), and [xn, hn) C X. 

For every n G N let = {x" | i G N} C [a;„, 6„) be a sequence converging to hn- 
By Claim 1, r(x") is not a BPD set. It follows that there is a sequence {i„ | n G N} 
such that {t{x'^^) \ n G N} is not a BPD set. Let y„ = x"^. Since 5 is ei-spaced and 
Imin^ood^Xmyn) = 0, wc may assume that there is e > such that {[a;„,|/„] | n G N} is 
e-spaced. 

Let {Un I n G N} be a sequence of open subsets of X such that [xn,yn\ ^ Un, 
lim„^oo diam(f/„) = and for any distinct m.n G N, d{Um,Un) > 0. Let hn G UC(X) be 
such that supp(/i„) C f/„ and hn{xn) = yn- By Proposition 4.5, h:= o„gN^n £ UC(X), 
but h'^ ^ BPD.P(y). This is so, because h'^^r^x)) = T{y), and t{x) is a BPD set, whereas 
T{y) is not. A contradiction. This proves Claim 2. 

From Claims 1 and 2 and the fact that x is not a BPD sequence, it follows that x 
is unbounded. So we may assume that {||a;„|| | n G N} is a strictly increasing sequence 
converging to oo. Recall also that t{x) is o?-spaced. We now deal with two cases. 

Case 1 E — X is bounded. We may assume that E — X C B{0, ||,to||/2). Set 
x_i = 0. Choose yn G {x2n,X2n+i] such that d{T{x2n),T{yn)) < l/{n+ 1). Define r„ = 

min(||,T2n - a;2n-l||, \\x2n+2 " •'2^2n+l || ) /2 and let hn G UC(X) be such that hn{x2n) = X2n-, 

hn{yn) = X2n+i and supp(/i„) C B{[x2n,X2n+i],rn)- Clearly, supp n supp = for 
every n ^ m and hence h:= o„gN^n ^ BUC(X). Since limn^ood{r{x2n),T{yn)) = 0, it 
follows that r(f)Ur(?7) is a BPD set. But /i^ t(T(f)Ur(y)) is not UC. So ^ BPD.UC(r). 
A contradiction, so Case 1 does not occur. 
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Case 2 E — X is unbounded. We define by induction on n e N: Un & Rng(x), 
Vn E X, hn E \JC{X) and > 0. Let r_i = 0. Suppose that r„_i has been defined. 
Let Un e Rng(x) — cl(S(0, r„_i)) and Let 6„ e hd{X) — cl(S(0, rn_i)). We may as- 
sume that there is an arc L„ C (X U {&n}) ~ cl(S(0, r„_i)) connecting Un and 6„. Let 
iT" := {i)"'* I i g pjj. c L„ — be a sequence converging to 6„. So iT" is a Cauchy se- 
quence. So by Claim 1, T{iP^) is not a BPD set. Hence there is Vn E Ln — {bn} such 
Si{r{v„)) > n. 

Let r„ be such that L„ C S(0,r„) and /i„ e UC(X) be such that hn{un) — Vn and 
supp(/i„) C S(0,r„) — cl(S(0, r„_i)). Clearly, supp(/i^) fl supp(/i„) = for every m ^ n, 
and hence h:= o„gN/i„ e BUC(X). However, since t('u) is a BPD sequence, t{v) is not 
a BPD sequence, and h'^{T{u)) — t{v), ^ BPD.P(y). A contradiction, so Case 2 does 
not happen. It follows that r"^ e BPD.P (y, X). ■ 

If X is BPD. AC, and we remove from X a spaced set, then the resulting open set is 
also BPD. AC. This is proved in the next proposition. Although this fact is quite trivial, a 
complete proof requires much writing. 

Proposition 5.40. (a) Let E he a normed space which is not 1- dimensional. Let u,v,w G 
E be such that \\u — w\\ = \\v — w\\ = r > . Then there is an arc L C X connecting u and 
V such that L fl B{w,r) = 0, and Ingth(L) < 8r. 

(6) Suppose that X is BPD. AC, and is not 1- dimensional. If A C X is spaced, then 
X-Ais BPD. AC. 

Proof (a) Wc may assume that E is 2-dimensional, w = and r = 1. Let z G S{0, 1) be 
such that £ :— {u + tz \ t E M.} is a supporting fine for _B(0, 1). Represent v as v = au + bz, 
and choose z in such a way that 6 > 0. Let Li — [u,u + 2z], L2 = [2z + u,2z — u], 
I/3 = [2z — u, —u] and Lq = LiU L2U L3. Since £ is a supporting line of 5(0, 1) it follows 
that Li and L3 are disjoint from -8(0, 1). Suppose that w G L2. So w = 2^; + tu, where 
\t\ < 1. We may assume that t > 0. Then > 2\\z\\ - t\\u\\ > 1. So L2 n B{0, 1) = 0. 
Recall that v = au + bz E S{0, 1). From the fact that i supports B{0, 1) it follows that 
a < 1. Then 1 = ||f || >6 — a>6 — L So6<2. Let A = min(l/|a|, 2/6) and L„ = [v, Xv]. 
Clearly, fl 5(0, 1) — 0. Either Xv = u + biZ, where bi G [0, 2], or Xv = —u + biz, where 
bi G [0,2], or Xv — aiu + 2z, where ai G [—1, 1]. Hence G Li U L3 U L2 = Lq. The 
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set Lq U is disjoint from B{0, 1) and contains an arc L connecting u and v. Obviously, 
for i = 1,...,3, Ingth(Lj) = 2 and Ingth(L^) = \\Xv\\ - \\v\\ < 2\\z\\ + \\u\\ -1 = 2. So 
Ingth(L) < 8. 

(b) We prove Claim 1 stated below, and leave it to the reader to verify that (b) is 
implied by Claim 1. 

Claim 1. For every r,C,D > there are ri,Ci,Di > such that for every normed 
space E, an open subset X C E and an r-spaced subset A C X the following holds. If 
x,x* e X — A are such that d{{x, x*}, A) > r, and L C X is an arc connecting x and x* 
such that S-^{L) > C and Ingth(L) < D, then there is an arc M Q X — A connecting x 
and X* such that d{M,A) > ri, 5^{M) > Ci and Ingth(M) < Di. 

Proof Let Di = 8D, Ci = C/2 and n = min(r, C)/64. Let E, X, A, x, x* and L be 
as in the claim and 7 : [0, 1] — > L be a parametrization of L which satisfies lngth(7 ["[O, t\) — 
t ■ Ingth(L) for every t e [0, 1]. For every a E A let Ta ^ {t E [0, 1] | -f{t) e B{w, 2ri)}. 
Clearly, is an open subset of (0, 1), and cl(Ta) fl cl(Tb) = for any distinct a,b E A. 
Define T — [j{Ta \ a e A}, and let T be a set of pairwise disjoint open intervals of (0, 1) 
such that [JX — T. For an open interval / in (0, 1) denote by sj and ti the left and 
right endpoints of /, and if 7 e T denote by aj that member of A such that 7 C T^. 
Clearly, s/, ti e S{ai, 2ri). For every I e T let Lj — ^{[si, tj]) and Mj be a rectifiable arc 
connecting a/ and 67 such that Mj fl B{ai, 2ri) = and lngth(M/) < 16ri. The existence 
of Mi is assured by Part (a). Let To — {I e I \ d{Li, aj) < ri}. Let 

M = L- U,,^„ Lj U U/eio 

Certainly, M is an arc whose endpoints are x and x* . It is trivial that if 7 e Xq, then 
lngth(L/) > 2ri, and so for every 7 e Xq, lngth(M/)/lngth(L/) < 8. It follows that M is 
rectifiable and that Ingth(M) < 8-lngth(L) < 8L>. 

Let w e M. li w e L — U/eXo ^^^^ d{w,A) > 2ri. If there is 7 e Xq such that 
w e Mi, then d{w, ai) > 2t\ and for every h ^ A — {a/}, 

d{w, b) > d{b, ai)- d{w, aj) > r - 8ri - 2ri > 64ri - lOri = 54ri. 

It follows that d{M,A) > n. 



164 



It remains to show that 5^{M) > C/2. Obviously, 5^{L - U/eXo ^ ^ ^■ 

Let I eTq and be such that w e M/. Then 

d{w, E-X)> d{ai, E - X) - d{w, a/) > C - 8ri - 2ri = C - lOn >C - 16ri > C/2. 

It follows that 5^{M) > C/2. We have proved Claim 1. ■ 

We are ready to prove that for open subsets of Banach spaces, if (BUC(X))'' C 
BPD.UC(y), then r"^ e BPD.UC(r,X). This is the contents of Part (a) of the next 
theorem. The main argument lies though in Part (b), and once it is proved, (a) follows 
easily. So we shall start with the proof of (b) . 

Theorem 5.41. Let E be a Banach space and X he an open subset of E. 

(a) Suppose that X is BPD.AC and BR.LC.AC, and that r e F) is such that 
(BUC(X))^ C BPD.UC(r). Then t'^ E BPD.UC(F,X). 

(b) Suppose that X is BPD.AC, and that r G H{X,Y) is such that (LIPoo(X))^ C 
BPD.UC (Y) . Assume further that r'^ G BPD.P {¥, X) . Then r"^ G BPD.UC (F, X) . 

Proof (b) We shall see that the proof of (b) can be reduced to an instance of Lemma 5.25. 
Suppose by contradiction that r^^ BPD.UC (F, X). So there are sequences x',y' in Y 
and e > such that Rng{x') U Rng(y') is a BPD subset of Y, \imn-^ood{x'^,y'^) = 0, 
and d{T~^{x'jJ,T~^{y'^)) > e for every n G N. We may assume that x' is either a Cauchy 
sequence or x' is spaced. However, x' cannot be a Cauchy sequence because in that case 
its limit belongs to Y, and this violates the continuity of r^^. So we may assume that 
x' is spaced. Set x = t~^{x') and y = r^^{y'). From the fact that G BPD.P {Y,X) 
it follows that Rng(x) is a BPD set. We may assume that x is either spaced or is a 
Cauchy sequence. But if it is a Cauchy sequence then its limit belongs to X, and by the 
continuity of r at x, x' is a Cauchy sequence, which we have already excluded. So we may 
assume that x is spaced. Let > be such that x is (i-spaced. Then for every n G N 
there is at most one m such that — 3:^11 < d/2. It follows that there is an infinite set 
?7 C N, such that — Xm\\ > min(e, ci/2) for every m,n & r). We may thus assume that 
c?(Rng(f),Rng(y)) > 0. 

We denote Rng(a;), Rng(^), Rng(x') and Rng(y') by A,B,A' and B' respectively. Let 
X^X-A,Y^Y-A'andf^T\X. So f G H{X, Y). We shall prove that 
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(i) X is BPD.AC, 

(ii) (LIPoo(X))^CBPD.P(r), 

(iii) _B is a BPD subset of X, whereas f(-B) is not a BPD subset of Y . 

Facts (i)- (iii) contardict Lemma 5.25. 

(i) By Proposition 5.40(b), X is BPD.AC. 

(ii) Let h e LIPoo(X). Then h is extendible, and h^^ \hd{X) = Id. So h^\A) = A. 
Hence h* :^ h'=^ \X e H{X) and clearly, h* G LIPoo(X). So {h*Y E BPD.UC(r). We 
show that if C is a BPD subset of Y, then h'^{C) is a BPD subset of Y . Clearly, = 
{h*y \Y. Obviously, C U A' is a BPD subset of Y, and hence {h*y \ {C U A') is bi-UC. 
So since d{C,A') > 0, d{{h*Y (C) , {h*y {A')) > 0. Since {h*y{A') = A, it follows that 
(t) d{{h*y{C),A') > 0. Since {h*y G BPD.P(r), and C is a BPD subset of F, we also 
have (ft) {h*y{C) is a BPD subset of Y. From (f) and (ff) it follows that {h*y{C) is a 
BPD subset of Y. That is, h'^{C) is a BPD subset of Y. We have shown that for every 
h G LIPoo(X), is BPD.P. The same holds for so (LIPoo(X))^ C BPD.P(r). 

(iii) Since G BPD.P (F,X) and B' is a BPD subset of Y, we have that is a BPD 
subset of X. From the fact that d{A, B) > we conclude that i? is a BPD subset of 
X -A = X. On the other hand, d{A', B') = ci(Rng(f '), Rng(y')) = 0, so B' is not a BPD 
subset of Y . 

Facts (i)-(iii) contradict Lemma 5.25, so r"^ G BPD.UC(r,X). Part (b) is thus 
proved. 

(a) Let X,Y,T be as in (a). Then (BUC(X))^ C BPD.P (F). So by Lemma 5.39(b), 
G BPD.P (y,X). We also have that (LIPoo(^))^ C BPD.UC(y). So by Part (b) of 
this theorem, G BPD.UC (F, X). ■ 
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6 Groups of extendible homeomorphisms and the 
reconstruction of the closure of open sets 

6.1 General description. 

This chapter deals with the homeomorphism groups of closed sets which are the closure of an 
open subset of a normed space and with groups of extendible homeomorphisms. Under ap- 
propriate assumptions on the open sets X and Y we prove that if </? : H{c\ (X)) = if (el iY)), 
then there is r e if(cl(X), cl(F)) such that r induces </?. Under the same assumptions we 
also prove that if ^ : EXT(X) ^ EXT(r), then there is r e EXT^(X,r) such that r 
induces The definitions of EXT(X,r) and EXT(X) appear in 4.6(b) and 5.1(a). 

The results about H{c\ (X)) appear in Theorems 6.22 and 6.24, and those about EXT (X) 
appear in Theorems 6.3, 6.12 and 6.18. These theorems cover open subsets of a normed 
space whose boundary may be quite complicated. So they go far beyond the class of open 
sets whose closure is a manifold with a boundary. Nevertheless, the statements 

Every : H{cl{X)) ^ H{d{Y)) is induced by some r G H{cl{X),cl{Y)) 

and 

Every : EXT(X) ^ EXT(y) is induced by some r e EXT^{X,Y) 

are not true for every pair of open subsets of a normed space, not even in the finite- 
dimensional case. Example 5.8 exhibits two different trivial reasons why the above state- 
ments are not true in their full generality. 

The proofs of the theorems about EXT(X) and about H{cl{X)) are essentially identi- 
cal. Moreover, for finite-dimensional normed spaces the question about the faithfulness of 
{H{cl{X)) I X is open} is a special case of the question about the EXT-detremined-ness 
of {X I X is open}. To see this, notice the following facts. 

(1) If [/ is a regular open subset of R", then EXT(f/) = H{d{U)). 

(2) If X C M" is open and X = int (cl(X)), then X is regular open and cl(X) = cl(X). 

Suppose now that V? : H{c\{X)) ^ H{d{Y)). By (2), : H{d{X)) ^ if(cl (F)), and by (1), 
if : EXT(X) = EXT(r). So if it can be proved that there is r G EXT^(X,y) such that 
T induces ip, then this r indeed belongs to H{d{X),d{Y)). 
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Theorems 6.3 and 6.18 prove the EXT-determined-ness of certain classes. In 6.3 it is 
assumed that the members of the EXT-determined class are BR.LC.AC, see 5.37. This 
property is a weakening of uniformly-in-diameter arcwise connectedness. It may happen 
though that every point in the boundary of such a set is fixed under EXT{X). In 6.18, on 
the other hand, the EXT-determined-ness is derived from the property that the EXT (X)- 
orbit of every member of hd{X) contains an arc, but X need not be BR.LC.AC. 

In Corollary 6.6(a) we prove that if X and Y satisfy certain weak assumptions on 
arcwise connectedness, and (EXT(X))^ = EXT(y), then r e EXT{X,Y). A statement 
of the form: "(EXT(X))^ C EXT(X) =^ r e EXT(X,Y)" is also proved, but only under 
rather restrictive assumptions on X and Y. See Corollary 6.6(b). 

Suppose that X is an open subset of R". Then EXT (X) = BUC (X). If in addition, X 
is bounded, then EXT(X) = \JC{X). So for finite-dimensional bounded X's Corollary 5.6 
which deals with BUC(X) is indeed about EXT(X). However, Theorems 6.12 and 6.18 
are stronger than 5.6 even for finite-dimensional bounded X's. 

Groups of completely locally uniformly continuous homeomorphisms are dealt with in 
Theorem 6.20. (See definition 5.3(f)). The T-continuous version of these groups is the 
subject of Chapters 8-12. 

At the end of this chapter in items 6.25-6.30, we discuss two generalizations of 
the results. The first generalization deals with subsets Z of a normed space such that 
Z C cl(int(Z)). The second generahzation deals with sets which are the closure of an open 
subset in a normed manifold. 

Recall that if not otherwise stated, then X and Y denote respectively open subsets of 
the normed spaces E and F. 

6.2 Groups of extendible homeomorphisms. 

The following definition contains some notions related to arcwise connectedness. These 
notions are used in the statement of Theorem 6.3 which deals with EXT-determined-ness. 
In the next definition only, E denotes a general metric space. 

Definition 6.1. Let be a metric space and X C. E. 
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(a) A set of pairwise disjoint sets is called a pairwise disjoint family. Let ^ be a pairwise 
disjoint family of subsets of X. A is completely discrete with respect to E, if for every x & E 
there is U e Nbr (x) such that {A e A \ A n U $} is finite. A set A C X is completely 
discrete with respect to E, if A does not have accumulation points in E. The mention of 
E in the above definition is omitted, since E is usually understood from the context. A 
sequence x C. X is a completely discrete sequence, if it is 1-1, and its range is completely 
discrete. 

(b) X is said to be boundedly arcwise connected (BD.AC), if for every bounded A C. X 
there is d > such that for every x,y e A there is a rectifiable arc L C X connecting x 
and y such that Ingth (L) < d. 

(c) X is said to be a wide set, if for every infinite completely discrete set A C X 
there is an infinite B C A, a, set {yb \ b E B} and a set of arcs {Li, \ b e B} such that: 
{yb \ b E B} is bounded; for every b E B, yb^b E Lb C X; and {Lb \ b E B} is completely 
discrete. 

(d) Let X C X he a, completely discrete sequence. Let x* E cl{X), {L„ | n e N} be a 
sequence of arcs and y C. X. Assume that 

(1) LnC X for every n eN, 

(2) Ln connects Xn with y^ for every n eN, 

(3) limy = X*, 

(4) Ljn n L„ = for any distinct m,n eN, 

(5) for every r > 0, {L„ — B^{x*,r) \ n eN} is completely discrete. 

Then {x, x*, {Ln \ n E N}, y) is called a joining system for x with respect to E. 

(c) X is jointly arcwise connected (JN.AC) with respect to E, if for every completely 
discrete sequence x Q X there is a subsequence x' of x such that x' has a joining system. 

In (a)-(d) of the next proposition we infer joint arcwise connectedness from various 
simpler properties of X. Part (e) is a trivial observation, so we do not prove it. 

Proposition 6.2. (a) Suppose that x X is a Cauchy sequence and lim.^ x E int(X) —X. 
Then x has subsequence x' such that x' has a joining system. 
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(b) Suppose that X is an open subset of a finite- dimensional normed space. Then X is 
JN.AC iff X is bounded. 

(c) Suppose that X is an open subset of a Banach space and X is BD.AC. Then every 
bounded completely discrete sequence x C. X has a subsequence x' such that x' has a joining 
system. In particular, if in addition X is bounded, then X is JN.AC. 

(d) If X is an open subset of a Banach space, X is wide and X is BD.AC, then X is 
JN.AC. 

(e) Let X be a bounded subset of a finite- dimensional normed space. Then X is 
BR.LC.AC iff X is UD.AC. 

Proof (a) Let x = lim'^x. Let u E E and r > be such that B{u,r) C E and 
X G B^{u,r). Let v G B{u,r). There is a subsequence y of x such that y C B{u,r) and 
{[yn, v) I n G N} is a pairwise disjoint family. Let f„ G [yn, v) be such that limv = v. Then 
{y, V, {[yn, Vn]\n E N}, v) is a joining system for y. 

(b) If X is a bounded open subset of a finite-dimensional space, then X does not contain 
an infinite completely discrete set. So X is JN.AC. 

Suppose that X is an unbounded open subset of a finite-dimensional space, Let a: C X 
be a 1-1 sequence such that lim„^oo ||^n|| = C)0- Then x is completely discrete, and it is 
trivial that x has no joining system. 

(c) Let X be as in Part (c). Let x C X he completely discrete. Since X is an open 
subset of a Banach space, we may assume that x is spaced. Let m G X. For every n G N let 
L„ C X be a rectifiable arc connecting x„ with u such that lngth(L„) < d. Let 7n(t) be the 
parametrization of L„ satisfying 7„(0) = u, 7„(1) = x„ and Ingth (7„([0, t])) = tTngth(L„). 

For every o" C N and t G [0, 1] set A[o", t] = {7„(t) | n G a}, and if a is infinite define 
to- = inf({t I A[(T, t] is spaced}). There is an infinite a such that for every infinite 1] C a, 
tfj = t„. It is easy to see that there is no infinite rj C a such that A[r7,to-] is spaced. So 
there is rj C a such that y4[?7,to-] is a Cauchy sequence. Then A[ri, 1] is a subsequence of x 
and {A[r],l],limA[i],t^],{jn{[t7jA]) \ n e r]}, A[r],trj]) is a joining system for A[r),l]. 

(d) This part follows easily from (c). ■ 

In the next theorem. Part (a) is a special case of (b). It seems wothwhile to state (a) 
separately, because the class considered there is more understandable than the class dealt 
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with in (b). 

Theorem 6.3. (a) Let K^^y^ denote the class of all X G -R^bnc such that X is wide, 
BR.LC.AC and BD.AC. Suppose that X,Y e K^^x f ■ EXT(X) ^ EXT(F). Then 
there is t E EXT^(X, "K) such that t induces if. 

Note that K^Q-^ contains the class of all bounded members of K'^^q which are BR.LC.AC 
and BD.AC. 

(b) Let K^MX t^enote the class of all X G i^NRM ■^'"'^^ ^^^^ ^ ^■'^ BR.LC.AC and JN.AC. 
Let X,Y e K^MX ■ Suppose that ip : EXT {X) = EXT (F). Then there is t E EXT=^(X, Y) 
such that T induces ip. 

The proof of Theorem 6.3 appears after Corollary 6.6. 
Remcirk (a) By Proposition 6.2(c), -f^BCx ^ -^nmx- So 6.3(b) is a special case of 6.3(a). 

(b) Note that all members of i^BCX which are subsets of a finite-dimensional normed 
space are bounded. This is so, since for finite-dimensional spaces, wideness implies bound- 
edness. Yet -f^BCx contains unbounded subsets of infinite-dimensional Banach spaces. 

(c) There is a regular open subset X C such that X e Xgcx and g""^ \hd{X) = Id 
for every g G EXT(X). This is maybe somewhat unexpected, since it means that hd{X) 
is recoverable from EXT(X) even though every member of EXT(X) is the identity on 
hd{X). See Example 6.7(d). 

Recall that UCo(X) = {/ e UC(X) \ Dom(/'=i) = c[(X) and \hd(X) = Id}. 

Proposition 6.4. Suppose that X is BR.LC.AC, and let r G H{X,Y) be such that 
{UCo{X)y C EXT(F). Letxe hd{X), y G bd(y) and x C X be such thatlimx = x and 
limr(x) = y. Then t U {{x,y)} is continuous. 

Proof Let u C X he such that lim-u = x. Suppose by contradiction that t{u) does not 
converge to y. We may assume that y is not a limit point of t{u). 

We now repeat the construction appearing in the proof of Case 1 in Theorem 5.5. Using 
the fact that X is BR.LC.AC, we construct by induction on i G N, G N and Lj C X such 
that: (i) Li is an arc connecting x„. and Unp, (ii) lim j^oo diam (Lj) — 0; and (iii) for every 
i G N, d{Li, IJ^y . Lj) > 0. For every i G N let C X be an open set such that Lj C Ui, 
limj_»oodiam(t/j) = 0, and for every i ^ j, d{Ui, Uj) > 0. 
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Let hi e \JC{X) be such that supp(/ij) C and /ij(x„2j = Un2i- Proposition 4.5, 
h := OjgN^i e UC(X). It is also obvious that h e UCo(-'^). However, is not exendible, 
since t{x) is convergent, whereas /i'^(t(x)) is not convergent. A contradiction. ■ 

Our next goal is to show that if (EXT(X))^ C EXT(F), then for every y e bd(r) 
there is a sequence y converging to y such that T~^{y) is a convergent sequence. This holds 
automatically when X is bounded and finite-dimensional, but in that case extendibility is 
equivalent to uniform continuity, and so Theorem 5.2 already answers our question. In the 
general case we have to make an additional arcwise connectedness assumption on X. 

For a metric space E and X C E define 

LUCoi(X) = {/ieLUC(X)| there is an £;-open set UDhd{X) such that h\{U(lX)^Id}. 

Lemma 6.5. Assume that X is JN.AC, r e H{X,Y) and (LUCoi(X))^ C EXT(y), and 
let ye bd(y). 

(a) Suppose that x C. X is completely discrete, {x,x*,{Ln | n e N},x') is a joining 
system for x and limT(x) = y. Then there is a sequence u C. X such that limu — x* and 
limT('u) = y. 

(b) There is a sequence u C. X such that u converges to a member of h<\{X) and 
limT('u) = y. 

Proof (a) Suppose that x is completely discrete, | n G is a joining 

system for and t{x) converges to y. We may assume that x* ^ {x„ | n G N}. Hence since 
X is completely discrete, d:=d{x^x*) > 0. Also assume that L„(0) = Xn and = x'^. 

Claim 1. For every r > there is a sequence C B{x*,r) fl X such that t{u^) 
converges to y. Proof Let r G {0,d). For every n G N we define f„. If n is even and 
d{x'^,x*) < r/2, let tn = min{t G [0,l]\d{Ln{t),x*) = r/2} and f „ = Ln{tn)- Otherwise, let 
Vn = Xn- Let V = {f„ | n G N}. Let L'^ be the subarc of L„ connecting Xn with f„. Clearly 

n r/2) = 0, and hence by Definition 6.1(d)(5), | n G N} is completely discrete. 
It is easy to see that there is a completely discrete family of open sets {Un\n G N} such that 
for every n G N, C f/„ C cl (Un) C X. Let /i„ G UC (X) be such that supp (/i„) C Un and 
hn{xn) = Vn- It is casy to see that h :— o{/i„ | n G N} G LUCoi(A:). Hence /i^ G EXT (F). 
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The facts that t{x) is convergent in cl{Y) and that e EXT(y) imply that /i'^(t(x)) is 
also convergent in cl(y). Note that /i'^(t(x)) = ^{v). So t{v) is convergent in cl(y). Recall 
that for every n e N, V2n+i — X2n+i- So limT('iT) = limr(x) = y. Let Nr & N he such that 
for every n > N^, d{x'^, x*) < r/2 and define = {v2n \ 2n > N^}. Then u"^ C B{x*, r)nX 
and hence u'^ is as required in Claim 1. 

Let Tn — l/n. For every n e N let kn be such that d{y,T{vJ'j^J) < 1/n. Then 
u:= {u^"^ \ n eN} converges to x* and limr('u) = y. 

(b) Suppose by contradiction that y is a counter-example to the claim of Part (b). 
Let y C y be a 1-1 sequence converging to y and z — T~^{y). If z has a convergent 
subsequence, then this subsequence converges to a member of bd(X), so y is not a counter- 
example. Hence z is completely discrete. 

Since X is JN.AC, there is a subsequence x ol z such that x has a joining system 
{x, X*, {L„ I n e N}, x'). By Part (a) there is a sequence u Q X such that \\m.u — x* and 
limT('u) = y. If X* e X, then y — limT('u) = t{x*) G y, a contradiction. So x* e bd(X). 
This means that y is not a counter-example to (b). A contradiction, so (b) is proved. ■ 

The fact (EXT(X))^ C EXT(X) does not imply that r e EXT(X,y). To deduce 
that T e EXT(X,y), we need to assume that (EXT(X))^ = EXT(X). This is shown in 
Part (a) of the next corollary. In (b) we show that if EXT (X) acts transitively on bd {X) , 
then the assumption (EXT(X))^ C EXT(X) does suffice. 

Corollary 6.6. (a) Suppose that X is BR.LC.AC, and Y is JN.AC. Let r e H{X,Y) 
be such that (t) {VCo{X)y C EXT(y) and (ff) (LUCoi(y))""' Q EXT(X). Then r e 

EXT (x,y). 

(b) Suppose that X is BR.LC.AC, X is JN.AC, and that the boundary of X has the 
following transitivity property: (*) for every x,y E bd(X) there is h E EXT(X) such that 
h'^^ix) =y. Let re H{X,Y) be such that {EXT{X)y C EXT(y). Theme EXT(X,y). 

Proof The two parts of the corollary will be proved by combining Lemma 6.5(b), and 
Propositions 6.4 and 4.7(a). 

(a) Let X G bd(X). By Lemma 6.5(b) applied to r^^, there is a; C X converging to 
X such that t{x) converges to a point in bd(y). Let y = limr(x). By Proposition 6.4, 
T U {{x,y)} is continuous. So by Proposition 4.7(a), r is extendible. 
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(b) By Lemma 6.5(b) applied to r, there are Xq G hd{X) and x C. X converging to Xq 
such that t{x) converges to a member of bd(y). Let x e hd{X). There is h E EXT(X) 
such that h{xo) — x. Since e EXT(y), /i'^(t(x)) converges to a member of bd(y). But 
T{h{x)) — h'^{T{x)). It follows that for every x e hd{X) there is a sequence u converging 
to X such that t{u) is convergent. By Propositions 6.4 and 4.7(a), r e EXT {X,Y). ■ 

Proof of Theorem 6.3 (a) This is a special case of Part (b), because by Proposi- 
tion 6.2(d), a BD.AC wide open subset of a Banach space is JN.AC. 

(b) LIPoo(^) C EXT(X) and LIPoo(^) = UP(X,S), where S is the set of all open 
BPD subsets of X. The same holds for Y. So by Theorem 2.8(b), there is r e H{X, Y) such 
that T induces (p. Prom the fact that UCo(^) C EXT(X) we conclude that (UCo(^))^ C 
EXT(y). So 6.6(a) can be applied to r and r-^. We conclude that r e EXT^{X,Y). 
This proves (b). ■ 

Part (a) of the next example is designed to show that the condition (f) of 6.6(a) is 
needed. Indeed, for Y,X and of (a), (ff) holds but the conclusion of 6.6(a) does not. 
Part (b) shows that assumption (ff) in Corollary 6.6(a) cannot be omitted. The example 
is infinite-dimensional. Indeed, for finite-dimensional normed spaces (f) does suffice. This 
follows from Theorem 5.5 and Proposition 6.2(e). Part (c) shows that the transitivity 
assumption (*) in Corollary 6.6(b) is indeed needed. Part (d) shows that there is X e -ft^Bcx 
such that EXT{X) fixes bd(X) pointwise. The set X is a regular open subset of R^, 
therefore EXT(X) = H{d{X)). 

Let Cmp(X) denote the set of connected components of a topological space X. 

Example 6.7. (a) There are bounded regular open connected sets X and Y in and 
T e H{X,Y) such that X and Y are BR.LC.AC, (EXT(X))^ C EXT(r), hut r'^ ^ 
EXT(y',X). Note that by Proposition 6.2(b), X and Y are JN.AC. 

{h) There are regular open bounded domains X and Y in an infinite- dimensional Banach 
space and r G H{X, Y) such that X and Y are BR.LC.AC and JN.AC, 
(EXT(X))^ C EXT(F), but t ^ EXT {X,Y). 

(c) There are bounded domains X and Y in an infinite- dimensional Banach space and 
T e H{X,Y) such that X and Y are BR.LC.AC and JN.AC, bd(X) has two connected 
components, bd(F) is connected, EXT(X) and EXT(F) act very transitively on bd(X) 



174 



andhd{Y) respectively, {EXT{X)y C EXT(y), but r ^ EXT{X,Y). 

(d) There is X & -f^BCx such that X is a regular open bounded subset of M.^, and 
\hd(X) = Id for every g e EXT(X). 

Proof (a) Let X' C be the open square whose vertices are (0,0), (1,0), (0,1) and 
(1,1), and Y' C be the open triangle whose vertices are (0,0), (0,1) and (1,1)- Let 
t' e H{X',Y') be defined by T'{{x,y)) = {xy,y). Let A = [(0, 0), (1, 0)]. 

Clearly, r' G EXT(X',r), (r')"' r(cl(X) - A) e H{d{X') -A, cl(F') - {(0,0)}) and 
(r')^'(A) = {(0,0)}. Also, if ^ G EXT(X',X') and g^^A) = A, then g^' G EXT(r')- 

For n > 1 and 1 < k < n let Xn,k = (A;/2", 1/2"), B^^k = cl (5(x„,fc, 1/8")) and 
B = {Bn^k \ n > 1, 1 < k < n}. Note that i3 is a pairwise disjoint family of closed balls 
contained in X' and c\{[j B) ~ [j B = A. Let X = X' - [j B, Y = t'{X) and r = t' \X. 
Clearly, for every g G EXT(X), g'^''{A) = A. It follows that X, Y and r arc as required. 
Note also that for every x,y E A — {(0,0), (1,0)} there is (7 G EXT(X) such that g{x) = y. 

(b) Let E be the Hilbert space £2, Y' be the open cylinder defined by 

00 

Y' = {{xo, . . .) I |a;o| < 3 and Y^x^ <9} 

i=l 

and X' = Y'- B^{0, 1). Let n : X' = F' - {0} be such that n \{Y' - B^{0, 2)) = Id. Let 
r2 : F' - {0} = Y' be such that T2\{Y' - B^{0, 2)) = Id and r' = rson. The existence of 
T2 follows from the facts that a point in is a strongly negligible set, and that £2 = M^. 
See [BP] Chapter IV Definition 5.1 and Chapter V Proposition 2.2(c) and Theorem 6.4. 

Note that r' cannot be continued to a continuous function defined on 15(0, 1). Hence 
r' ^ EXT(X',y). It is trivial that bd(y) is liomcomorphic to a sphere, and that bd(X') 
has two components: bd(y) and 15(0,1). It can be easily checked that for every h G 
EXT(X'): if h'\S{0, 1)) = .5(0, 1), then h^' G EXT(r')- However, there is h E EXT(X') 
such that /i^'(S(0, 1)) = bd(r')- This implies that (EXT(X'))^ 2 EXT(F'), contrary to 
what is required in this example. 

For a pairwise disjoint family C of subsets a topological space Z define 

acc^(C) = G Z I for every U G Nbr^(z), {C G C | C/ n C ^ 0} is in infinite}. 
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To define X we construct a pairwise disjoint family of closed sets such that 
QY' - B(0,2) and (ii) acc(jr) C bd(y') U (J-^- We shall then define X, Y 
and T to be respectively X' — \JJ^, and r' \X. It follows from (ii) that X is open, 

and the construction of T will ensure that <S'(0, 1) is the unique connected component of 
hd{X) which is clopen in hd{X) and which is also strongly connected, (a notion to be 
defined later). It will thus follow that for every h e EXT{X), h^^SiO, 1)) = S{0, 1), and 
this in turn implies that (EXT(X)y C EXT(y). 

Let {ei\i e N} be the standard basis of £2, denote by T the set of finite sequences of 
natural numbers, let / : T — > N — {0} be a 1-1 function, and ior rj e T define dj, — ef{^). 
Let A denote the empty sequence and T* — T — {a}. The relation 'V is a proper initial 
segment of 77" is denoted by 77 < i/. Suppose that rj — (i), ( — (j) and i ^ j. In that 
case we say that u — pred(77), 77 e Suc(i/) and ( e Brthr(77). 

Let <^ be the relation on T defined by <^ 77 if either 77 < or there is ti e Dom (u) fl 
Dom(77) such that u fN^" = 77 fN^" and u{ri) < 77(71). It is easy to check that < ^ is a 
dense linear ordering with maximum A and with no minimum. Denote by r„ the set of all 
77 e T such that Dom (77) = N^"* for some m < n. Then T„ is well-ordered by <^. 

We define a line segment for every rj e T*. li rj — (m), then has the form 
[di, + ajj-eo,djj + a^-eo], where 2 < < 3. So for to be defined we need to define a^. We 
define by induction. Let {77^ | ti e N} be a 1-1 enumeration of T such that for every n & N 
and ly <l rjn there is 7n < ti such that 77^ = u. Define Sn — {Vm^{i) \m < n and i e N}. 
We define by induction on n the set {a„ \ u e Sn}- So at stage n we need to define the set 
{^r)„"(i) I i £ N}. Since {1/ 1 i/ < 77^} C {77^ | ttt. < ti} for every n, it follows that 770 = A. Let 
{o(i)}ieN be a strictly increasing sequence converging to 3 such that a(o) = 5/2. So 

L{i) = [dA + • Co, + a(i) • eo]. 

Let 71 > and suppose that Oj, has been defined for every u e Sn- Let = (0, . . .) denote 
the infinite sequence of O's. It is convenient to define ag = 2. We assume by induction that 

(1) 2 < < 3 for every u e Sn, 

(2) {or/m ^(i) I i e N} is a strictly increasing sequence converging to a^^ for every < ttt. < ti, 

(3) if i/, p e Sn and 1/ <^ p, then a^, < Up- 
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Note that for n = 1 the induction hypotheses hold. Clearly, Sn Q T^+i, so {a,^ \ v e Sn} 
is well-ordered. Obviously, r]n & Sn- If 77n = (0, . . . , 0), then r]n — min(5'„). In this case 
set pn — 0. Otherwise, write rjn as (k)" {0, . . . ,0), where A; > 0, and the sequence of O's 
at the end of rjn may be the empty sequence. Define p„ = i/" (A; — 1). It is easy to check 
that in this case p„ is the predecessor of rjn in Sn- Choose {a^„-(i} | i G N} to be a strictly 
increasing sequence converging to a^^ such that a^^'(o) — (ap„ + a^„)/2. It is left to the 
reader to verify that the induction hypotheses hold. 

Let jC — {Ljj I rj e T*}, set = 3, for 77 e T define = + a^eo and let 
C ^ {cr,\r] e T}. Note that Ca e bd(y). For 77 = e T* define bj, ^ d^, + o^Cq. So 

I^ij \Pri 1 - 

We first establish some facts about the distance between the members of C- 

Claim 1. II V ^ pred(77), 77 7^ pred(i/) and pred(i/) 7^ pred(77), then d{Lj,, L^) > 1. 

Proof Li, and can be written as L,^ = avCo + [6, c] and = a^eo + [rf, e], where 
6, c, d, e e {ej I i e N^^} and {6, c} n {d, e} = 0. So (d(L^, L^))^ = (a^ - a^)^ + 4 - 1 > 1. 

Claim 2. Suppose that = pred(77) or 77 = pred(i/) or i/ e Brthr(77) and write 
Li, — Qi^eo + [b, c] and = a^eo + [6, d], where b,c,d & {ei\i & N-^}. Let x & Lj, and write 
X = a,^eo + 6 + e. Then L^) > ^||e||. 

Proof Clearly, e can be written os e — t{c — b) and so 

d{x, L^f = {ar, - a^f + d{b + e, [b, d]f > d{b + e, [b, d]f = d{t{c -b),[0,d- b]f- 
Also, 

d{t{c - b), [0, d-b])> d{t{c - b), {s{d - 6) I s e R}) = \\t{c - 6)11 -sin f = ^||e||. 

So d{x,L^) > ^||e||. This proves Claim 2. 

If we define Xq = X' — [J C, Yq = t'{Xq) and Tq = r' \ Xq, then all the requirements 
of Part (b) are fulfilled except that Xq is not regular open. To achieve that X be regular 
open, we replace every by a set such that = cl(int (Fr?))- This will ensure that X 
is regular open. The verification of the following trivial fact is left to the reader. 

Claim 3. C is v^-spaced. 
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Let r],u e T*. For distinct x,y e £2 define H^^y = {{t{y - x)\t e K})"^. Let 9 be such 
that tan^ = 1/8 and define the "closed double cone" of x, y to be 

dcone (x, y) ^ {z e [x, y] + H^^y \ d{z, [x, y]) < d{z, {x, y}) ■ sin 9}. 

Note that dcone (x,?/) is the union of two cones with vertices x,y. The common base of 
the two cones is B{{x + y)/2,r) fi ((x + y)/2 + if^.y), where r = \\\y — x\\ -tan^ and the 
opening angle of the cones is 9. The verification of the following fact is omitted. 

Claim 4. There is > 1 such that for every distinct x,y,u,v e I2 and £ > 0: if 
u/u ^ dcone (x,?/) and dcone (x, y)), dcone (x, y)) < e, then there is a rectifiable 
arc J connecting v such that J ^ {z \ d{z, dcone (x, y)) < e} — dcone (x, y), d{J, {x, y}) — 
d{{u, v}, {x, y}) and Ingth (J) < K\\u — v\\. 

Note that in order to prove Claim 4 it suffices to consider the affine subspace of £2 
generated by x, y, u, v. So the proof can be carried out in a 3-dimensional Euclidean space. 

Define = dcone (6^, c^), J^={F^\7]e T*}, F = \J J^, X ^ X' - F, Y ^Y' - F and 
T — r' \X. Clearly, r e H{X,Y). Since r' cannot be continued to a continuous function 
defined on S{0, 1), r too cannot be continued to a continuous function defined on S'(0, 1). 
Hence r ^ EXT(X, Y). The next claim contains the central fact about 

Claim 5. Let 77 e T* and r > 0. Then - B{cr^,r),F - F^) > 0. Proof Let 
T] — If i > define 5n = min (ai^-(j_|_i) — aiy-(^i),au'{i) — a,^-(i_i)) and if i = 

define 6r, = a^-{i+i) — a^'i^i). Let Sr^^r = Hiin(|,^,^). Let ( e T* — {r]}. We show 
that d{Fr^ - B{c^,r),Ft;) > If C ^ Brthr(77) U Sue (77) U {pred(r7)}, then by Claim 1, 
(i(L^, > 1. So ci(F^, F^) > 1 - 2 • 1^ > 3/4. 

Suppose that ( e Sue (77). Recall that = a^Co + (i^. Let x & Fj^ — B{cri,r) and let y 
be the nearest to x in L^. Then y — a^eo + 0?^ + e, where e has the form e = s{di, — d^). 
Since ||x — y\\ < ||e||/8 and ||x — (a^eo + > r, we have that and ||e|| > 8r/9. Take a 
point z e F^, let w be the nearest point to z in and suppose that ||w — (a^eo + = t. 
Then ||y — w|| > y/||eP + t'^ and hence — z\\ > A/||e|p + t"^ — t/8. The minimal value of 
the function g(t) — ^||eP + —t/8 is > ||e|| — ||e||/56. This implies that d{y,F(^) > \\e\\ — 
||e||/56. Since ||x - y\\ < ||e||/8, it follows that d{x, F^) > \\e\\ - ||e||/56 - ||e||/8 = 6||e||/7. 
Hence d{x, F^) > f ■ |r > 3r/4. 



178 



Assume that ( e Brthr (77) U {pred(77)}. Define / = a^Co + d^,. Let x E and suppose 
first that \\x — f\\ < 5^/2. If w e and \\w — (a^eo + di,)\\ — t, then d{f,w) > s/S^'+t^, 
So the distance between / and a general point in is > + — t/S. So d{f, Fi^) > 
5r, — 5r,/56 and hence d{x, F^) > 5jj — 5^/56 — 5^/2 > 5^/3. 

Suppose that x & Fjj and — /|| > Sr,/2. Let y be the nearest point to x in and 
S^\\y- /II . Then F^) > S - 5/56 and hence F^) > S - S/56 - S/8 = 65/7. Also, 
5 > I • ^. So F^) > f • I • ^ > ^. The proof of Claim 5 is complete. 

Claim 6. (i) ^ is a pairwise disjoint family and acc^(^) = C. 

(ii) Let r] E T, {F„ | n e N} C ^ be a 1-1 sequence, Xn £ F„ and lim^^oo^^^n — c^- 
Then {F„ | n e N} - {F^'{i) | i G N} is finite. 

Proof By Claim 5, (F^ — {c^}) fl = for every distinct rjX Since 7^ for 

any 77 7^ C, it follows that ^ is pairwise disjoint. 

We show that C C acc(^). Recall that C = {c^ | 77 e T}, where = + a^co 
and Oa = 3. We start with Ca. By the construction, a(„) • eo + (^a £ -^(n) ^ -^(n) and 
Ca = 3eo + d^ — lim„^oo Q(n> • co + d^- So Ca G acc(^). Suppose now that 77 7^ A. Then 
a^'iny^o + drj e -^r?-(n) ^ -^»7"(n) and = a^Co+rf^ = lim„_,ooS~(n>'^o+(^r?- So e acc(^). 
We have shown that C C acc (J^) . 

Let {I'i \ i e N} C T* be a 1-1 sequence, Xi e F^., and suppose that {xijigN is 
convergent. Let x = linij^ooa^i. We shall show that for some 77 e T, x = and that 
{F^. I i e N} - {F^-(j) I i e N} is finite. This will imply both that acc(:?^) C C and (n). We 
color the unordered pairs of N in three colors. The pair {i,j} has Color 1 if i/j e Brthr (z/^), 
and {i,j} has Color 2 if z/j = pred(z/j) or Uj = pred (z/j). The remaining unordered pairs 
have Color 3. By Ramsey Theorem we may assume the N is monochromatic. Color 2 
has no infinite monochromatic sets, and if N has Color 3, then by the first paragraph 
in proof of Claim 5 the sequence {xjlig^ is |-spaced. It follows that for some 77 e T, 
{i/^ I i e N} C Sue (77). 

Let yi be the nearest point to Xi in Lj,., and write yi — Ojy. ■ eo + dr^ + fi, where fi — 
ti{dri--{n,) — dri) for somc ti e [0,1]. We may assume that {/i}ieN is convergent and let 
/ = limj^oo fi- Suppose by way of contradiction that / 7^ 0. Let n be such that for every 
hj > n, \\xi — Xj\\ < e, where e is to be chosen later, and |||/|| < ||/i|| < 2||/||. Let i,j > n 
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be distinct. Then - < ||/,||/8 < ||/||/4 and \\xj - yjW < ||/||/8 < ||/||/4. So 
WVi-yjW < Wvi - XiW + \\xi - Xj\\ + \\xj - VjW < ||/i||/8+||/,||/8 + £< ||/||/2 + £. 



If e is sufficiently small, then the last two inequalities are contradictory. So / = 0. Now, 
- ViW < ||/i||/8. So linij^oo - yi\\ = and hence 

lim Xi — lim j/j = lim Oj^.eo + d^, + fi — lim a„^eo + (i„ = a„eo + d„ = c,. e C. 

i—*oo i— >oo i— >oo ' i— >oo ' 

We have proved that acc(jF) C C. We have also shown that if {F„ | n G N} C ^ is a 1-1 
sequence, x„ G F„ and limn^oo^n — c-q, then {F„ | n G N} fl {-F,7-(i) | i G N} is infinite. 
Obviously, this implies (ii). This completes the proof of Claim 6. 

Denote F U {ca} by F. Since every member of is closed and acc(J^) — C C F, 
it follows that F is closed. Recall that Ca G bd(y) and hence Ca ^ X'. It follows that 
X ^ X' - F, so X is open. Clearly, F = cl(int(F)) for every F G J^. So F = cl(int(F)). 
This implies that E — F is regular open, and hence X — X' (1 {E — F) is regular open. An 
identical argument shows that Y is regular open in E. 

Claim 7. Let K be the constant mentioned in Claim 4. Then for every x,y eY there 
is a rectifiable arc J CY connecting x and y such that Ingth(J) < 2K\\x — y\\. Similarly, 
let Ki — max(2ir, tt). Then for every x,y e X there is a rectifiable arc J C X connecting 
X and y such that Ingth(J) < Ki\\x — y\\. 

Proof Let x,y eY. By Claim 3, C is spaced, so for every £ > there is z G B{y,e) 
such that [x,z\ fl C = 0. Choose such a 2; for a small e which will be determined later. 
Since Y is open, we may choose z such that [z, y\ C Y, and since Y' is convex, [x, z] C Y'. 
Since [x, n C = and acc (^) = C, .Fq := {F G | F n [x, z] ^ 0} is finite. The fact that 
C is spaced implies that r := -z], C) > 0. Let ^0 = { -^0, ■ ■ ■ , -^n-i}, -^i — -^rji, — 
Ci = c^., Fj n [x, z] = [xi^o, and 



On the other hand, by Claim 2, 



yi-yj\\> d{y.. 



\ min{d{Fi - Bid, r/2), F - F,), r, 5^' {\J T^)). 
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By Claim 5, Si > 0. Let Xij e [x,z] be such that \\xij — Xij\\ < Si and [xij, Xij) fl Fj = 0. 
By Claim 4, there is a rectifiable arc J, connecting Xi^o and Xi^i such that Ingth(Ji) < 
K\\xi^Q -Xi^iW, JiQ {z e i2\ d{z,Fi) < Si} - Fi and d{Ji,{bi,Ci}) = rf({xj,o, q}). 
Since d{{xifi, Xi^i}, {bi, Cj}) > r, it follows that d{Ji, q) > r. Let u & Ji and be the nearest 
point to u in Fj. Then ||cj — v\\ > ||cj — — \\u — v\\ > r/2. So v & Fi — B{ci,r/2), and 
hence d{v, F — Fi) > 2Si. Prom the fact that \\u — v\\ < Si it follows that u ^ F — Fi, so 
Ji (1 F — $. Also, since for every u e Jj, d{u,[jTo) < S^'{[jJ^o), we have that Jj C Y'. 
Let J' = U Ui<n'^» ~ Ui<n[^»,o,^i,i] and J = J' U [z,!/]. It is easily seen that J' 
and J are rectifiable arcs, and it follows that J C Y' — F — Y. Prom the fact that 
lngth(J,)<X|| ^i,o ~ it follows that Ingth(J') < K\\z — x\\. Recall that \\y — z\\ < £. 
So if e is sufficiently small, then Ingth(J) < 2K\\y — x\\. 

The proof of the analogous fact for X is almost identical. We have proved Claim 7. 

We now show that X and Y are BR.LC.AC and JN.AC. Claim 7 implies that Y is 
UD.AC and BD.AC. It follows directly from the definitions that if F is any metric space, 
Z C F and Z is UD.AC, then Z is BR.LC.AC with respect to F. Hence Y is BR.LC.AC 
with respect to £2. The bounded arcwise connectedness of Y and Proposition 6.2(c) imply 
that Y is JN.AC. The same arguments apply to X, hence X too is BR.LC.AC and JN.AC. 

Our next goal is to show (*) h{S{0, 1)) = S{0, 1) for every h e EXT{X). It may very 
well be true that (f) S{0, 1) is the only clopen component of hd{X). This would imply (*), 
but we do not know to prove this. So instead we prove (ft) 'S'(0, 1) is the only clopen 
component of hd{X) which is strongly connected in hd{X). This also implies (*). 

Let Z he a connected space. We say that Z is strongly connected if for every z & Z 
and U e Nbr(2;), there is F e Nbr(2;) such that V C U and Z — V is connected. Clearly, 
5'(0, 1) is strongly connected. 

Por 77 e T* let Sr, = hd^^{F^). It is easy to see that hd{X) = ,5(0, 1)U,S(0, ^)U\J^^j,, Sr,. 
Obviously, S{0, 1) is a component of hd{X), and S{0, 1) is clopen in hd{X). Let /C denote 
the set of components of bd (X) which are clopen in bd (X) and which are different from 
S{0, 1). Let 77 e T and T' C T. We say that T' is 77-large if 77 e T' C T^", and for every 
u e T', ^ T'} is finite. Define Sj, = S{0, 3) and for T' CT set St' = Uz^eT' 

Claim 8. Por every K e JC there are a finite set cr C T and a family {Ti, \u e a} such 
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that Ti, is v-\axge for every i/ e cr, and K — St^ . 

Proof Note that 5"^ is connected for every rj E T. Hence for every K e K, and 
rj e T, either Sr, C K or Sr, r\ K — $. Also, for every rj e T and an infinite cr C N, 
Sr,nacc{{Sr,'{i) \ iea})y^$. This imphes that (f) if X e /C and ,5^nX 0, then Sr, Q K 
and {i \ ^ -f^} is finite. The fact that the members of /C are closed imphes that (ft) if 

K e JC and {i \ -S'^-(i) Q K} is infinite, then Sr, C K. Facts (f) and (ft) imply that Claim 8 
is true. 

Let K e JC and suppose that a C T and {T^, \ u e a} are as assured by Claim 8. 
So there are rj e T* and an infinite T' C T such that Sj, Q K ^ St'- By Claim 5, 
d{Srj — B{cr,,r), F — Fr,) > for every r > 0. Since and are closed and disjoint, it 
follows that d{Srj,SA) > 0, and from the facts that K C F U Sa and Sj, C we conclude 
that ^(5"^ — B{crf,r),K — 3^) > 0. So Sr, — B{crj,r) is clopen in K. This implies that 
K is not strongly connected. We have shown that 5'(0, 1) is the unique clopen strongly 
connected component of hd{X). Hence h{S{0,l)) = S{0,1) for every h e EXT{X). It 
follows that {EXT{X)y C EXT{Y). This completes the proof of (b). 

(c) Let 5 C £2 be a two-dimensional sphere with radius 1 and center at 0. Let 
X = B{Q, 3) - 5 and y = B{Q, 3). Then there is r e H{X, Y) such that r \ (5(0, 3) - 
B{0, 2)) = Id. It is trivial that X and Y are BR.LC.AC and JN.AC, and it is easy to see 
that (EXT(X))^ C EXT(r) and r ^ H{X,Y). 

(d) We construct a set X with the following properties: 

(1) X is a regular open bounded subset of M.^, 

(2) there is i^' > 1 such that for every x,y & X there is a rectifiable arc L C X such that 
Ingth(L) < K\\x — y\\, 

(3) for every g e EXT(X), c/^' \hd(X) = Id. 

It is easy to verify that if X satisfies (l)-(3), then it fulfills the requirements of the example. 

We turn to the construction of X. Let i?„ be the n-fold solid torus and denote 
its boundary. A subset A C is K-bypassable, if for every x,y e — ^4 there is a 
rectifiable arc L C R^ — ^ connecting x and y such that Ingth(L) < i^||a; — |/|| and 
d{z,A) < d{x, A),d{y, A) for every z & L. Obviously, there is X > 1 such that for every 
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n there is a X-bypassable F C such that F R^. Let D be a countable dense subset 
of B{0, 1), £■ be a countable dense subset of S{0, 1) and {{a^, bn} | n e N} be a hst of all 
2-element subsets of D and all singletons from DUE. Also assume that ao — bo e E. We 
define by induction a finite family of open sets ZY„ and a finite family of closed sets Tn such 
that for any distinct ^ e W„ U ^„ and F e cl(A) C S(0, 1), cl(^) n F = and F is 
X-bypassable. Let Uq — Tq — 0. Suppose that Un and Tn have been defined. 

Case 1 a„ 7^ 6„. If {a„, 6„} n U^„ 7^ define Wn+i = Wn and J-n-y-i — J'n- Suppose 
otherwise. Define = Tn- Since Tn is a finite pairwise disjoint family of closed K- 

bypassable sets there is a rectifiable arc L„ C S(0,1) — \}Tn connecting a„ and 6„ such 
thatlngth(L„) < X||a„-6„||. Let r = d(L„, 5(0, l)uU:^n) and = W„U{S(L„, r/2)}. 

Case 2 a„ = 6„. If a„ e D let c„ e U^g^^bd(F)) be such that ||c„ — a„|| = 
d(a„, U^g^ bd(F)) and G J>i be such that c„ e bd(i?„). If a„ e F let c„ = a„ and 

= ^(0, 1). Let F„ C S(c„, ^) n (S(0, 1) - U -^n - Uc76w„ cl ([/)) be such that F„ ^ 
and F„ is X-bypassable. Define Tn+\ — Tn'^ {-^n}- Let r„ = 5'(0, 1) U (J ^n+i — i?n) 

and C/„,o = S(0, 1) n {B{Hn,rn/2) - cl (S(i/„,r„/4))). Let x„ e S(0, 1) n (S(c„,r„/2) - H^), 
Sn e (0, r„/2) be such that [4,1 := B{xn, Sn) is disjoint from andZ4+i = Z4U{C/n,o, 
This concludes the inductive construction. 

Let X — B{0, 1) — cl (U^gpj .F„) . Since every two members oi D (1 X lie in the same 
member of Cmp(X) and D n X is dense in X, it follows that X is connected. 

Set A — {n\ Qn — bn}, for every n E Alet fn ■ Rn — and T„ = fn{Tn) and define 
T = 5'(0, 1) U UneA '^n- The verification of the following facts is left to the reader. 

(1) hd{X) = cl(r) and T C cl(int(R3 - X)). 

(2) For every n G A, T„ G Cmp(bd(X)), and S{0, 1) e Cmp(bd(X)). 

(3) For every C G Cmp (bd(X)) - {T„ | n G A} - {5(0, 1)}, - C is connected. 

Fact (1) implies that X is regular open. It follows from (3) and Alexander's Duality 
Theorem, that for every C G Cmp(bd(X)) - {Tn\n e A} - {S{0, 1)} and n G N, C ^ 
Let X E T. Then there is a sequence {kn | n G N} C ^ such that limfe„_^.oo r„ = x. Hence x 
has the following property: 

There is a sequence {C„ | n G N} of members of Cmp(bd(X)) such that C„ = T^^ 

and lim„_»oo C„ = x. 
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However, if y G hd{X) — {x}, then y does not have this property. Since hd{X) is invariant 
under EXT(X), it follows that g{x) = x for every g e EXT{X). That is, g\T ^ Id for 
every g e EXT(X). Since T is dense in hd{X), it follows that g \hd{X) = Id for every 
g e EXT(X). ■ 

Remcirk Recall that in Corollary 6.6(b) it was assumed that for every x,y E hd{X) 
there is h E EXT{X) such that h^^{x) — y. In Part (c) of the above example hd{X) 
has two connected components Ko,Ki, both Kq and Ki are not a singleton, and for every 
i = 0, 1 and x,y E Ki there is h E EXT (X) such that h'^^ (x) — y. The space Y in the above 
example has the property that bd (Y) is connected, bd (Y) is not a singleton, and for every 
x,y E bd(y), there is h E EX.T{X) such that h'^^{x) — y. These transitivity properties of 
hd{X) and bd(y), though quite strong, do not imply the conclusion of 6.6(b). 

In Theorem 6.3 it was shown that if (p : EXT {X) = EXT (F), then (p is induced by some 
T E EXT^(X,r). But Theorem 6.3 apphes only to sets X with finitely many connected 
components. To see this let X be BR.LC.AC and JN.AC as was assumed in 6.3, and suppose 
by contradiction that X has infinitely many connected components. Let z be a sequence 
of members of X which lie in distinct components of X. Let {x,x*, {L^ \ n E N},x') be 
a joining system for some subsequence x of z. Then x' is a convergent sequence, but each 
member of Rng(x') hes in a different component of X. This contradicts the fact that X is 
BR.LC.AC. So X has only finitely many connected components. 

Our next goal is to extend 6.3 to sets X that may have infinitely many connected 
components. We have four test cases X for which EXT (X) seems to be sufficiently well 
behaved to imply a reconstruction theorem for EXT(X), but which are not covered by 
Theorem 6.3. The first example which is defined below, has infinitely many components. 
The three others appear in Example 6.15, and they are connected. 

Example 6.8. Let E he a. Banach space. We define 

= a.N(^"^(o, 1 - - ^^(0, 1 - ^)) 

The set i?f is the union of a sequence of pairwise disjoint open rings converging to S^{0, 1). 

We shall prove a reconstruction theorem for a class which contains 7?f . The definition 
of this class is rather technical, but it contains quite complicated sets. This class will be 
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denoted by i^BX- simplicity, we consider only subsets of a Banach spaces and not 
subsets of general normed spaces. Hence only 6.3(a) is extended. That is, -f^BCx ^ -^bx ■ 

Definition 6.9. (a) Recall that Cmp(X) denotes the set of connected components of a 
topological space X. For x,y & X , x y denotes that x and y lie in the same connected 
component of X. The notation x y means that x„ |/„ for every n G N. 

(b) Let X be a metric space. We say that X is boundedly component-wise arcwise 
connected (BD.CW.AC), if for every bounded set A C X there is d = dA such that for 
every x,y & A: if x y, then there is a rectifiable arc L Q X connecting x and y such 
that Ingth (L) < d. 

(c) Let X G -R'nrm ^ ^ bd(X). Wc say that X is component-wise locally arcwise 
connected at x, if for every e > there is 5 > such that for every y.z E B{x,d) fl X: 
if y ~^ Zj then there is an arc L C B{x,e) fl X connecting y and z. Wc say that 
X is component-wise locally arcwise connected at its boundary (BR.CW.LC.AC), if X is 
component- wise locally arcwise connected at every x G bd(X). 

(d) Let X G -R'nrm- ^^^^ ^ ^ component-wise wide space, if for every r > 0, 
U{C G Cmp (X) I C n 5(0, r) ^ 0} is wide. 

(e) Let X C E. A point x G bd(X) is called a multiple boundary point of X, if for 
every C G Cmp(X), a; G bd(X — C), and a; is a double boundary point of X, if there are 
distinct Ci,C2 e Cmp(X) such that a; G bd(Ci) nbd(C2). 

(f) A subspace X C ii^ is locally movable at its multiple boundary, if for every x C X 
which converges in to a multiple boundary point and U G Nbr '^^^^-'(limx) there is a 
subsequence x' of x and g G EXT(X) such that: g{x') x', g^^{limx) ^ limx and 
supp ((?) C U. 

(g) Let i^Bx tie the class of all X G A'gj^^^ such that: 

(1) X is component-wise wide, BR.CW.LC.AC and BD.CW.AC, 

(2) X is locally movable at its multiple boundary. 

Proposition 6.10. (a) Let Rf be as defined in Example 6.8. Then Rf G -f^BX- 
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Proof The proofs of both parts are trivial. Anyway, we indicate the proof of (b) . Suppose 
that X e -f^BCx- It is easily seen that the multiple boundary of X is empty, hence X 
is locally movable at its multiple boundary. The fact that X is wide implies that it is 
component-wise wide. Similarly, since X is BR.LC.AC and BD.AC, it is BR.CW.LC.AC 
and BD.CW.AC. So X e K^^ . ■ 

Proposition 6.11. (a) Let X e K^^. Then for every C e Cmp(X), C is BR.LC.AC and 
J N.AC. 

(b) Let X,Y e (^nd t e H{X,Y) be such that (EXT(X))^ = EXT(r). Let 

CeCmp{X), D = t{C) andr] = T\C. ThenD eCmp{Y) and 7] e EXT^{C, D). 

Proof (a) The fact that X is component-wise wide implies that C is wide. The fact that 
X is BD.CW.AC imphes that C is BD.AC. So by Proposition 6.2(d), C is JN.AC. 

Let X e bd(C). The fact that X is component- wise locally arcwise connected at x 
imphes that C is locally arcwise connected at x. So C is BR.LC.AC. 

(b) It is trivial that C is an open subset of E and that D e Cmp (Y). So by Part (a), C is 
JN.AC and BR.LC.AC, and the same holds for D. We wish to apply Corollary 6.6(a) to 77, 
so we need to check that (UCo(C))'' C EXT(D) and that (LUC 01 (i?))""' C EXT(C). Let 
g e UCo(C). Set /i = c/Uld \(X - C). Then h e UCo(X) C EXT(X). So /i^ e EXT(y). 
Hence g"^ ^h''\De EXT(i:>). A similar argument shows that (LUCoi(i:>))''"' C EXT(C). 
By Corollary 6.6(a), 77 e EXT(C, L>). The same argument can be apphed to r}"^. Hence 
?7 e EXT±(C,L>). ■ 

Theorem 6.12. Let X,Y e K^^ and (p : EXT(X) = EXT(F). Then there is r e 
EXT^(X, y) such that r induces (p. 

Proof By Theorem 2.8(b), there is r G H{X.Y) such that r induces (p. 

Claim 1. Let x, -u C X. Suppose that x,u,t{x),t{u) are convergent sequences and 
limx = limu G hd{X). Then limr(x) = limr(M). Proof Let x = lima;, y = limr(a;) and 
V = limr(M), and suppose by contradiction that y ^ v. Clearly, y,v & bd(y). Assume 
first that either y or v is a multiple boundary point of Y, and assume without loss of 
generality that y is such a point. Since Y is locally movable at its multiple boundary, there 
are h G EXT(F) and a subsequence y' of t{x) such that h'^^iy) ^ y, h{y') ~^ y' and for 
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some W e Nbr ^ '{v), h\{W n y) = Id. By removing an initial segment of t{u) we may 
assume that t{u) C W. So h, y' and W satisfy 

(*) h e EXT(F), y' is a subsequence of r(f), W E Nbr '^^(^^(t;), h'^^y) y, t{u) C W 
and h''^ \W = ld. 

Now assume that y,v are not multiple boundary points of Y. Then there are Ci, C2 G 
Cmp(X) such that all but finitely members of x belong to Ci, and all but finitely members 
of u belong to C2. From Proposition 6.11(b) and the fact that limr(5') 7^ limr(-u) it 
follows that, Ci 7^ C2. So a; is a double boundary point of X. Let Di = t(Ci) and set 
D = Y — Di. Then by 6.11(b), Di G Cmp(y), and since y is not a multiple boundary point 
of F, it follows that y e bd(Di) -cl(5). Let V e Nbr^(y) be such that d{V)nd{D) = 0, 
and let U E Nbr^(a;) be such that t(U fl Ci) C V. Since X is locally movable at its 
multiple boundary, there is A; G EXT(X) and a subsequence z' of x such that k'^^{x) ^ x, 
supp(A;) C U and k{z') ~ z'. Let h = {k [Ci)" U Id [(F - D^). Then hlD^E EXT(Di). 
Also, 

supp (h) = supp (/i fL)i) = T(supp {k \Ci)) C t{U D Ci) C V. 

So supp((/i \ Di)''^) C d{V). From the fact that d{V) H d{D) = 0, it follows that 
h G EXT(F). Let y' = t{z'). Then h''^{y) ^ y and h{y') f . Clearly, G cl(r(C2)) 
and r(C2) C 5. So v G cl(5), and hence for some W G Nbr '^(^^(t;), h\{WnY) = ld. By 
removing an initial segment of t{u) we may assume that t{u) C W. It follows that h, y' 
and W satisfy (*). So in both cases: when {u,v} contains a multiple boundary point, and 
when it docs not, we have found h,y' and W satisfying (*). 

Let g = ^ and x' = T~^{y'). So g E EXT (X) and g\u = Id. Since uUx' converges to 
X and g E EXT(X), limg[x') = x. Since h{y') ~^ y', it follows that g{x') x'. Since X 
is BR.CW.AC, there is {fk | A; G N} C UC (X) and subsequences {nk}k£N and {'mk}ke'M such 
that: (i) for every k, fk{x',^J = ^«J, cl(supp(/fc)) C X and fk \{x'^^ | /c G N} = Id, (ii) 
limfc^oo diam(supp (fk)) = 0, (iii) for any i k, supp (/^) Hsupp (fk) = 0. Let / = OkeN fk- 
So f E UCo(X) C EXT(X), and hence must belong to EXT(r). Let us sec that this 
does not happen. Recall that limy' = y. However, limfc/'^(|/^^) = lim^ /?.(?/'j^) = h{y) 7^ y, 
and on the other hand, lim^ f^{y'„ij = lim^ y!^^ = y. So y' is convergent, but f^{y') is not, 
and hence ^ EXT(F). A contradiction, so Claim 1 is proved. 
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Claim 2. Let x C. X he a, convergent sequence in E. Then there is a subsequence 
x' of X such that t{x') is convergent in F. Proof Let x — limx. We may assume that 
X e hd{X). If for some C e Cmp(X), {n | x„ e C} is infinite, then by Proposition 6.11(b), 
there is a subsequence as required in the claim. 

Hence we may assume that for every m ^ n, x^ x„, and so x is a multiple boundary 
point. For every n let y„ = t(x„), and C„ and Dn be such that Xn & Cn & Cmp{X) and 

y„ e e Cmp(y). 

Suppose by contradiction that {D„ | n e N} is completely discrete. Let u e HneN^"- 
Define v — t{u). There is A; e EXT(y) such that for every n, k{y2n) — and A;(y2n+i) — 
y2n+i- Let g — ^ . Then g e EXT(X). Since x is convergent, g{x) is convergent. For 
every n, 5'(x2n) = ti2n and g{x-2n+i) = a;2n+i- So hm„_oo^i2n = lini„_^oo 2;2n+i = x. This 
imphes that hm„_^ooC'2n — x. Hence for every / e EXT(X): if {n e N | f{x2n) X2n} 
is infinite, then f{x) — x. Clearly, x is a multiple boundary point. So the above fact is 
in contradiction with the the fact that X is locally movable at its multiple boundary. It 
follows that {Dn I n e N} is not completely discrete. By choosing a subsequence of x we 
may assume that there is v e IlieN ^^ch. that v is convergent in F. Let v — lim v. 

Suppose by way of contradiction that y does not contain a convergent subsequence. We 
show that if y is unbounded, then there is another counter-example to Claim 2 in which y 
is bounded. Let r be such that v e -6^(0, r). Then for every n, £)nnS^(0, r) 7^ 0. Since Y 
is component-wise wide, there are a subsequence y' oi y, s > and a completely discrete 
sequence of arcs {L„ | n e N} such that for every n, Ln Q Dn and L„ connects y'^ with a 
member of B^{0, s). We may assume that y' — y. 

Denote the endpoint of L2„ which is not y2n by Wn- Let k e EXT(y) be such that for 
every n, k{y2n) — ^n and k{y2n+i) — y2n+i and set ^ = A;"^ \ Then g e EXT(X) and hence 
lim^(f) exists. So lim„_oo ^(a^2n+i) = linin^oo ^(a:^2n) = x. Since k{y2n) = Wn, it follows 
that g{x2n) — T~^{wn)- That is, T{g{x2n)) — Wn- So {T{g{x2n)) I n e N} is bounded and 
completely discrete. By replacing x by {g{x2n) \ n & N} we obtain a counter-example to 
Claim 2 in which y is bounded. Since is a Banach space, we may also assume that y is 
spaced. 

Since Y is BR. C W.AC, there are d and rectifiable arcs L„ C Dn such that L„ connects 
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Un with Vn and lngth(L„) < d. Let 7„(i) be a parametrization of L„ such that 7n(l) = Un, 
7n(0) = Vn, and for every t, lngth(7„([0, i])) = i-lngth(L„). For every infinite cr C N let 
So- = inf({i e [0, 1] I {7n([^, 1]) | n e a} is spaced}). Let a be an infinite set such that 
for every infinite rj C. a, s^j — s^- Then {jnisa) \ n E a} contains a Cauchy sequence, 
and for every t > s^, {7n([^, 1]) | tt- £ cr} is spaced. Set s — Sa-- It can be assumed that 
{7n(s) I n e cr} is a Cauchy sequence, that cr = N and that s — 0. So 7n(l) = i/n for every 
n e N, {7n(0) I n e N} is a Cauchy sequence, and {7n([i, 1]) | n £ N} is spaced for every 
t e (0, 1]. Let Wn — 7n(0) and w — \imw. 

For every t>0\etw*^ {l2n{t)\n G N}. Let y° = {y2„\n e N} and = {y2n+i\n e N}. 
For every t > there is kt E EXT(y) such that kt{y°) = and kt{y^) = y^. This 
follows from the fact that for t > 0, {7n([^, 1]) | n e N} is completely discrete. We check 
that for every t e (0,1], \imT~^{w^) — x. Let ht — kl \ Then ht{x2n+i) — X2n+i and 
ht{x2n) — 'T'^i'^n)- Clearly, ht G EXT(X), so ht takes x to a convegent sequence. But 
ht{x2n) = X2n: hcucc \imht{x) = lim„X2n = X. So lim„T'"-^(t(;^) = x. 

Note that for every £ > there are > and such that for every t <t^ and n > nie, 
\\wl^ — w\\ < e. Also, X2n — ^ T~^(i(;^) for every n and It follows that there are sequences 
z and {jT'fc}^^! such that \imz — x, limT(i) = w, and for every k, ~^ X2nk- ^^i^' 
take Zk to be r~^(u'^'=^), where {tk^kLi is any sequence converging to and Uk is such that 

> Tniik and ||t~^(i(;^*^) — x|| < 1/k. 

From the facts X is BR.CW.AC, Zk X2nk ^'^^ Yvcnz — \\m.kX2nki we conclude that 
there is 51 e EXT(X) such that for infinitely many /c's, g{x2nk) — ^k- We now check that 
g'^ ^ EXT(y), and this is of course a contradiction. Using the fact that t{x) — y, it 
is evident that g'^ takes an infinite subsequence of y to an infinite subsequence of t{z). 
However, y is spaced, and t{z) is converges to that is, g'^ takes a spaced sequence to a 
convergent sequence. Hence g'^ ^ EXT(y). A contradiction. This proves Claim 2. 

We prove that r e EXT [X, Y) . Suppose by contradiction that x Q X is a convergent 
sequence and t{x) is not a convergent sequence. By Claim 2, there is a subsequence x° 
of X such that t(x°) is convergent. Since t{x) is not convergent, there is a subsequence 
x'^ of X such that d(T(x ^), t(x°)) > 0. By Claim 2, there is a subsequence x^ of x'^ 
such that t{x^) is convergent. But limT(x'^) 7^ limT(x-'^). This contradicts Claim 1. So 
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T e EXT{X,Y). The assumptions on X, Y and r were symmetric with respect to X 
and y. So T e EXT^(X, Y). U 



Remark 6.13. The requirement that X be locaUy movable at its multiple boundary, which 
appears in Theorem 6.12 is stronger than what is really needed in the proof of that theorem. 
However, the exact assumption needed in that proof is longer and more complicated, so 
we include it only as a remark. Thus in Theorem 6.12 the assumption that X is locally 
movable at its multiple boundary can be replaced by the following weaker requirement. 
The proof remains essentially unchanged. 
Let X CE. Then 

(1) For every x C. X which is converges to a multiple boundary point and z e hd{X) — 
{limx}, there is a subsequence x' of x and g e EXT(X) such that: g{x') ~^ x', 
g''^ (limf ) ^ limf and for some U e Nbr^(z), g\{Ur\X)^ld. 

(2) For every x Q X which converges to a double boundary point and U e Nbr^(lima;) 
there is a subsequence x' of x and g e EXT(X) such that: g{x') x' , g^^ (limx) ^ 
lim X and supp {g) C [/. □ 

The requirement that X be locally movable at its multiple boundary which appears in 
Definition 6.9(g) cannot be entirely omitted. This is demonstrated by the following trivial 
example. 

Example 6.14. There are regular open subsets X, y C which satisfy Clause 1 in the 
definition of K^^ such that EXT(X) ^ EXT(y) and d{X) ^ cl(y). 

Proof Let -u G and Fq, . . . , F3 C be closed solid triangles such that for every i ^ j, 
Fi n Fj = {u}. For i = 1,2,3 let {Di j | j < i} be a set of pairwise disjoint closed balls such 
that Dij C int (Fj) for every j < i. Let X = IJ.^^ int (Fj) - lJ{A,i N = 1, 2, 3, j < i}- 

Let f , w G and Gq, . . . , G3 C be closed solid triangles such that Gq (1 Gi = {v}, 
G2 n G3 = {w} and G, n = for every i G {0, 1} and i G {2,3}. For i = 1,2,3 let 
{Fjj I i = 1,2,3, j < i} be a set of pairwise disjoint closed balls such that Fjj C int (Gj) 
for every j < i. Let Y = IJi<4 i^i) ~ U{-^i,j N = 1) 2, 3, j < i}. Then X and Y are as 
required in the example. ■ 
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For open subsets of finite-dimensional spaces we have Theorem 5.2 which says that the 
class of bounded sets which are the closure of an open UD.AC subset of a Euclidean space 
is faithful. We shall next define another faithful class of spaces which are not required to be 
UD.AC. This class, denoted by K^^, is defined in 6.16(b). Loosely speaking, we replace 
the assumption that X is UD.AC by the assumption that the orbit of every x e hd{X) 
under EXT (X) contains an arc. This gives rise to a rather large class. See Proposition 6.17. 

The next example contains finite and infinite dimensional sets which belong to i^^ix 
but do not belong to any of the previously defined EXT-determined classes. The three 
examples are connected. The first example is a subset of which is not UD.AC. The 
second set is infinite-dimensional. It is quite similar to the set Rf defined in 6.8, yet it 
does not belong to . Note the second example is BD.AC, and the first two examples 
are regular open. 

Example 6.15. (a) Let R2 = {{r,6) \ 6 e (vr, 00) and 1 — < r < 1 — j^^}- {R2 is 

described in polar coordinates). So R2 is an open spiral strip converging to 5(0, 1). Note 
that i?2 is comiccted, R2 is not UD.AC and R2 ^ -^bx- 

(b) Let E = £2 and Rf be as in Example 6.8. So the set Rf is the union of a sequence of 
pairwise disjoint open rings converging to 5*^(0, 1). We connect each two consecutive rings 
by an open tube whose closure is disjoint from the closure of any other ring. The set of tubes 
is to be spaced. Let {e^jneN be the standard basis of £2 and Ln = [(1~ 2^^^)^"' (-'^^ 2*1+4)^'*] • 
So each L„ connects two consecutive rings in Rf. For some c? > 0, {L„ | n G N} is d-spaced. 
Let Sn = 2^ - 2^ ^ min((i/3, s„) and R3 = -Rf UlJ^gj^ B{Ln, Vn). It follows that 
i?3 is connected, R3 is not UD.AC and R3 ^ -R'bx- However, Rs is JN.AC. 

(c) Let be a normed space with dimension > 2 and F be a subspace of E with 
co-dimension 1. Let Rf = 5^(0, 2) - B^{0, 1). 

Definition 6.16. (a) Let h : [a,b] x Zi ^ Z2 and t G [a,b]. We denote by ht the function 
g{z) = h(t, z). Let X G i^NRM x G bd(X). We say that x is isotopically movable with 
respect to X, if for every r > there is a continuous function h : [0, 1] x cl (X) — > cl (X) such 
that ho = Id, hi{x) 7^ x, and for every t G [0, 1], ht \X G EXT(X) and supp(/it) C B{x,r). 
We say that X is isotopically movable at its boundary (BR.IS.MV), if every x G bd(X) is 
isotopically movable with respect to X. 
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(b) Let -f^^x be the class of all open subsets X of a normed space such that X is 
JN.AC and BR.IS.MV. □ 

The next observation and Proposition 6.2 show that Kfy^y^ is a large class. Let E he a, 
normed space and X C i5 x (0, oo) be open and Z = {z & E \ 3a{{z, a) e X)}. The body 
of revolution of X is defined as follows. 

revb(X) = {{z,u,v) \ {z, \Ju^ + ) G X}. 

So revb(X) is an open subset of x R^. If inf({a | {z,d)) e X}) > for every z ^ Z, 
then revb(X) is called a hollow body of revolution. Clearly if revb(X) is hollow, then 
revb(X) ^XxS\ 

Proposition 6.17. Let X.Y e K^^^ ■ 

(1) IfY IS BR.IS.MV, then X xY is BR.IS.MV. 

(2) IfX and Y are JN.AC, then X xY is JN.AC. 

(3) IfXQW,Y<Z W, X, Y are bounded, and Y is BR.IS.MV, then X xY e Kfy^^ . 

(4) IfX and Y are JN.AC and Y is BR.IS.MV, then X xY e Kg^^ . 

(5) If X C M."', X is bounded and revb(X) is hollow, then revb(X) e i^^ix- 

Proof The proof is trivial. For Parts (3) and (5) see 6.2(b). ■ 
Remcirk The class does not contain any of the classes -f^NMX) -^bcx 

defined in 6.3 and 6.9(g). Recall that i^BCx ^ -^bxj^nmx- Example 6.8 belongs to 
K^cx but not to Kfy^^ . 

Theorem 6.18. Suppose that X,Y e Kfy^^ and ip : EXT(X) ^ EXT(r). Then there is 
T e EXT^(X, Y) such that r induces (p. 

Proof By Theorem 2.8(b), there is r e II{X, Y) such that r induces (p. 

Claim 1. For every x e bd(X) there is a sequence x converging to x such that t{x) 
converges to a member of bd(y). Proof This claim follows from Lemma 6.5(b) applied 
to T-^. 
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Claim 2. Let x e bd(X) and x,u C. X. Suppose that limx = limi? = x and 
that t{x) and t('u) are convergent. Then hmT(x) = \miT{u). Proof Set y — t{x), 
V — t{u), y — limy, v — limv, and suppose by contradiction that y ^ v. Obviously, y,v & 
bd(y). Let r = \\y — v\\/2. We may assume that v C B{v, r) and that y fl B{v, r) — 0. Let 
h : [0, 1] X cl (Y) cl (Y) be an isotopy as assured by the fact that v is isotopically movable 
with respect to Y, and such that for every t e [0, 1], supp(/it) C B{v,r). 

For every t e [0, 1] let Un,t — T'~^{h{t,Vn))- We first prove the following fact. (*) For 
every t e [0,1], lim„_»oo i^n,* — Let t e [0,1]. Let h — ht\Y and g — h7 ^ . Then 
g e EXT(X). Also ^ [f = Id. So g^'^ix) = x. Hence lim^^oo^^n.t = linin-^oo^W = 
^(lim„_oo^in) = 9{x) = X. So (*) is proved. 

Let L„ = /i([0, 1] X and — t~^(L„). We prove that lim„_,oo -f^n — x. Sup- 

pose by contradiction that this is not true. Then there are d > 0, i C [0, 1] and a 1-1 
sequence {ui | i e N} such that d{x, Um^a) > d for every i e N. We may assume that t is 
convergent. Set t* — limt. Let /j be the closed interval whose endpoints are ti and t* and 
J. = /t(7. X {vm}). Then lim^-^oo = h{t*,v). Since for every i e [0, 1], /it [F e EXT(y) 
and V e bd(y), it follows that h{t\v) e bd(y). The fact v CY implies that Ji C y, 
and hence h{t*,v) ^ Jj for every i e N. Since Jj is compact, d{Ji,h{t* ,v)) > 0. We may 
thus replace {ni\i^^ by a subsequence and obtain that m.ax.{{d{z,h{t* ,v)) \ z e Ji+i\) < 
d{Ji,h{t* ,v)) for every i e N. There is a sequence {VjlieN of open sets such that for 
any distinct i,j G N, C C cl(V^) C y n B(v,r), Vi nVj ^ $ and limj_^ooV^ = 
limj_^.oo Ji. From the fact that Jj connects h{vni,t*) and h{vni,ti), it follows that there is 
hi e UC(y)[Vi] such that hi(h(vni,t*)) — h{vni,ti). Let h — Oi^fihi. Then by Proposi- 
tion 4.5, h e UCo(y) C EXT(y). Clearly, supp(/i) C B{v,r) and so h \ y ^ Id. Let 
g — . So g E EXT (X) . Since h\y — Id, it follows that g\x — Id and hence g^^ (x) — x. 
Clearly, for every i, g{uni,t*) — Uni,ti, and from (*) it follows that \imi^caUni,t* — x. So 

lim Un„u = liiii giun„t*) = g""^ ( lim Un„f ) = g"^ {x) = X. 

i— »oo i— »oo j— >oo 

This contradicts the fact that d{x,Uni,ti) > d. So lim„_,oo -R'n ~ x. 

There is an infinite set o" C N such that Ki (1 Kj = ^ for any distinct i,j G a. Let 
{Ui I i e cr} be such that Ki C Ui C X, Ui is open, C/j H ?7j = for every i ^ j and 
limjg(^ Ui — X. Let 77 C cr be such that r] and a — rj are infinite. For every i e 77 let 
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Qi e UC(X)[L^ be such that gi{ui) — Ui^i. Let g — Oi^j^Qi and h — g'^. By Proposition 4.5, 
g e UCo(X) C EXT(X), hence it follows that h e EXT(y). 

For every i & rj, h{vi) — h{vi, 1), so linijg^ h{vi) — h{v, 1). For every i e cr — r), h{vi) — Vi, 
so limjg(^_^ h{vi) — V. Recall that h{v, 1) ^ v. Also, limj_,.oo Vi — v. So v is convergent and 
h{v) is not convergent. Hence h ^ EXT(y). A contradiction, so Claim 2 is proved. 

Suppose by contradiction that x e hd{X) and x ^ Dom(T^'). By Claim 1, there is a 
sequence x C. X such that limx = x and t{x) is convergent. Set y — limT(x). There are 
a 1-1 sequence u C. X and d > such that limil = x and d{T{u),y) > d. Define v — t{u). 
By Claim 2, does not have a convergent subsequence. That is, v is completely discrete. 
Since Y is JN.AC, there is a subsequence w oi v such that w has a joining system. Let 
{w, w*, {Ln I n e N}, w') be a joining system for w. We may assume that w* ^ Rng('iU). 

We show that it can be assumed that w* ^ y. Suppose that w* — y. Let r = d{w, y). 
Since Y is BR.IS.MV and y e hd{Y), there is h e EXT(y) such that supp(/i) C B{y,r) 
and /i^' (y) ^y. So h\w — Id. It follows that {w, /i^' (y), {h{L^ \ n e N}, h{w') ) is a joining 
system for w. So we may assume that w* ^ y. 

Recall that Y is JN.AC. So we may apply Lemma 6.5(b) to t~^. Recall also that 
\imT~^{w) — limT~-'^('iT) = x. Hence there is i* C y such that limi'= w* and limT~^(z) = x. 
We now have two sequences: x and t~^{z}, both converge to x, and t{x) and t{t~^{z)) are 
convergent, but not to the same point. This contradicts Claim 2, so x e Dom(T^'). 

We have shown that r e EXT(X, y), and an identical argument shows that G 
EXT (Y,X). That is, r e EXT ± (X, Y) . U 

6.3 Completely locally uniformly continuous homeomorphism 
groups. 

Having obtained the results about EXT {X) and LUC (X), only little extra work is needed 
to prove CMP.LUC- determined-ness. See Definition 5.3(f). This faithfulness result will 
complete the picture on groups of type Hp^^-^^ {X) discussed in Chapters 8-12. 
The following is a strengthening of property BR.LC.AC. 
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Definition 6.19. X is locally uniformly - in - diameter arcwise - connected (LC.UD.AC), if 
for every x e bd {X) there is U & Nbr (x) such that for every e > there is 5 > such that 
for every u,v & U: if d{u, v) < S, then there is an arc L C. X connecting u and v such that 
diam(L) < e. 

Theorem 6.20. (a) Let X,Y e ^nrm • Suppose that X and Y are LC. UD.AC and JN.AC. 
Let : CMP.LUC {X) ^ CMP.LUC {¥). Then there is t E CMP.LUC^(X, Y) such that r 
induces (p. 

{b) Suppose that X is LC.UD.AC and Y is JN.AC, and let r e H{X,Y) be such 
that {\]Co{X)y C CMP.LUC(y) and (LUCoi(y))^"' C CMP.LUC(X). Then r E 
CMP.LUC (X, Y). 

Proof We shall see that (b) implies (a). So we start by proving Part (b). 

(b) It is trivial that X is BR.LC.AC. We first show that r G EXT (X, Y). By definition, 
CMP.LUC (X) C EXT(X). So (UCo(X))^ C EXT(r) and (LUCoi(F))^"' C EXT(X). 
By Corollary 6.6(a), r G EXT(X,r). 

We show that r G LUC(X,r). Let S be the set of BPD-subsets of X. Then 
UC(X,5) C UCo(X) and CMP.LUC (F) C LUC(r). So (UC(X,5))^ C LUC(r). By 
Theorem 4.8(b), r G LUC^(X,F). 

Let X* G bd(X). We show that there is U e Nbr (a;*) such that r f (?7 n X) is UC. The 
proof is very much a repetition of the proof of Part 1 of Theorem 4.8(c). 

Suppose by contradiction that for every U G Nbr^(a;*), r ft/ is not UC. The following 
claim is an easy consequence of the fact that r [^(x*, r) n X is not UC. Its proof is left to 
the reader. 

Claim 1. For every r > there are sequences x, y and d,e > such that: 

(1) Rng(f) URng(y) C B^{x*,r/2)] 

(2) lim„_oo \\xn - yn\\ = 0; 

(3) either (i) for any distinct m, n G N, d{{xm-iym}-i {xmUn}) > e, or (ii) x is a Cauchy 
sequence; 

(4) (i(Rng(f) U Rng(y),a;*) > e; 

(5) for every n G N, ||t(x„) - T(y„)|| > d. 
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Let U e Nbr(a:*) be as assured by the LC.UD.AC-ness of X. There is a > and a 
function 77 : (0, a] — > R such that hmt_^.o rjlt) — and for every u, v & U H X , ii \\u — v\\ < t, 
then there is an arc L C. X connecting u and v sucu that diam(L) < r]{t). 

Let e_i > be such that B^{x*, e_i) C U. It is easy to define by induction on i e N, 
> 0, sequences and dj,ej > such that: (i) x\y\di,ei satisfy the conclusion of 

Claim 1 for rf, and (ii) for every i e N, ri — ei-i/S. Clearly ej+i < ei/4. By deleting 
initial segments from the x*'s and y*'s, we may further assume that for every i,n e N, 
rj{\\x\ — y^ll) < Ci/S. We may further assume that either for every i e N Clause (3)(i) of 
Claim 1 holds, or for every i eN Clause (3)(ii) of Claim 1 holds. 

Case 1 Clause (3)(i) of Claim 1 holds. Let {{i{k),n{k) ) | /c e N} be a 1-1 enumerarion 
of N^. Then lim^^oo H^^^^JJ) - y^^JJ)!! = 0. Set Uk ^ x'^^^y Vk = y^^JJ) and let Lk C X he an 
arc connecting and Vk such that diam(Lfe) < 77(||tifc — Vk\\)- Let — S(Lfc, ei(jfc)+i/4). 
Then 

diam(5fe) < diam(Lfc) + ei(fe)+i/2 < vihk- Vk\\) + ei(k)+i/'2 < ei(k}/8 + ei(k)+i/2 < ei(fc)/4. 

It follows that if i{k) = then d{Bk, Bf) > ei(fc)/2. Suppose that i{k) < Then Wug — 
Uk\\ > 7eij8, diam(5fc) < ei(fc)/4 < ei(£)/4 and diam{Bi) < ei(^)/4. So d{Bk,Bi) > 3eij8. 
Obviously, linife^oo diam(i?fc) = 0. Let Wk E Lk — {uk} be such that ||'r(wfc) —r(-Ufc) || < 
By Lemma 2.14(d), there is hk G LIP (X) such that supp(/ifc) C Bk, hk{uk) = Uk and 
hk{wk) = Vk- By Propostion 4.5, h:= Ok^^^hk G UC(X) and indeed h e \JCo{X). 

Let us see that for every V e Nbr (r"' (x*)), \ {V n Y) is not UC. For i e N define 
CTj = {k I i{k) = i}. So if A; e CTj, then C B{x* ,rj{2rk)). Since limj^oo ''?(2ri) = 0, and 
since r^^ is continuous at x* , there is i such that for every k e Uj, r(Lfc) C V. 

For every A; e Uj, r(Mi),r(wj) G y. Clearly, limfcgo-^ I|t(wa:) — T('?i'fc)|| — 0. However, for 
everyA;e(7i, ||/i^(r(Mfc)) - /i^(r(w;fc))|| = \\t{u^)) - T{vi))\\> d^. So /i^r(l/ny) is not UC. 
Hence ^ CMP.LUC(F) even though h e UCo(X), a contradiction. 

Case 2 Clause (3)(ii) of Claim 1 holds. Let Zi — limx*. Clearly, Zi e B^{x*,ri) — 
B^{x*,ei). So {zi\i e N} is 1-1 and limj^oo = x*. Also, Zi e E - E. This is so, 
because if Zi e then either Zi E X and r is not continuous at Zi, or Zi E bd^(X) and 
Zi ^ Dom(r'^'). Both situations are impossible. For every i and n let Li^n C X be an 
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arc connecting and such that diam (Lj^„) < 77(||a:^ — Note that for every i, 

hm„_^oo Li^n — Zi. Prom the facts Zi ^ E and Lj^„ C. E we conclude that d{zi, Li^n) > 0. 
It follows easily that there is a sequence {{i{k),n{k) ) \ k eN} such that 

(1) for every i e M, {A; | i{k) = i} is infinite, 

(2) for every /c G N, := c?(ii(/ic),n(fc) ? Um^it 

) > 0. 

It is also clear from the construction that 

(3) limfe^oodiam(Lj(fc),„(fe)) = 0. 

Set Lk = Lii^k),n{k), Uk = x'^^^y Vk = y^^^^ and Bk = B{Lk,Ck/S). Clearly, for every 
i k, d{B£,Bk) > Ck and limjk_^.oo diam(5fe) = 0. Prom this point on the proof proceeds 
exactly as in Case 1. So in Case 2 too, a contradiction is reached. 

It follows that there is U E Nbr (x*) such that t\{U (1 X) is UC, and this implies that 
r'^' is UC at x*. Recall that we have already shown before that r e EXT(X, y) and that 
T e L\]C{X,Y). Sore CMP.LUC(X,y). 

(a) Let : CMP.LUC (X) ^CMP.LUC(r). Clearly, LIP^^(X) < CMP.LUC(X) < 
H{X), and the same holds for Y. So By Theorem 2.8(a), there is r e H{X,Y) such 
that r induces ip. Hence (CMP.LUC (X))^ = CMP.LUC(y). Obviously, UCo(X) C 
CMP.LUC(X) and LUCoi(y) C CMP.LUC(r). So Part (b) of this lemma can be 
applied. Hence r e CMP.LUC (X, F). Similarly, r'^ e CMP.LUC (F, X). That is, 

T e CMP.LUC±(x,r). ■ 
6.4 The reconstruction of cl(X) from H{cl{X)). 

The next two theorems 6.22 and 6.24 deal with the reconstruction of F from H[F), when 
F is the closure of an open subset of a normed space. The sets to which these theorems 
apply may have rather complicated boundaries. It is not true though that for every F, K 
which are the closure of an open subset of a normed space, H[F) = H{K) implies that 
F ^ K. See Example 5.8. 

Recall that ii A C E has a nonempty interior, then ENI(A) := {h{x) \ x E int^(A) and 
heH{A)}. For/ G UCo(X), define Z^'^' = /^^ fENI(cl(X)). Hence /*^°^ G i/(ENI(cl(X))). 
Also define UC^l^) = I / e UCq{X)}. 
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Parts (a) and (b) of the next proposition are analogous to Proposition 6.4 and 
Lemma 6.5(a). The proofs of (a) and (b) are essentially identical to the proofs of their 
counterparts, so they are omitted. Part (c) is analogous to Lemma 6.5(b), but (c) is stated 
for r]~^ rather than for rj. 

Proposition 6.21. (a) Let X be BR.LC.AC and r G i/(ENI(cl(X)), ENI(cl(F))). As- 
sume that (UCo°'(X))" C EXT(ENI(cl(F))). Let x G bd(X) - ENI(cl(X)), y G bd(F) 
and X X be such that limx = x and limr(a;) = y. Then (r \X) U {{x,y)} is continuous. 

(b) LetX be JN.AC andr e if(ENI (cl (X)), ENI (cl (F))) be such that (LUCoi(X))^ C 
H {ENl {cl {¥))) . Let y G bd(y) — ENI(cl(y)). Suppose that x C X is completely discrete, 
{x, X*, {Ln I n G N}, x') is a joining system for x and limr(a;) = y. Then there is a sequence 
■u C X such that lim-u = x* and lim r(-u) = y. 

(c) Let X,Y e i^NRM- Assume that Y is JN.AC. Set K = cl(X) and M = d{Y), 
and let7]e i/(ENI (iT), ENI (M)) be such that for every h G H{M), ((/i [ENI (M))''~')^i G 
H{K). Then for every x E K — ENl^K) there is a sequence x Q X converging to x such 
that rj{x) C Y , and r]{x) is convergent in M. 

Proof (c) Let x E K — E'Nl{K). Let x' C X he a, sequence converging to x. For every 
n G N let r„ = min(5(x^), d{x'^, x)). So B^{x'^, r„) is a nonempty open subset of ENI(ir). 
Clearly, bd(y) n ENI(M) is nowhere dense in ENI(M). So there is x„ G B^{x'^,rn) such 
that r]{xn) ^ bd {Y) n ENI (M). That is, r]{xn) eY. So f C X, lim f = x and 77(f) C Y. 

Define y — rj{x). Suppose that y has a subsequence y' such that y' is convergent in 
cl(y). Then r]~^{y') is as required in the proposition. Suppose that such a y' does not 
exist. Hence y is completely discrete. 

Let {y,y*,{Ln \ n G N},y') be a joining system for y. By 6.21(b) applied to y 
and r]"^, there is v C. Y such that \imv — y* and lim77~^('u) = x. It is obvious that 
y* G bd(y) -ENI(cl(y)). 

As in the beginning of the proof, there is a sequence v' C. Y such that limv' — y*, 
r]~^{v') C X and lim77~-'^('iT') = lim77'~-'^('iT) = x. So r]~^{v') is as required. ■ 

The following theorem is analogous to Theorem 6.3(b). The proofs are essentially the 
same. 
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Theorem 6.22. Let X, Ye K^^^. (See 6.3(b)). If (p:H{d{X))^H{c[{Y)), then there 
is T : c\{X) = cl(y), such that r induces (f. 

Proof Let K = cl(X) and M = cl(F). Prom Theorem 2.30(c) it follows that there is 
rj e H{Em{K),Em{M)) such that rj induces (p. 

For every x e bd(X) — ENI(cl(X)) let x C X be such that limx — x and 7]{x) 
is convergent in M. The existence of x is assured by Proposition 6.21(c). Let i/x: = 
\imr]{x). Since Rng(ry) ^ Y, E bd(F). Since rj induces ip, for every g e H{K), 
{{g\'m\{K)YY^ e EXT(ENI(M)). In particular, (UC^" (X))'' C EXT (ENI (M)). Hence 
by Proposition 6.21(a), r] \ X \J {{x^y^)} is continuous. Also, for every x e bd(X) fl 
ENI(cl(X)), ri\X\J {{x,r]{x))} is continuous. We thus have 

(1) for every x e bd(X) — ENI(cl(X)), 77 fX U {(x, )} is continuous, 

(2) for every x G bd(X) nENI(cl(X)), 77 fX U {(x, 77(2;) )} is continuous. 

So by Proposition 4.7(a), rjU {{x^y^) \ x E bd(X) — ENI(cl(X))} is continuous. So rj can 
be extended to a continuous function r from cl(X) to c\{Y). 

Similarly, rj^^ can be extended to a continuous function p from c\{Y) to cl(X). It 
follows easily that r is 1-1 and that r^^ = p. So r G H {c\{X) ,c\{Y)) . Since 77 induces p 
and Dom(7;) is dense in Dom(r), it follows that r induces p. ■ 

Proposition 6.23. (a) Let X G iiT^RM; K = cl(X), [/ C ENI(ir) 6e o;>en in K, L CU 
be an arc and x,y be the endpoints of L. Then there is h E H{K)\U] such that h{x) = y. 

(b) Let Z be a topological space z & Z and {hi | i G N} C H{Z) be such that for every 
i 7^ j , supp (hi) n supp (hj) — and limj__>oo supp (hi) = z. Then OjgN hi G H{Z). 

Proof (a) Let 7 : [0, 1] ^ L be a paramtrization of L such that 7(0) = x and 7(1) = y. 
There are ti G N, {Ui\i < n} and = to < . . .tn = 1 such that for every i < n: Ui is open 
in A', Ui is homcomorphic to an open ball of a normcd space, Ui C U and 7([tj,tj+i]) C Ui. 
So for every i < n there is hi G i7(i^)[L^ such that hi{zi) = Zi+i. Clearly, hn-i° . . . °ho is 
as required. 

(b) The proof of Part (b) is trivial. ■ 
The following theorem is analogous to Theorem 6.18. The proofs are essentially the 
same. 
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Theorem 6.24. Let X,Y e Kf^^ and (p : H{cl{X)) ^ H{d{Y)). Then there is t e 
H {cl{X) , c\{Y))) such that r induces (p. 

Proof Set K = cl(X) and M = cl{Y). Then by Theorem 2.30(c), there is e 
i7(ENI(ir),ENI(M)) such that r] induces if. So for every g e H{K), {{g \E'N1{K))'^Y^ = 
(p{g) e H{M). We shall prove that rj"^ E H{K, M). 

Claim 1. Let x E K — ENI(i^) and m C X. Suppose that limx = limw = x and 
that ri{x) and ri{u) are convergent in M. Then \im.ri{x) = lim?7(-u). Proof Let y = ri{x), 
V = r]{u), y = limy, v = \imv, and suppose by contradiction that y ^ v. Obviously, 
y,v Ehd (Y). Let r = |||/ — w||/2. We may assume that v C B{v, r) and that yr\B{v, r) = 0. 
Let h : [0, 1] x cl(y) c\{Y) be an isotopy as assured by the fact that v is isotopically 
movable with respect to Y, and such that for every t G [0, 1], supp{ht) C B{v,r). 

For every t G [0,1] let Un^t = fl^^{h{t,Vn))- We prove the following fact. (*) For 
every t G [0,1], lim„^ooM„,t = x. Let t G [0,1]. Let h = ht [ENI(M) and g = }v^~\ 
Then g G EXT (ENI (i^)). Clearly, g \ x = \(\ and so g'^^{x) = x. Hence lim^^oo "i^n,* — 
\m\n^^g{un) = g(limn-,ooUn) = g{x) = X. So (*) is proved. 

Let Ln = h{[0,l] X {f„}) and = ri~^{Ln)- We prove that lim^^oo -^n = Sup- 
pose by contradiction that this is not true. Then there are > 0, t C [0, 1] and a 1-1 
sequence {n-i \ i G N} such that for every i G N, d{x,Uni,ti) ^ d. We may assume that t is 
convergent. Let t* = \imt. Let Jj be the closed interval whose endpoints are tj and t* and 
J. = h{Ii X {fnj). Then lim^^oo Ji = h{t*,v). Since for every t G [0, 1], ht \Y G EXT(F) 
and f G bd (Y), it follows that h{t*,v) G bd (Y). The fact that G Y implies that Ji C Y. 
Hence for every i G N, h{t*,v) ^ Jj. We may thus assume that for any i ^ j, Ji fl Jj = 0. 

There is a sequence {VijjgM of pairwise disjoint open sets such that for every i G N, 
J, C Vi C d{Vi) C Y n B{v,r) and lim^^oo = h{t*,v). Let hi G UC(F)|]^ be such 
that hi{h{vn^,t*)) = h{vn^,ti) and h = Oienhi. Then h G \]Co{Y). Hence /;,:=/i"" G 
EXT(ENI(M)). Let g = So g e EXT(ENI(X)). Clearly, ^ [ f = Id and 

hence g'^^{x) = x. Also, for every i G N, g{urn,t*) = Urn,ti- It follows from (*) that 
hmj^oo Una* = ^ so 

lim Un„u = lim 9{uni,t*) = g""^ ( lim m„ t*) = g^^x) = x. 

i—>oo i—>oo i—>oo 
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This contradicts the fact that d{x, Um^ti) > d, so hm„_>oo — 

Recall that x e K - ENI(X), and note that Ki = r)-^{Li) C rj-^{Y) C EN^X). So 
X ^ Ki. Hence there is an infinite set cr C N such that for any distinct i,jEa,Kir\Kj — $. 
There is a sequence {Ui \ i e a} oi pairwise disjoint sets such that C Ui C ENI(ir), 
Ui is open in ENI (K) and linijgo. Ui — x. Let p C cr be such that p and a — p are infinite. 

By Proposition 6.23(a), for every i e p there is Qi e i?(ir)[L^ such that gi{ui) — Ui^i. 
By Proposition 6.23(b), g := Oi^pQi G H{K). Let g ^ g \Em{K) and h = g"^. Then 
g^^ — g e H{K). Prom the fact that 77 induces (/? it follows that /i^' e H{M). 

For every i & p, h{vi) — h{vi,l). So linijgp /i(i>j) = h{v,l). For every i e cr — p, 
h{vi) — Vi- So limjgo._p /i(T;j) = t;. Recall that h{v, 1) ^ v and that limi^^Vi — v. So v is 
convergent and h{v) is not convergent. Hence h^^ ^ H{M). A contradiction, so Claim 1 is 
proved. 

Suppose by contradiction that x e K — ENl{K) and x ^ Dom((77 |~X)^'). Recall that 

Y e Kfyi^ and hence Y is JN.AC. So by Proposition 6.21(c), For every x E K - ENI(X) 
there is a sequence x C. X converging to x such that r]{x) C Y, and rjlx) is convergent 
in M. Set y — lim77(x). Obviously, y e bd(y). Since x ^ Dom((77 fX)^'), there are a 1-1 
sequence u C. X and d > such that \imu — x and d{r]{u),y) > d. Define v — r]{u). Then 
by Claim 1, v does not have a convergent subsequence. That is, v is completely discrete. 
Since Y is JN.AC, there is a subsequence w oi v such that w has a joining system. Let 
{w, w*, {Ln I n e N}, w') be a joining system for w. We may assume that w* ^ Rng(t(;). 

It can be assumed that w* ^ y. For suppose that w* — y. Let r = d{w,y). Since 

Y is BR.IS.MV and y e hd{Y), there is h e EXT(y) such that supp(/i) C B{y,r) and 
/tci(y) ^ y. So h\w ^ Id. It follows that {w,h''\y),{h{Ln) \ n E N},h{w')) is a joining 
system for w, and if we redefine w* to be h^^{y), then w* ^ y. 

Recall that Y is JN.AC. So we may apply Lemma 6.21(b) to ri~^. Recall also that 
\\va.r]'^{w) = lim?7~^('u) — x. Hence there is i* C y such that limz = and lim77~-'^(2) — x. 
The two sequences x and r]~^{z) converge to x, however, r]{x) and r]{r]~^{z)) are convergent, 
but they do not converge to the same point. This contradicts Claim 1, so Dom((77 \ Xy^) D 
K - ENI {K). Since Dom(77) = ENI (X), we have that Dom(77^i) = K. 

We have shown that 77 e EXT (ENI (X), ENI (y)). An identical argument shows that 
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r]-^ e EXT(ENI(y),ENI(X)). Hence 77^^ e H(K,M). Since 77 induces ip, 77^^ induces ip. 



6.5 Generalizations to manifolds and to nearly open sets. 

The results of this chapter arc true in two other settings, which are more general than the 
present setting. The proofs remain exactly the same as they were. 

Remcirk 6.25. (a) Let Z be a subset of the normed space E. Z is a nearly open set, if 
Z C cl'^(int'^(Z)). The results of this chapter can be extended to the class of nearly open 
subsets of a normed space. Let 

K^^M = {{X, Z)\Xe X^RM and X C Z C d{X)}. 
Note that {{X,diX)) \ X e K^^^} C K^^^. 

(b) The analogy with i^NRM is as follows. Let {X,Z) e K^g^. The group 

EXT^(X) = {h\X \ he H{Z) and h{X) = X} 

is the analogue of EXT'^(X), and the group H{Z) is the analogue of H{c\{X)). 

(c) Suitable reformulations of Theorem 6.3, Corollary 6.6 and Theorems 6.18, 6.20, 6.22 
and 6.24 are true for i^NRM ■ ^ 

We demonstrate the generalization discussed in Remark 6.25 by describing the analogues 
of Theorem 6.3(b) and Theorem 6.22. The faithful class captured by this generalization 
contains 2^^" subsets of M^. 

Let Kj(^^ be the class of all (X, Z) G -R'n'rm such that X is BR.LC.AC with respect 
to Z, and X is JN.AC with respect to Z. Evidently, this is the analogue of -ft'NMX defined 
in 6.3(b). Let us first see that Kj(^^ is a large class. Write X = (0, 1)'^, that is, X is an 
open cube in M.^. We construct sets Z such that (X, Z) E Kj^^^^, and in fact, we show that 
\{Z\{X,Z) e K^S^}\ = 22"*°. We skip the easy proof of Part (b) of the next example. 

Example 6.26. Let X = (0, 1)^. 

(a) For x,y eR let L^^y = [{x, 0, 0), {x, y, 0)]. Let A C [0, 1] and p : A ^ [0, 1). 
(We do not assume the p is continuous). Let Zp = XU[j^^^ Lx,p{x)- Then {X, Zp) e i^NMx ■ 

(b) Let F be a closed nonempty subset of hd^\x). Then {X,XUF) e K^^^ . 
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Proof (a) Let X, A, p and Z be as above. It is trivial that X is BR.LC.AC with respect 
to Z. We show that X is JN.AC with respect to Z. Let u — {un}nm C X be a completely 
discrete sequence with respect to Z. It may be assumed that u is convergent in R^, and we 
denote its limit by u. So w e cl'^^(X) — Z. Write Un — y„, Zn) and u — (x, y, z). 

Case 1 Assume that i = 0. Suppose first that there is a e A such that {n\xn — a} is 
infinite. So we may assume that Xn — a for every n e N. It follows that for some b > p{a) , 
lim u — {a, b, 0) . Hence u has a subsequence v such that [vm, (a, , 0)] fl [vm, {a, p{a) , 0)] = 
{(a, p(a), 0)} for any m^n. Choose Wn e (a, 6, 0)) such that lim„_»oo '^n — ifli b, 0) and 
define L„ = ty^]. It is easy to see that {v, {a, p{a), 0), L, {wn}neN) is a joining system 
for V 

Suppose next that for every a & A, {n\xn — a} is finite. Choose any a & A and remove 
from u all UnS such that x„ = a. Then a ^ Xn for every n e N. We may also assume that 
zo < 1/2 and that {zn}nen is strictly decreasing. Let y'^ = max(l u'^ = y^, 

and L° = We show that L° := {L°}„gN is completely discrete with respect to Z. 

Since {znjnen is 1-1, is a pairwise disjoint sequence, that is, L^nL° = for any m ^ n. 
If (x, y, 2;) e acc'^^(L°), then x — x^ z — Q and y >y, and since (x, y, 0) ^ it follows that 
{x,y,0) ^ Z. The sequence {yn}neN converges to 1, so we may assume that it is strictly 
increasing. Let Vn — (x„,y^, 1/2) and = [w^, It is trivial that := {L^}„gi^ is a 
pairwise disjoint sequence. If {x,y,z) e acc'^^(L^), then y = 1 and so {x,y,z) ^ Z. So 1} 
is completely discrete with respect to Z. Suppose that m < n. Then fl = 0, since 
the y-coordinate of any member of is < y!^, and the y-coordinate of any member of 
is equal to y^ which is > y^. Similarly, fl L° = 0, since members of and L° differ 
in their z-coordinate. We conclude that (L^ U L^) fl (L° fl L^) = for any m^n. 

Let = (a,y(j, 1/2) and = The sequence := {L^}„gN is a pair- 

wise disjoint sequence, since members of and differ in their y-coordinate. Also, 
L\ n (L^ U L^) = for any m ^ n. This follows from the fact that the only point in 

U whose z-coordinate is 1/2 is Vm and Vm ^ L'^- The y-coordinate of any mem- 
ber of acc'^^(L^) is 1, so acc'^^(L^) (1 Z — $ and hence is completely discrete with 
respect to Z. Let w* — (a,p(a),0), choose w'^ G [wmW*) such that lim„_^oo'"^n — 
and define = [wnjw'^]. Clearly, L^:={L^}„gN is a pairwise disjoint sequence. Since 
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lim„_^oo^yn = (a, 1,0), it follows that acc'^*(L^) = [ty*, (a, 1, 0)]. So acc^(L^) = {w*}. 
It follows that for every r > 0, {L^ — B{w*,r) | n e N} is completely discrete with re- 
spect to Z. Note that Wm is the only point in Uj<2 whose x-coordinate is a. So since 
for n ^ m,Wm ^ Ll, n (Uk2 ^L) = ^- Define L„ = (Jks = {OneN and 

L = {Ln}neN- It follows that L is a pairwise disjoint sequence and that for every r > 0, 

— * 

{Ln — B{w*,r) I n e N} is completely discrete with respect to Z. So {u,w* ,L,w') is a 
joining system for u. 

The case that i 7^ is divided into several subcases. Their proofs are similar to the 
proof of Case 1, but they are simpler. ■ 

Theorem 6.27. For £ = 1,2 let {X^, Z^) G K^^^- 

(a) If if : Zi = Z2, then there is t & H{Zi, Z2) such that r induces if. 

(b) If^: EXT^i(Xi) = EXT^^(X2), then there is t & EXT^i'^2(Xi, X2) such that r 

induces (p. 

Proof The proof of Part (a) is identical to the proof of Theorem 6.22. The proof of 
Part (b) is identical to the proof of Theorem 6.3. ■ 

Remcirk 6.28. The second generahzation is motivated by the following example. Let 
£; = R X ,5^'(0,1), y = [0,1] X (0,1) and X = (0,1) x ^^'(0,1). X is a normed 
manifold. So its reconstruction from subgroups of H{X) is included in Theorem 2.30(a). 
The local T-continuity of conjugating homeomorphisms of X is proved in 3.47(a), 3.48(a) 
and 4.10. The space Y however, is not covered by any of the above theorems because it is 
not a normed manifold. Also, Y is not the closure of an open subset of a normed space. So 
the theorems proved so far in Chapter 6 do not apply to Y. However, y is a well-behaved 
space and is very similar to the spaces which have been already dealt with. □ 

The above remark calls for the setting in which E IS clS cl normed manifold, X is an 
open subset of E and Y = cl^(X). This setting will yield reconstruction results for Y. 

Definition 6.29. (a) Let (X, ^,d) be such that {X, ^) is a normed manifold, {X,d) is a 
metric space, and there is K such that for every (/? e <^ is X-bilipschitz. Then {X, d) 
is called a normed Lipschitz manifold. 

(b) Let i^NLPM — I y is an open subset of a normed Lipschitz manifold}. □ 
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Chapter 6 in its entirety can be proved for K^^ 



Theorem 6.30. In Definitions 6.1, 6.9, 6.16, 6.19 and in Remark 6.25 change every 
mention of -^'nrm ^ mention of -^^nlpm ■ Then the variants obtained in this way from 
Theorem 6.3 and Theorems 6.12, 6.18, 6.20, 6.22, 6.24 o^i^d 6.21 are true. 

Proof The proofs of all the above theorems are identical to the proofs of their counterparts. 
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7 Groups which are not of the same type are not 
isomorphic 



In the previous chapters we considered several properties of homeomorphisms. For in- 
stance, UC homeomorphisms, LUC homeomorphisms, extendible homeomorphisms and 
homeomorphisms which are uniformly continuous on every bounded positively distanced 
set. In this chapter we prove that for properties V and Q as above, if V{X) = Q{y), then 
either V{X) — Q{X) or ViY) — Q{Y)- But before we deal with these questions, we prove 
some additional facts about the group UC(X). 

7.1 The group UC(X) revisited. 

We have seen in Theorem 5.5 that \iX,Y e X^rm > ^ is UD.AC and (UC {X)Y C UC (F), 
then T is uniformly continuous. We next reconsider the problem of deducing that t'^ is 
uniformly continuous from the fact that (UC(X))'^ C UC(y). Recall that the imphcation 

(t) (UC(X))" C UC(F) ^ is uniformly continuous 

is not true for every X, F e -^nrm- Counter-examples appear in 5.7 and 6.7(a). Yet, 
(t) holds when X and Y are well-behaved. Theorem 7.1 below deals with finite-dimensional 
spaces for which (f) is true. The infinite-dimensional case is considered in 7.7. The result 
of 7.7 is needed in the proof of Corollary 7.11(d) and (e). 

Theorem 7.1. Let X,Y e -R^nrm- Suppose that X is finite- dimensional and hounded, X 
is UD.AC, |Cmp(bd(X))| < and (*) for every C e Cmp(bd(X)), distinct x,y e C, 
and z e hd{X) — {x,y}, there is f & \JC{X) such that either f'^{x) — y and f'^{z) — z, 
or f^{z) — y and f'^{x) — x. Suppose that for every C e Cmp(bd(y)); |C| > 1. Let 
T e H{X,Y) he such that {\JC{X)Y C UC(y). Then t"^ is uniformly continuous. 

Proof By Theorem 5.5, r is uniformly continuous, and hence r'^^ maps c\{X) onto c\{Y). 
It thus suffices to show that r'^' is injectivc. Suppose otherwise. For x G bd(X) let 
denote the connected component of bd {X) containing x. It follows from (*) that if for 
some z ^ X, t'^\x) = t'^\z), then for every y E Cx, T'^\y) = t^\x). The argument is as 
follows. Suppose indeed that z ^ x, t'^\x) — t'^\z) and y e Cx — {x, z}. Let / e UC(X) be 
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as assured by (*). We assume first that f^^{x) — x and f^^{z) — y, Let x,yC.X converge 
respectively to x and y, and let x' — f^^{x) and z — f~^{y). Then 

T'\y) = limriy) = limr oro/-i(^) = limr(T(^')) = {rr\]imT{z)) = {rr\T'\z)). 

Similarly, 

r"'(,T) =limr(f) =limroro/-i(f) = limr(r(f')) = irfi^^^^^i^')) = (D'H^'^ (limf ))• 
Since {x) — x and limx = x, we have that limx' = x. So 

r^i(a;) = (r)^i(r^i(limf' )) = UTir^^x)) = {ry^r^^z)) = T^\y) . 

The same argument applies to the case that Z'^' (z) = z and /'^' (x) = y. It follows that 
for any distinct C,D e Cmp(bd(X)), either t'^\C) — t'^\D) and t'^{C) is a singleton, or 

T'='(C) nr^'(D) =0. 

Let X and y be distinct members of bd(X) such that t'^''{x) = T^\y), and C be the 
component of t'^\x) in bd(Y). The family {t'^\Cu) fl C | m G bd(X)} is a partition of C 
into more than one and at most countably many closed sets. This contradicts the theorem 
of Sierpinski that a continuum cannot be partitioned into countably many nonempty closed 
sets. See [En] Theorem 6.1.27. ■ 

We do not know whether in the above theorem, the requirement that bd (X) has at most 
countably many components can be dropped. Here is an easy example of a bounded regular 
open subset X C such that X is UD.AC, X satisfies (*) of Theorem 7.1, every connected 
component of bd(X) has cardinahty > 1, and bd(X) has 2^° connected components. 

Example 7.2. Let C C [0, 1] be the Cantor set. hct K = C x {1}. So C 5«'(0, 2) and 
B^' (0, 2)-Kis connected. Let A = {a„ | n G N} C 5^' (0, 2) be such that cl (A) - A = K, 
and every member of A is an isolated point in A. Let r„ > and Dn = Bia^, r„). Assume 
that Dn C 5(0, 2) n {(x, I X > 0} and B{am, 2rm) H -B(a„, 2r„) = for any m ^ n, and 
that cl(U„eN AO - U„eN A = K. Let U = 5(0,3) - cl(U„6N^n)- Let X C the 
set obtained by rotating U about the x-axis. Note that if x, y G U , then there is an arc 
L CU connecting x and y such that Ingth(L) < 2tt ■ \\x — y\\. It follows easily that X is as 
required. □ 
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We next deal with infinite-dimensional open sets for which the fact that {\JC{X)y C 
UC (y ) implies that t"^ is uniformly continuous. 

Definition 7.3. (a) For A C X define A-^-^'(^) = sup„g^ rf(a, E - X). As usual, we 

abbreviate A^'-^'(^) by A (A). 

(b) Let h G H{X). We say that h is strongly extendible, if for every e > there is 
h G H{E) such that h extends h and supp(/i) C i?(supp (/i), £:). Define UCe(X) :— {h G 
UC(X) I h is strongly extendible}. 

(c) A simple arc is a space homcomorphic to [0, 1]. For a simple arc L and x,y E L 
let [x, y]^ denote the subarc of L whose endpoints are x and y. Let a G MBC and 
r] : (0, oo) — s> (0, oo) be such that rj is monotonic and limt^o^(^) = 0. Let X be a metric 
space and L C X be a simple arc. We say that L is an {a,ri)-track if for every x,y E L 
there is /i G UC(X) such that h is a-bicontinuous, h{x) = y and supp{h) C B{[x,yY" ,r), 
where r = 77(diam ([x, y]^). If in the above definition we require that h G UCe(Ar), then L 
is called an {a,ri)-e-track. 

(d) We define the notion of a track system for x. Let x C X be a completely discrete 
sequence, y* G bd(X), y C X and L = {L„ | n G N} be a sequence of simple arcs such that 
Umy = y*, Ln C X, L„ connects x„ with y,„ and UneN-^" bounded. Assume that 

(1) there are a and rj such that L„ is an (a, r7)-track for every n G N, 

(2) there are f3 G MC and for every n a parametrization 7„ of L„ such that Dom (7^) = 
[0, 1], 7„ is /5-UC for every n G N and 7„(0) = y„ and 7„(1) = 

Then T = (x, y*, L, y) is called a iracfc system for x, and 7„ is called a legal parametrization 
of L„ in T. Note that Clause (2) just means that {7„ | n G N} is equicontinuous. If in 
Clause (1) we require that L,„ be an e-track, then T is called an e-track system. 

Let T = {x, y*. L, y) be a track system. If for every r > 0, {L„ — B{y*,r) \ n G N} is 
completely discrete, then T is called a completely discrete track system. If for every r > 0, 
{L„ — -B(y*, r) I n G N} is spaced, then T is called a spaced track system. 

(f) X is jointly track connected (JN.TC), if for every completely discrete bounded se- 
quence X Q X: if lim„^oo ^(^^n) — 0, then x has a subsequence ^ such that y has a track 
system. X is jointly e-track connected (JN.ETC), if the above subsequence y is required to 
have an e-track system. 



208 



Remcirk 7.4. We explain the notion of a track system by an example. Let X be the 
unit ball of the Hilbert space £2 and S be the unit sphere. Let x be a completely discrete 
sequence in X such that 5{x) — 0. We construct a track system for a subsequence of x. 
Let Co = (1, 0, 0, . . .). Take a subsequence y oi x such that {eo}URng(y) is an independent 
set. For n e N let 2;„ = ||y„||eo, Sn — S{0, ||y„||) n span({y„, cq}) and L„ be any of the two 
subarcs of Sn connecting y„ with Zn- Then T — (y, cq, {Ln}nen, {zn}nen) is a track system 
for y. Indeed, T is an e-track system. 

The property JN.ETC is needed in the proof that UC {X) ^ EXT {X). 

Proposition 7.5. (a) Let | n G N} C l]Ce{X), and suppose that {supp(/i„) | n e N} 

is spaced. Then Onenhn G UCc(X). 

(6) Let x,y E E be such that \\x\\ = \\y\\ and \\x — y\\ = d > 0. Let L = {tx \ t > 0}. 
Then d{y,L) > d/2. 

(c) IfT= {x,y* , L,y) a track system, then the following hold. 

(i) For every t e (0, 1), Tt :— {{jn{t)}nen,y* , {ln{[0,t])}nen,y) is a track system, and if 
T is completely discrete, so is Tt. 

(a) lim„_oo A(L„) = 0. 

(d) Let {x,y* , L,y) be a completely discrete track system. Then there is an infinite 
(J C N such that {x\a,y*,L\a,y\a) is a spaced track system. 

(e) Let T — {x,y* , L,y) be a track system. Let 7„ be legal parametrization of Ln 
in T. Then there are t e [0,1), z* e bd(X) and an infinite a C. N such that 
{x\a, z*, {jnilt, 1]) I ^ £ cr}) {init) I ^ £ cr} ) a spaced track system. 

(/) Let T — {x,y*, L,y) be a completely discrete track system and C e Cmp(bd(X)) 
be such that d{x, C) — 0. Then y* e C. 

(g) LetT={x,y*,L,y) be a track system, he\]C{X) andT' := {h{x),h''\y*),h{L),h{y)) . 
Then T' is a track system. 

Proof (a) The proof is trivial and is left to the reader. 

(b) We may assume that = 1. Let tx G L. If |1 — t| < d/2, then use the 
triangle with vertices x, tx and y to conclude that \\y — tx\\ > \\y — x\\ — \\x — tx\\ > d/2; 
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and if|l — i| > d/2, then use the triangle with vertices 0, tx and y to conclude that 
\\y - tx\\ > I ||y - 0|| - \\tx - 0|| I = |1 - t| > d/2. 

(c) The first part of (c) follows from the definition of a track system. To prove the second 
part, suppose by way of contradiction that for some d > 0, {n \ A(L„) > d} is infinite. Let 
a and rj be as assured by the fact that T is a track system. Since limy — y* e hd{X), 
there is n such that a{6{yn)) < d and A(L„) > d. Choose z E Ln such that S{z) > d and 
w e hd{X) such that Q;(||yn — wW < d. Since L„ is an (a, 77)-track, there is h & H{X) such 
that h is CK-bicontinuous and h{yn) — z. Then 

IIMz/n) - h{w)\\ = \\z - h{w)\\ > d{zM{X)) >d> a{\\y„ - w\\), 

and this contradicts the a-continuity of h. 

(d) For every r > 0, {Li — B{y*,r) \ i G N} is completely discrete. So by Proposi- 
tion 5.26, for every r > and an infinite rj C 'M there is an infinite u ^ f] such that 
{Li — B{y*,r) | i G z/} is spaced. We define by induction p„ C M. Let po = I^- For every 
n G N let pn+i be an infinite subset of p„ such that {Li — B{z*, \i G Pn+i} is spaced. Let 
a = {min(p„ fl | n G N}. It is easy to see that for every r > 0, {Lj — B[z* ,r) \ i & a} 
is spaced. So {x\a,y*,L\(T,y\(T) is a spaced track system. 

(e) For every infinite C N and t G [0,1] let A[77,t] = {'~fn{t) \ n G Let 
Sjj = sup({t I is not completely discrete}). Let p C N be an infinite set such that 
for every infinite 1] C s^^ = Sp. Denote s = Sp. Suppose by contradiction that A[p, s] 
does not contain a Cauchy sequence. Then for some infinite rj <^ p and > 0, s] is 
(i-spaced. There is £ > such that for every t > s — A[ri, t] is spaced. The existence of e 
follows from the cquicontinuity of {7„ | n G N}, that is, from the existence of j3 appearing 
in Clause (2) of the definition of a track system. So s^, < s. A contradiction. So A[p, s] 
contains a Cauchy sequence. We may thus assume that A[p, s] is a Cauchy sequence. Let 
z* = Mm A[p, s]. 

Let Jj = 7j([s, 1]). Wc show that there are no r > 0, an infinite 1] C p and 
u G rijer;!'^* ~ B{z*,r)) such that u is a Cauchy sequence. Suppose otherwise. Let 
ti G [s, 1] be such that Ui = 7j(tj). Wc may assume that t = {tj \ i E rj} is a Cauchy 
sequence. Let t* = limt. Since Rng(-u) n B{z*,r) = 0, it follows that t* ^ s, and since 
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]irsii^ri d{li{ti) , ^i{t*)) — 0, we have that {'Jiit*) | i G 77} is a Cauchy sequence. That is, 
> s, a contradiction. We have shown that ({x„ | n e p}, z*, {7n([s, 1]) | n e p}, A[p, s] ) 
is a completely discrete track system. By Part (d), there is an infinite a C. p such that 
{{xn I n e a}, z*, {7n([s, 1]) I n e a}, A[a, s]) is a spaced track system. 

(f) Suppose by contradiction that y* ^ C. By (d), we may assume that T is a spaced 
track system. Let a,ri be as assured by the fact that T is a track system. Clearly, 
a:=d{y*,C) > 0. Choose u e C, and for every n e N choose Zn £ {B{y*,a/2) — 
B{y*,a/A)) fl L„ and set J„ = Then 61 := (J^^j^ J„) > 0, and there is 
62 such that {J„ I n e N} is 62-spaced. Set h — min(6i, 62)/3, and let c > be such 
that + 77(0) < h. Prom the equicontinuity of {7n}neN it follows that there is A; e N and 
{zn^i I 7^ e N, i < k} such that for every n e N, Zn^ — Zn^^ — Zn and Zn^i e L„, and 
diam([2;„^j, 2;„^j+i]^") < c for every i < /c. So for every 7^ e N and i <k there is hn,i £ UC {X) 
such that hn,i is a-bicontinuous, hn,i{zn,i) = -Zn,i+i and supp(/in,i) C B{[zn,i,Zn,i+i\^'',c). 
Let /i„ = Oi<khn,i- Clearly, /i„ e UC(X), and it is easily seen that {supp(/in) | n e N} 
is ^-spaced and supp(/i„)) > 6i/2 > 0. It follows that h:= Oi<khn,i £ UC(X), 
h^^{u) — u and = Zn for every 7^ e N. Since h{u) — u, it follows that h{C) — C. 
However, d{x,C) — and d{h{x),h{C)) — d{z,C) > a/2 > 0. This contradicts the fact 
that h is uniformly continuous. 

(g) By Proposition 4.3(c), there is 7 e MBC such that h is 7-bicontinuous. Let a, 
r) and /3 be as in the definition of a track system. Define a' — 700:07, 77' = jorjoj and 
13' — 13. Then a' , 77' and (3' demonstrate that T" is a track system. ■ 

Proposition 7.6. Let Z he a metric space, and {F„ | n G N} and {Kn | G N} he sequences 
of compact suhsets of Z such that: {i) {F„ | G N} is spaced; {ii) for every £ > there is 
G N such that for every ti G N and a suhset A C Kn, if \A\ > 4? then there are distinct 
x,y & A such that d{x,y) < e; and (m) mi{{d{Fn, Kn) \ n G N}) > 0. Then there is an 
infinite u C N such that c?(|J{F„ | n G a}, |J{-^n | ^ G a}) > 0. 

Proof Write = {n G N | n > 0}. We define by induction on i G a sequence 
of infinite subsets of N, ctq ^ cri D . . . . Let ctq = N. Suppose that CTj has been de- 
fined. We colour the increasing pairs (m.n) of members of Ci in four colours, according to 
whether d{Fm,Kn) < 1/i or not, and according to whether d{Kjn,Fn) < 1/i or not. By 
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Ramsey Theorem, there is a monochromatic infinite CTj+i C crj. If there is i e N"*" such 
that for every distinct m, n e (jj, d{Fm, Kn) > 1/i and d{Km, Fn) > then a := Ui is as 
required. Otherwise, for every i e N either (1) for every m < n in 0"^, d{Fm, Kn) < or 
(2) for every m < n in cTj, d{K^, F„) < 

Let i E N and i — ii/i be as assured by clause (ii). Let ko < . . . < ke he members of 
CTj. Suppose that Case 1 occurs. For every j < £ let e Fj and e be such that 
d{xj,yj) < 1/i. Hence for some ji < j2 < i, d{yj^,yj^) < So d{Fj^,Fj^) < 3/i. The 
same argument is repeated in Case 2. Hence for every i e N"^ there are distinct ji and j2 
such that d{Fj^, Fj^) < 3/i, contradicting the fact that {F„ | n e N} is spaced. ■ 

The properties that X is required to fulfill in the next theorem are quite restrictive. 
However, they are shared by "well-behaved" open sets. For example, ii X — B — Ui<jk-^j) 
where B is an open ball and { Bq, . . . , Bk-i} is a pairwise disjoint family of closed balls 
contained in B, then X fulfills the requirements of the theorem. Part (b) of the theorem is 
a shght modification of its first part. This modification is needed in the proof that UC (X) 
and EXT (X) are not isomorphic unless they coincide. 

Theorem 7.7. (a) Let X e -f^BNC • Suppose that the following hold. 

(1) X is bounded and X is UD.AC, 

(2) bd(X) has finitely many connected components, 

(3) if C E Cmp(bd(X)), x,y G C are distinct and z G bd(X) — {x,y}, then there is 
f G UC(X) such that either f^^x) = y and f^^z) = z, or f^^z) = y and f^^x) = x, 

(4) X is JN.TC, 

Let Y G i^BNC ^'^^ assume that 

(5) if C is a component ofhd{Y), then \C\ > 1. 

Let T G H{X,Y) he such that (UC(X))^ C \}C{Y). Then is uniformly continuous. 

(b) Modify Clause (3) of Part (a) by requiring that f G UCe(X), and modify Clause (4) 
by requiring that X is JN.ETC. Let r G H{X, Y) be such that (UCe(X))^ C UC (F). Then 
is uniformly continuous. 
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Proof The proofs of (a) and (b) are identical. We prove Part (a). Recall that X and Y 
are subsets of the Banach spaces E and F respectively. By Theorem 5.5, r is uniformly 
continuous. 

Claim 1. Let x C X be a completely discrete sequence such that t{x) is a Cauchy 
sequence. Then there is a sequence x' C. X such that \iva.n^^5{x'^ — 0, x' is completely 
discrete, and lim„_»oo ''■(^O = lini„_»oo ''■(^)- Proof If 5{x) — 0, then we take x' to be 
a subsequence of x such that lim„_^.oo = 0. Suppose otherwise. Since X e -f^BNC) 

we may assume that for some d > 0, x is d-spaced, and since X is bounded, we may also 
assume that for every n e N+, d(x„,xo) < d -\- d/S. Without loss of generality, xq — 0. 
For every n e N+ let = mm{{t > 1 \ tx^ e hd{X)}), y„ = L„ = and 

7„(i) = x„ + t{yn -Xn),t e [0, 1]. lim^n, then 

II J •^m J •^n II \ II II II T •^rn m m j •^n n ^ 3(i 

Ti rr Ti rr — r^^n -^nW r^m '^'Ti TT r^n ^' Ti TT — 

^y> I I qi> II I I /\ 

||*^m|| II ^^11 II ^11 ll^ll 

Hence by Proposition 7.5(b), d{Lm,Ln) > 3d/8. 

Define ri{t) = (5({7„(t) | n G N"*"}). Since — | n G N} is bounded, 1] is con- 

tinuous. Also, ri{l) = 0. Let s = min(r7~^(0)). We may assume that for every n G N"*", 
^(7n(s)) < 1/n. It follows that for every t G (0, s), the family {7n([0, t])\n E N+} is spaced, 
and 5(U{7n([0,t]) | n G N+}) > 0. Also, since X is bounded, 7„(t)) | n G N+} 

is bounded. So for every t < s there is hf G UC (X) such that for every n G N"*", 
ht{x2n) = l2n{t) and ht{x2n-i) = X2n-i- Let 2;* = limr(5). Let t G (0, s). Clearly, 
T{{l2n{t) I n G N+} U {a;2n-i I n G N+}) = (/it)^(f), and since {htf G UC (F) and t{x) is 
a Cauchy sequence, r({72n(t) | n G N^} U {x2n-i \ n G I^^}) is a Cauchy sequence. Denote 
this sequence by u. T{{x2n-i \ n G N+}) is a subsequence of u converging to z*. So u con- 
verges to z*, and hence T{{'~f2n{t) \ n G N+}) converges to 2;*. Let s (1 (0, s) be a sequence 
converging to s. For every n G let /c^ > be such that d{T{j2k„{sn)), z*) < 1/n. Let 
x'n = l2k„{sn)- So limr(x') = z*, lim„^oo = and x' is spaced. Claim 1 is thus 
proved. 

Claim 2. Let T = {y,y*, {Ln \ n G N}, z) be a completely discrete track system in X, 
and suppose that limr(y) = w* . Then T'^^{y*) = w*. Proof Suppose by contradiction 
that T'^\y*) 7^ w* . Let 7„ be a legal parametrization of L„, and /? G MC be such that for 
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every ti, t2 G [0, 1] and neN, 7„(ii) - 7„(i2) < P{\ti - ial)- 

We now follow the proof of Lemma 5.25. For every infinite cr C N and t e [0, 1] let 
A[(7, = {7n(^) \ n e a} and Sa — mi{{t e [0,1] | t(74[(T, i]) converges to w*}). Since 
T^{y*) ^ w*, there is U E Nbr(y*) such that d{w*,T{U n X)) > 0. Thus there is to > 
such that for every t < to, d{w*, r{A[N, t])) > 0. So for every infinite cr C N, > 0. As in 
Lemma 5.25, there is an infinite cr C N such that for every infinite rj C. a, Sr, — Sa- Write 

S = Sa- 

Suppose by contradiction that d{A[a, s], y*) = 0. We may assume that hm A[(7, s] — y*. 
Let r > 0. Then there is m such that A[a-'^, s] C B{y*, r/2). By the definition of s, there 
ist>s such that P{t-s) < r/2 and \imT{A[a, t\) = w*. Then Afcr^'", t] C B{y\ r). Hence 
for every r, £ > there are m E N and t E [s,s + e) such that C B{y*,r) and 

limT(74[(T, i]) — w*. It follows that there is a sequence u Q X such that \\m.u — y* and 
limT('u) = w*, and hence T'^'(y*) = w*. A contradiction, so d{A[a,s\,y*) > 0. 

Prom the fact that {L„ — B{y*,r) | n e N} is completely discrete for every r > 0, it 
follows that A[a, s] is completely discrete. So we may assume that for some d > A[a,s\ 
is d-spaced. Let a and 77 be as assured by the fact that T is a track system. It follows 
from the equicontinuity of {7n}neN that there is 5 > such that for every neN and 
ii, t2 e [0, 1]: if < ^2 - < 5, then 

diam(7„([ti,t2])) + (diam(7„([ti, ^2]))) < d/?>. 

Choose ti e [s, s + 5/2) n [0, 1] such that limT(>l[(7, ii]) = w* and t2 E {s - 5/2, s) n [0, 1]. 
For every n E a lei Xn ^ 7n(*i), Un = 7n(^2) and = that is, Jn = 7n([^2,^i])- 

Since \ti—t2\<5,\i follows that 

diam (i?(J„, 77(diam(J„)))) < diam(J„) + 7y(diam(J„)) < (i/3. 

We may assume that a — N. Since T is a track system, there is /i„ E H{X) such 
that hn{xn) — Urn supp C S( J„, 77(diam ( J„))) and /i„ is ct-bicontinuous. We check 
that {supp(/i„) I n e N} is |-spaced. Let m ^ n. Then 7m(s),7n(s) £ ^[c", and so 
||7m(s) ~ 7n('5)|| > c?- Since 7m(s) £ -^m and the same holds for n, it follows that 

d (5(J„,7?(diam(J„))),5(J„,7?(diam(J„))) >d- 2d/Z = d/3. 
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So {supp (hn) I n e N} is |-spaced. 

By Proposition 5.17(a), h:= o„6N^2n e UC(X). It follows that /i^ e \JC{Y). Let 
■w^n — Xn a n is odd, and t(;„ — n is even. Hence /i'^(t(x)) = r (■?/;). By the choice of ti, 
t{x) converges to w* . By the choice of a and ^2, '?'({it2n | n e N}) does not converge to w* . 
So T(t(;) is not a Cauchy sequence. This contradicts the fact that hJ e UC(y). We have 
thus proved Claim 2. 

Claim 3. bd(y) C Rng(T'^). Proof Suppose by contradiction that z* e bd(y) — 
Rng(T'^). Let z QY converge to z*. So x := t''^{z) is completely discrete. By Claim 1, we 
may assume that lim„_^.oo = 0. Let y be a subsequence of x which has a track system. 
By Proposition 7.5(e), y has a completely discrete track system {y,y*,{Ln \ n e N},y'). 
By Claim 2, T'^{y*) — z*. A contradiction, so Claim 3 is proved. 

Claim 4. If C e Cmp(bd(X)), then r"i(C) is closed in F. Proof Let C e 
Cmp(bd(X)) and v e cl(r='(C)). Let f C C be such that lim^^^^ t"' «) = v. If 
x' has a Cauchy subsequence y, then limy e C and T'^'(limy) = v. Suppose that x' 
does not have Cauchy subsequences, that is, x' is completely discrete. There is x C X 
such that \imn^aod{xn,x'^) = and lim^^oo r(a;„) — v. So x is completely discrete. 
Since X is JN.TC, there are a subsequence y of x and a track system T = (y, z*, L, z). By 
Proposition 7.5(e), we may assume that T is a spaced track system, and by 7.5(f), z* e C. 
By Claim 2, t^1(^*) = v, so t'^'(C) is closed. 

Claim 5. t'^^ is 1-1. Proof By Clause (3), for every component C G Cmp(bd(X)), 
either r'^' \C is 1-1 or r'^' (C) is a singleton; and for any distinct C,D E Cmp(bd(X)), 
either t'^^ (C) = r'^' (D) and r'^^ (C) is a singleton, or r'^^ (C) fl r'^^ (D) = 0. The argument is 
as in the proof of Theorem 7.1. 

Suppose by contradiction that r'^^ is not 1-1. Then there is C G Cmp(bd(X)) and 
y G bd(y) such that r'^^(Co) = {y}. Let D be the component of y in bd(y). Then 
\D\ > 1. By Claims 3 and 4, {r^' (C) | C G Cmp(bd(X)) andr"i(C) CD} is a partition of 
D into finitely many and more than 1 closed sets. This contradicts the connectivity of D. 

Claim 6. Let T = {x,y*,L,y) be a track system in X. Then for every li > there 
is h e UC(X) such that h''\y*) ^ y* and supp(/i) C B{y*,d). Proof Let a and r] be 
as assured by the fact that T is a track system. We may assume that y* ^ Rng(x), and 
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hence we may also assume that d < d{x,y*). Let a > be such that 2a + 77(a) < d and 
b be such that a{b) < a — b. Clearly, b < a. Let n be such that ||y„ — y*|| < b. Then 
\\xn ~yn\\ > d — b > a, and hence there is 2; e L„ such that — = diam ([2;, i/n]^") — a. 
Since L„ is an (a, 77)-track, there is /i e H{X) such that h is a-bicontinuous, h{yn) — z and 
supp(/i) C 77(a)). Clearly, S([^, 77(a)) C S(y*, 6 + a + 77(a)) C S(y*,d). 

So supp {h) C S(y*, d). Suppose by way of contradiction that h{y*) — y*. Then \\z — y*\\ — 
\\h{yn) - h{y*)\\ < a{\\yn-y*\\ < a{b). However, ||^-y*|| > ||^-yn|| - llz/n-yll >a-b. 
That is, a{b) > a — 6, a contradiction. So h{y*) ^ y* . So Claim 6 is proved. 

Claim 7. There is no sequence x Q X such that x is completely discrete, and t{x) 
is a Cauchy sequence. Proof Suppose otherwise, and let x be a counter-example to the 
claim. By Claim 1, we may assume that hm„_»oo (^(a:^n) = 0. Since X is JN.TC, there 

— * — * 

are a subsequence y of x , y*, L and z such that T — {y, y*, L, z) is a track system. By 
Proposition 7.5(e), we may assume that T is a spaced track system. Let w — limT(x). 
So w = limT(y). By Claim 2, (i) T^^y*) = w. Since y* e hd{X) and yCX,it follows 
that y* ^ Rng(y), and since y is completely discrete, d{y,y*) > 0. By Claim 6, there is 
h e UC(X) such that (ii) h'^^y*) ^ y* and supp(/i) C B(y*,d(y,y*)). So h ty = Id. By 
Proposition 7.5(g), T' := {h{y),h^^{y*),h{L),h{z)) is a track system. Since T is spaced 
and h e UC {X) it follows that T' is also spaced. Recall that h{y) — y and so lim h{y) — w. 
So by Claim 2 apphed to T', (iii) r^^ (/i'^' (y*)) = w. Facts (i)- (iii) contradict the fact that 
T^^ is 1-1. This proves Claim 7. 

Suppose by contradiction that is not uniformly continuous. Then there 

are sequences x,y <^ X and d > such that for every n E N, d{xn, yn) > d and 
lim^^oo '^(''"(a^n), T(yn)) — 0. We may assume that each of the sequences x, y, r(a;) and 
T{y) is either spaced or is a Cauchy sequence. 

Claim 8. The sequences x, y, r(x) and r(y) are spaced. Proof Suppose by contradic- 
tion that 5 is a Cauchy sequence. Since r'^' is uniformly continuous and Dom(r''') = cl(X), 
it follows that r(x) is a Cauchy sequence. Hence r(y) is also a Cauchy sequence. If y is a 
Cauchy sequence, then t^^ is not 1-1, contradicting Claim 5; and if y is completely discrete, 
then Claim 7 is contradicted. So x is not a Cauchy sequence. The same is true for y. By 
Claim 7, t{x) and r(y) are completely discrete. Claim 8 is proved. 
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We call a pair of sequences {u, v) in X a. counter-example, if u and v are spaced, 
M{{d{un,Vn) I n e N}) > and limn-^^o d{r{un),r{vn)) = 0. 

Claim 9. There is a counter-example {u,v) such that S{u) — 0. Proof By Claim 8, 
there is a counter-example {x,y). If S{x) — or S{y} — 0, then there is nothing to 
prove. Suppose otherwise. By Proposition 7.6, we may assume that d{x, y) > 0. Let 
d > be such that x is d-spaced and d{x,y) > d. By possibly interchanging x and 
y, we may also assume that there are ei > 62 > such that lim„^oo W^nW — and 
lim„_»oo llynll — 62- Let x'^ — p^x„. Since 5{x) > 0, there is a > such that for every 
n e N, B{x'^,a) C X. We may further assume that a < d/S, and that for every n e N, 
d{xn,x'J < a/2. So {\J{B{x'^,a) | n e N}) n {y„ | n e N} = 0, and for every distinct 
m,n e N, d(B(x'^,a),B{x'^,a)) > d/2. Let x'^ = (1 + a/2)x'^. It follows that there is 
h e LIP(X) such that for every n e N, h{xn) = x'^ and supp(/i) C \J{B{x'^, a) \ n E N}. 
Since h{x) — x" and h{y) — y, it follows that {x", y) is a counter-example. So we may 
assume that Ci > 62, and that = ei for every n e N. We still assume that x is 

d-spaced and that d{x, y) > d. 

We now proceed as in the proof of Claim 1. For n e N"^ let i„ = min({t > 1 | tXn G 
hd{X)}), Zn = tnXn, L„ = [xn, z^] and jn{t) = x„ - Xn), t G [0,1]. By Propo- 

sition 7.5(b), for every distinct m, n e N, d{Lm, Ln) > d/2, and clearly, d{Lm, y) > ei — 62- 

Let s — mm{{t \ (5({7„(i) | n e N+}) = 0}). We may assume that for every n e N+, 
5(7„(s)) < 1/n. It follows that for every t e (0,s), the family {7n([0,t]) | n e N+} 
is spaced, rf(U{7n([0, t]) | n e N+},y) > and 5(U{7n([0> ^]) I ^ ^ N+}) > 0. Also, 
since X is bounded, {d(x„,7„(i)) | n e N+} is bounded. So for every t < s there is 
ht e UC(X) such that for every n e N"*", ht{xn) — 7n(i) and ht{yn) — yn- Since 
/i[ e UC(y), lim„_ooC^(T(x„),T(y„)) = and /i[(t(x„)) = T(7„(t)), it follows that 
lim„_oo d{T{-fn{t)),T{yn)) = 0. 

Let s C (0, s) be a sequence converging to s. For every n e let > n be such 
that rf(T(7fe„(s„)),T(y„)) < 1/n. Define x'^ = "^iTfen It follows that d{x',y) > 0, 
lim„_^oo d{T{x'^),T{yn)) — 0, lim„_^.oo = and x' is spaced. Claim 9 is thus proved. 

Let T — (y, y*, L, z) be a track system, and 7„ be a legal parametrization of L„. We 
say that T is good, if for every t e [0, 1), inf({d(y„, 7n([0, t])) \ n e N}) > 0. 
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Claim 10 If (y, y*, L, z) is a track system, and 7„ is a legal parametrization of then 
there is s e (0, 1] and an infinite u C N such that {{'yn{s)\n e a}, y*, {7n([0, s]) |n e a}, z) is 
a good track system, and lim„go- d{T{yn),T{'^n{s))) — 0. Proof For every infinite 77 C N let 
= inf({i e [0, 1] I lim„g^ c?(2/n) 7n(^)) — 0})- As in previous analogous arguments, there is 
an infinite 77 C N such that for every infinite C Q rj, — Sjj. Let s — Sjj and f be a sequence 
converging to s such that for every i e N, lim„g^ d{yn, ln{U)) — 0. Let a — {rii | i e N} C 77 
be an increasing sequence such that limj_»oo (^(z/n,, 7ni(^i)) = 0. By the equicontinuity 
of {7n}neN, linij-»ooC^(7ni(^i),7ni(s)) = 0. So lim„g(,d(y„,7„(s)) = 0. Hence since r is 
uniformly continuous, lim^gg. d(T(y„), t(7„(s))) = 0. Now suppose by contradiction that 
there is t < s such that liminf^gg. 7„([0, i])) = 0. So there is an increasing sequence 
C = {/ci I i e N} C (J and t C [0, t\ such that limj_,oo d{yki,^ki{U)) — 0- We may assume that 
t converges, say to s* . Hence s* <t < s, and hm„g^ d{yn, 7n(s*)) = 0. So 5,^ < s* < s a con- 
tradiction. So for every [0,s), liminf„go.d(y„,7„([0,t])) > 0. Since lim„go-d(y„,7„(s)) = 0, 
it follows that for every t e [0,s), liminf„go- d(7„(s), 7„([0, i])) > 0; and the fact that L„ 
is a simple arc implies that 7„(s) ^ 7„([0,s)). So inf ({d(7„(s), 7„([0, i])) | n e a}) > 0. 
Claim 10 is proved. 

Claim 11 There are a counter-example {u,v) and a completely discrete track system 
{u, u*, J, u' ) such that inf„gi^ d{Jn, Vn) > 0. Proof By Claim 9, there is a counter-example 
{x, y) such that 5{x) — 0. Let T — {x, ') be a completely discrete track system for 

X. By Claim 10, we may assume that T is a good track system. 

Suppose first that d := hminf„_»oo c?(-L„, y„) > 0. Let E N} be a subsequence of N 
such that d(L^.,y4) >d/2. Rence u^{xe^\ieN}, u*^x*, v^{yei\ieN} and J^{Le^\^eN}, 
are as required in the claim. 

Assume next that liminf„_»ooC?(-^n,yn)=0. So we may assume that lim„_,.ooC?(L„,y„)=0. 
Let 7„ be a legal parametrization of L„. Hence there is i C [0, 1] such that 
lim„_»oo ^^(7n(^n)) Z/n) — 0. We may assume that t is convergent. Let t — limt. It eas- 
ily follows that lim„_»oo d{'yn{t),yn) — 0. Clearly t < 1, for otherwise lim„_»oo d{xn, yn) — 0. 
For every 7^ e N let w„ = 7„(i), Vn = x„ and J„ = 7„([0, t]). 

Since r is uniformly continuous, we have that limn^ca d{T{un),T{yn)) — 0. Also, 

— * 

lim„_oorf(T(t'„),T(y„)) = 0. Hence ]im„^^ d{T{un),T{vn)) = 0. Since {x,x*,L,x') is a 
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good track system, mf„gi^ 7„([0, i])) > 0. That is, inf^gp^ J„) > 0. By Proposi- 

— * — * 

tion 7.5(c) (i) applied to T and t, {u,x*, J,x') is a track system. So u, v, x* and J are as 
required. Claim 11 is proved. 

Claim 12 There are a counter-example {u,v) and a completely discrete track system 

— * — * 

{u, u*, J, u') such that di\J{Jn \ n e N}, v) > 0. Proof Let {u, v) and {it, u*, J, it') be as 
assured by the previous claim. We show that there is an infinite cr C N such that {il\a,v\a) 

— * 

and {il\a,u*, J \a,it' \a) are as required in the claim. We shall apply Proposition 7.6 with 
Fn taken to be {vn} and Kn taken to be J^. By our assumptions, clauses (i) and (iii) of 7.6 
do hold. We show that (ii) holds. Let 7„ be a legal parametrization of J„. Suppose that 
£ > 0. Then by the equicontinuity of {'jnjnen, there is 5 > such that for every n E N 
and ^1,^2 e [0, 1]: if \ti - < S, then ||7„(ii) - 7n(i2)|| < e. Define 4 = [^/S] + 1. Then 
£e fulfills the requirement of Clause (ii) of 7.6. The set a obtained from 7.6 is as required. 
This proves Claim 12. 

Conclusion of the proof of the theorem: Let {x, y) and T — {x, ' ) be as as- 

sured by Claim 12. By Claim 7, r(y) is completely discrete. So we may assume that r(y) is 
spaced. Write di = (i(|J{L„ | n G N}, y). Let 7„ be a legal parametrization of L„. For every 
infinite cr C N let s^- = inf({t G [0, 1] | hm„go. (i(r(7„(t)), r(|/„)) = 0}). Let a be such that 
for every infinite f) Q a, s,^ = s^. Since r{x') is convergent and r(y) is spaced, s:— > 0. 
As in previous analogous arguments, {7n(s) | n G o"} is completely discrete. So we may 
assume that that for some d2 > 0, {'Jn{s) | n G a} is (i2-spaced. Set d — mm{di, ^2)- Let a, t) 
be as assured by the fact that T is a track system. Let a > be such that a -\- r]{a) < d/S. 
By the equicontinuity of {7n}neN, there is 5 > such that for every n G N and ^1,^2 G [0, 1]: 
if \ti — ^2! < (5, then ||7„(ti) — 7n(^2)il < a. By the choice of s, there is ti G [s, s + 5/2) 
such that lim„go- (i(r(7„(ti)), r(|/„)) = 0. Also, choose t2 E {s — 6/2, s). Then by the choice 
of a and s, inf^g,^ (i(r(7„(t2)), t(|/„)) > 0. For n G cr write Un = 7n(^i), Vn = 7n(^2) and 
Jfi — 7n([^2, ^i])- Let n E a. Then since L„ is an (a, ?7)-track, there is hn G H{X) such that 
hn is ce-bicontinuous, hniu,/) = Vn and supp(/i„) C i?(,/„. r/(diam (,/„))). Since \ti — t2\ < 5, 
it follows that diam(J„) < a. So for every x G supp(/in), ||x — 7n('S)|| < a + 77(a) < (i2/3. 
This implies that (i(supp (/im), supp (/i„)) > d2/'i for any m ^ n. We conclude that 
h := o^gCTi hn is well-defined and belongs to UC (X). Clearly, supp {h) C -B(lJneN vi'^))- 
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Since d{[j^^^Lmy) — di and 77(a) < di, we have that supp(/i) fl Rng(y) = and hence 
h\y^ Id. It follows that hilnead{h'^{T{yn)),h'^{T{un))) = mfnea d{T{yn),T{vn))) > 0. But 
limn^a-d{T{yn),r{un)) — 0. So ^ UC(y). A contradiction. ■ 

Remark 7.8. (a) Clause (2) in Theorem 7.7 can be relaxed. In that case Clause (5) has 
to be strengthened. Replace Clauses (2) and (5) by Clauses (2.1) and (5.1) stated below. 

(2.1) hd{X) has countably many components. 

(5.1) If C is a component of bd(y), then C is not a singleton, and either C is arcwise 
connected or C is locally connected. 

The proof of 7.7 is changed only in one place. In the proof of Claim 5, the component D 
of bd(F) is partitioned into countably many closed sets. By (5.1), this is impossible. So a 
contradiction is reached. 

There are spaces X which satisfy (1), (2.1), (3) and (4), but do not satisfy (2). However, 
such examples are rare. 

(b) Let -ft^BLPM = {Y \Y is a,n open subset of a Banach Lipschitz manifold}. (See Def- 
inition 6.29). In Theorem 7.7 replace the assumption that X e -f^BNC ^y the assumption 
that X e -R'blpm • Then Parts (a) and (b) of 7.7 remain true, and the proof remains as is. 

(c) The sphere of a Banach space satisfies the assumptions of Part (b). See Remark 7.4. 

Question 7.9. (a) Prove Theorem 7.7 for incomplete normed spaces. 

(b) Let £^ be a Banach space. Let {Bn \ n G N} be a spaced set of closed balls such 
that for every n, C 5^(0,1). Let X = 5^(0,2) - UneN^^^- Let Y G K^^^ and 
T e H{X,Y). Suppose that (UC(X))" C UC(F). Is t'^ uniformly continuous? 

Note that X is not JN.TC, but it satisfies all the other assumptions of Theorem 7.7. 

Proposition 7.10. Suppose that X is an open ball of a Banach space. Then X satisfies 
Clauses (l)-(4) of Theorem 7.7(b). 

Proof The proof is easy and is left to the reader. ■ 
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7.2 The non-existence of isomorphisms between groups of 
different types. 

In the previous chapters we considered groups of various types. We now show that groups 
of different types cannot be isomorphic unless they coincide. We shall deal with the groups 
UC (X), LUC (X), BUG (X), BPD.UC (X) and EXT (X), and we add to this hst the group 
H{X). Let V, Q denote one of the above properties and V{X), Q(X) be the groups they 
define. We describe the situation precisely. It may happen that for distinct properties V 
and Q, there is ip such that ip : V{X) = Q{Y). But in that case either V{X) = Q(X) and 
ip is induced by a homeomorphism belonging to Q^{X,Y), or VlY) = Q{Y), and ip is 
induced by a homeomorphism belonging to V^{X,Y). The situation with regard to such 
questions is not sorted out completely, and we only state results which follow directly from 
the theorems that have been proved so far. Only some of the possible consequences are 
stated and proved. 

Let X G -R'nrm h ^ H{X). Recall that h is said to be internally extendible, if 
there ishe i/(mt(X)) such that li ^ h. Denote h by . \i V = UC , BUG , BPD.UC , 
then P(X) C IXT(X). See Definition 2.24(b). For these P's define X^ = Ert(X) and 
pBNO(j^) = {h^\ h e V{X)}. So {X'P ,V^^^ {X)) e Kbo- See Definition 2.7(b). For 
P = LUC, EXT, write X^ = X a.nd V''^'^ {X) = V{X). So {X^ ,r''^^ {X)) e K^o- 

Corollary 7.11. Let X,Y e K^^m- 

(a) Ifip : LUC (X) ^ V{Y), then V{Y) = LUC {Y), and there is r e LUC^(X, Y) such 
that T induces ip. 

(b) Let X,Y e i^NFCB- Assume that X is BUD. AC and MVl, Y zs UD.AC and that 
ip : UC(X) = BUC(F). Then BUC(X) = UC(X), and there is t e BUC^(X,F) such 
that T induces ip. (X may he unbounded, and X need not he UC-equivalent to Y). 

(c) Let X, F G -^NFCB ■ Suppose that X is BPD.AC, Y is UD.AC, and Y has the discrete 
path property for large distances. Let ip : UC(X) = BPD.UC (F). Then BPD.UC (X) = 
UC (X), and there is t & BPD.UC^(X, Y) such that r induces ip. 

(d) Let X, r G K^j^c ■ Suppose that X is BPD.AC and BR.LC.AC. Let ip : BUC (X) ^ 
BPD.UC {Y). Then BUC (X) = BPD.UC (X), and there is r e BPD.UC ^(X, Y) such that 
T induces (p. 
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(e) Suppose that X,Y & -^bnc ? ^'^^ X or Y are infinite-dimensional. Then there is 
no : UC(X) ^ EXT(y). (Since EXT(X) = BUC(X) whenever X is finite- dimensional, 
such cases are included in part (c)). 

(/) Suppose that X,Y & -f^BNC > ^'^'^ X orY are infinite- dimensional. Then there is no 
: UC(X) ^ H(Y). 

Proof (a) Since P^NO^y) ^ ^(y)^ ^j^^^^ ^ . luC(X) = V^^^iY). {Y^,V^^^iY)) e 
Kbno- Also (X,LUC(X)) G i^BNO- So by Theorem 2.8(b), there is r e H{X,Y^) such 
that r induces Since (X, LUC (X) ) is transitive, (Y''^ ,V^^'^ (Y)) is transitive. Since Y 
is an orbit of {Y^, yP _ y^ Hence = (/?, and hence r induces (p. 

NotethatifP = UC,LUC,BUC,BPD.UC,thenUCoo(>") ^V{Y). So (UCoo(>"))""' ^ 
c LUC(X). Also, UCoo(V') = UC(F,W), where W is the set of all open BPD 
subsets of Y. So by Theorem 4.8(b), eLUC^(F,X), that is, reLUC^(X,F). So 

r{Y) = (LUC {x)Y= LUC (y ) . 

(b) By Corollary 2.26 there is r G H{X,Y) such that r induces ^. So (f) (UC(X))^ = 
BUC (Y). We show that rG BUC {X,Y). By (f), (UC (X))" CBUC (Y) and (BUC (F))""' C 
BUC(X). Recall that X is BUD.AC and MVl. So by Corollary 5.19, r G BUC(X,F). 

We show that r'^ G UC(y,X). By (f), UCo(F))^"' C UC(X). Recall that Y 
is UD.AC. So by Theorem 5.5, r'^ G UC(F,X), and hence r G BUC^(X,r). Then 
UC(X) = (BUC(F))^"' = BUC(X). 

(c) Let (f : UC (X) ^ BPD.UC (Y). By Corollary 2.26, there is r G H{X, Y) such that r 
induces ip. So (*) (UC(X))" = BPD.UC (F). By (*), (UCoo(X))" = BPD.UC (F). Recall 
that X is BPD. AC. Hence by Theorem 5.31, r G BPD.UC (X,F). 

Obviously, UCo(r) C BPD.UC (r). So by (*), (UCo(F))""' C UC(X). Recall that 
Y is UD.AC. Hence by Theorem 5.5, G UC(y, X). Since Y has the discrete path 
property for large distances, by Proposition 4.3(b), is uniformly continuous for all 
distances. That is, for some a G MC , r"^ is ct-continuous. In particular, is boundedness 
preserving. So r^^ G BPD.UC (F,X). In summary, r"^ G BPD.UC^(r, X). It follows that 
UC(X) = (BPD.UC (F))^"' = BPD.UC (X). 

(d) By Theorem 2.8(a), there is r G H{X,Y) such that r induces (p. This means 
that (BUC(X))^ = BPD.UC (r). By Theorem 5.31, r G BPD.UC (X,r), and by The- 
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orem 5.41(a), r'^ e BPD.UC(y,X). Hence e BPD.UC^(y, X). It follows that 
BUC(X) = (BPD.UC(y))^"' = BPD.UC(X). 

(e) Suppose by contradiction that : \JC{X) ^ EXT(y). By Theorem 2.8(a), there is 
T e H(X,Y) such that r induces So (UC(X))^ = EXT(y). 

Suppose that Y is an open subset of the Banach space F. Let S be a ball in F such that 
cl^(S) C y. Clearly, for every /i e UCe(S) there is /i e EXT(y) such that h extends /i. 
Let r] = and C = 77(5). Since (EXT(y))^"' C UC(X), (UCe(S))^ C UC(C). So 

also (UCo(S))'' C UC(C). So by Theorem 5.5, 77 is UC. It follows that C is bounded, and 
hence bd(C) is not a singleton. Clearly, bd(C) = r]'^{hd{B)), and so bd(C) is connected. 
So no component of bd(C) is a singleton. By Proposition 7.10, B satisfies Clauses (1) - (4) 
of Theorem 7.7(b). By Theorem 7.7(b) apphed to B, C and 77, 77"^ is UC. In summary, 
77 e UC±(S,C). 

Choose h e H{B) - UC {B) which is strongly extendible. So there is h e EXT {¥) 
extending h. So K"'' e UC(X). Hence /i^ = }f~^ \C e UC(C). Since 77"^ e UC^(C,S), 
h = (/i")""' e UC(S). A contradiction. 

(f) The proof is identical to the proof of part (e). ■ 

The following trivial examples show that the conclusions of Corollary 7.11(b), (c) and 
(f) cannot be strengthened. 

Example 7.12. (a) There are regular open sets X, y C R2 such that 

(1) UC {X) = Buc {X) ^ Buc (y) ^ UC (y). 

(2) X is BUD.AC and MVl, and Y is UD.AC. 

(b) Let X = (0,1). Then UC(X) = BPD.UC(X). 

(c) Let £^ be a Banach space. Let Y = B^{0, 1). Let r : E Y he defined by t{x) = 
Thenr e BPD.UC^(£;, y), BUC(£;) = BPD.UC(£;) andBPD.UC(y) ^ BUC(y). 

Proof (a) For n G N we define an open set Bn- 

5„ = 5(0,l)-U<„5((Vn,0),^). 
So Bn is obtained by removing from B{0, 1) n pairwise disjoint closed balls each of which 
contained in B{0, 1). For every e N let X„ = (n, 0) + ^^-B^ and Y^ = {n, 0) + Let 
^ = UneN-'^n and Y = U„eN^n- Note that for every n ^ m, (i(X„, X^), ci(y„, y„) > 1/2 
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and X„ = y„ ^ Y^. Note that lim„^oo diam(X„) = and for every n, diam(y^) — 1/2. It 
is easy to check that X and Y have the required properties. 

The proofs of Parts (b) and (c) are trivial. ■ 

Question 7.13. For n > 1, construct an open subset X C such that UC(X) = 
BPD.UC(X). Note that if X is such an example, then every connected component of X 
is an example. Note that every example which is a connected set is bounded. 



224 



8 The group of locally F-continuous homeomorphisms 
of the closure of an open set 



8.1 General description. 

Lipschitz equivalence between open subsets of R" is relevant in the theory of function 
spaces. Suppose that U, V be open subsets of M". The fact that U, V are homeomorphic by 
a bilipschitz homeomorphism or by a quasiconformal homeomorphism is equivalent to the 
fact that certain Sobolev spaces of functions from [/ to R and from y to R are isomorphic 
as lattice ordered vector spaces. These results appear in [GVl], [GV2] and [GRo]. We 
consider the analogous question for the setting in which the Sobolev function spaces are 
replaced by homeomorphism groups. 

The simplest question of this kind is as follows. Let X C R" and Y C R"* be open sets. 
Suppose that ip : LIP (cl(X)) = LIP (cl(r)). Prove that there is r e UP^{X, Y) such that 
r induces (p. 

We shall prove the above statement for bounded open subsets of R" which have a 
well-behaved boundary. In fact, we shall deal with a different group of homeomorphisms, 
namely, the group LIP (cl (X)) of locally bilipschitz homeomorphisms of cl(X). But for 
bounded subsets of R" this group coincides LIP (cl (X)). 

The group of bilipschitz homeomorphisms is only a special case. It is generalized to the 
setting of T-bicontinuous homeomorphisms, where F is any principal modulus of continuity. 
(See Property M6 in Definition 1.9). 

The open sets for which we know to prove such results at this point, have a very well- 
behaved boundary. They are called locally T-LIN-bordered sets. See Definition 8.1(c). 
Essentially these are the open subsets of a normed space whose closure is a manifold 
with a boundary. For such sets we define the group of completely locally T-bicontinuous 
homeomorphisms. This group is denoted by Hp^^-^'~' (X), and is defined in Definition 8.2. 
We give here an equivalent definition. Let X be an open subset of a metric space E and F 
be a modulus of continuity. Define 

^CMP.LC^js^^ = e H(d(X)) I g is locally T-bicontinuous and g(X) = X}. 
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Suppose that F, A are moduli of continuity and F is principal, E, F are normed spaces, 
X <Z E, Y <Z F send X,Y are locally T-LIN-bordered sets. We shall prove that if 
if : i/CMP.LC(^) ^ ^CMP.LC(y)^ ^^en r = Zi and there is r : d{X) ^ cl(y) such that 
t{X) = y, t is locally T-bicontinuous and i^{g) — toqot'^ for every g e Hp^^-^'^ {X). 

The above statement is also true when X and Y are open subsets of a normed Lipschitz 
manifold, see Theorem 8.4(b). The argument for manifolds is essentially identical, so proofs 
will be given only for the class of open subsets of normed spaces. 

8.2 Statement of the main theorems and the plan of the proof. 

We shall now define the class of open sets with a well-behaved boundary. 

Definition 8.1. (a) Let £^ be a normed space, A C £; and r > 0. The set BCD^(A, r) := 
B^{0, r) — Ais called the boundary chart domain based on E and A with radius r. We say 
that A C E isa, closed half space of E, if there is (p E E* such that A — {x e E \ (p{x) > 0}. 
Suppose that dim(£') > 1, and A is either a closed subspace of E different from {0} or a 
closed half space of E. Then BCD'^(A, r) is called a a linear boundary chart domain. 

(b) Let (y, d) be a normed manifold, X C Y he open, x e hd {X) and a e MBC . 
We say that X is a-linearly-bordered at x (a-LIN-bordered) , if there are a linear boundary 
chart domain BCD^(A, r) and a function ip : B^{0, r) ^Y such that: 

(i) ^:B^{0,r)^Rng{^), 

(ii) ip takes open subsets of E to open subsets of Y and closed subsets of E to closed 
subsets of Y, 

(iii) V(BCD^(A,r)) =Rng(V')nX, 

(iv) ip \BCD^ (A, r) is a-bicontinuous, 

(v) V'(O) = X. 

{ip, A, r) is called a boundary chart element for x. 

(c) Let F C MC. We say that X is locally F -LIN-bordered, if for every x e hd{X) 
there is a E F such that X is a-LIN-bordered at x. □ 
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The open sets that we had in mind when defining LIN-borderedness are described below. 
Take an open subset U of R" whose boundary is a smooth submanifold. Let Ki,. . . ,Kn 
be pairwise disjoint subsets of U, and assume that for every i, Ki is a compact smooth 
submanifold of R" which is not a singleton. Then U — UILi -T'^^^-LIN-bordered. 

We remind the reader the definition of the group ifCMP.LC ^j^y 

Definition 8.2. Suppose that E, F are metric spaces, X C E and Y C F, F C MC. 

Let f : X ^ Y. Then / is completely locally F-continuous, if / G EXT^'^(X, F), 
and for every x E cl'^(X) there are a E F and T G Nbr'^(a;) such that / f (T fl X) is 
a-continuous. Complete local F -hicontinuity is defined analogously. 

^CMP.LC j^j^^ y . j^^ denotes the set of completely locally /"-continuous homeomor- 
phisms between X and Y . We use the notation ffCMP.LC (^^^ abbreviation of 

H^^^-^^{X,Y-E,F). The notations {H^^^-^^)^{X,Y) and H^^^^'-^^ {X) are derived in 
the usual way. 

Remcirk 8.3. (a) Note that in the above definition, if E and F are complete metric spaces, 
then the requirement that / G EXT {X, Y) is not needed. 

(b) In the above definition assume that E, F are finite- dimensional normed spaces, and 
X,y are bounded. Let g G H{X,Y). Then g G {H^^^-^^)^{X,Y) iff there is a G T such 
that g^^ is ct-bicontinuous. 

(c) The motivation for deahng with groups of the type Hp^^-^'^{X) is the finite- 
dimensional special case described in (b). However, the proof of Theorem 8.4 below covers 
other types of groups. The following is such an example. Let be a normed space, and E 
be its completion. Let X Q E he open. Denote 

bd(X) = cl^(X) -firt(X). 
See Definition 2.24(a). Let d{X) = X Ubd(X). Let ^^^^^^^(x) = H^^^-^^ {X;d{X)). 

The proof of Theorem 8.4 transfers to the group if cmp.lc j-j^-j except for a slight change 
in the construction of homeomorphisms in Chapter 11. ■ 

The next theorem is our main final goal. It is proved in 12.20(a). 

Theorem 8.4. (a) Let F he a principal modulus of continuity and A he a modulus of conti- 
nuity. Let E, F be normed spaces, X C E be a locally F -LIN-bordered open set, and Y C F 
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be a locally A-LIN-bordered open set. Suppose that cp : Hp^^-^^{X) ^ H2^^-^^{Y). Then 
r^A, and there is t E {Hp^^-^^)^(X,Y) such that ip(g) = for every g e //Cmp.lc ^x). 

(b) In Part (a) assume that E and F are normed Lipschitz manifolds. Then the Claim 
of Part (a) is true. 

Part (a) is a special case of Part (b). But we shall prove only (a), since the setting of 
(b) is more complicated and the proofs are essentially identical. 

In the special case of bounded finite-dimensional spaces, Theorem 8.4 has a more natural 
formulation, which we state in the next corollary. 

Corollciry 8.5. Let F be a principal modulus of continuity, A be a modulus of continuity 
and {X,d) and {Y,e) be compact metric Euclidean manifolds with boundary. Assume that 
{X,d) has an atlas consisting of F-bicontinuous charts, {Y,e) has an atlas consisting of 
A-bicontinuous charts and </? : Hr{X) = H^{Y). Then F — A and there is r : X "^Y such 
that T is F-bicontinuous and (f{g) — g'^ for every g e Hr{X). 

Proof The corollary follows from Theorem 8.4(b) and Remark 8.3(b). ■ 
Plan of the proof of Theorem 8.4(a). 

The proof of Theorem 8.4(a) has four main steps. 
Step 1: There is r e H{X, Y) such that ^{g) = g"" for every g e i/CMRLC (^x). 

Step 2: F — A, and r is locally r-bicontinuous. 

Step 3: T e EXT±(X,y). 

Step 4: T is completely locally /"-bicontinuous. 

The first two steps have already been accomplished. Step 1 follows from Theorem 2.8 and 
Step 2 from Theorem 3.27. The exact statement of Step 3 is formulated in Theorem 8.8. 
The proof of this theorem takes all of Chapters 8-11, and the conclusion of the proof 
appears at the end of Chapter 11. Chapter 12 is devoted to the proof of Step 4. 

Theorem 8.8 has two variants. Part (a) is indeed the main goal. However, the strength 
of the argument is partially lost when dealing only with groups of the type Hp^^^'^^{X). 
Part (b) is stated in order to later reveal the full strength of the argument. See further 
explanation after the statement of Theorem 8.8. 
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Definition 8.6. (a) Suppose that X C. E is open. A subset H C EXT^{X) is E-discrete, 
if {supp(/i) I h e H} is completely discrete with respect to E. (See Definition 6.1(a)). Note 
that if H is £;-discrete, then o{h\heH} e EXT^{X). 

(b) A subgroup G < EXT{X) is closed under E-discrete composition, if o{h \ h e H} e 
G for every ^'-discrete set if C G. 

(c) Let £■ be a metric space, X C E he open, and G < EXT{X). We say that G is of 
boundary type F, if for every x e hd{X): 

(i) there is U e Nbr^(x) such that G l^/nXI D ffCMP.LC (x) |?7nXL 

(ii) for every g & G, there is ^ G Nbr'^(a:) such that 5^ [(V fl X) is r-bicontinuous. 

A subgroup G < EXT (X) is F -appropriate, if G is closed under £^-discrete composition, 
and G is of boundary type F. 

(d) Let i/BDR.LC (^j^^ = {51 G EXT (X) I for every x G bd(X), 51 is T-bicontinuous at x}. 
Let Z\ be a modulus of continuity Define H^^^-'^^ (X) = ii^^ (X) n //Bdr.lc ^^^^ 

Example 8.7. Hp^^-^^{X) and 17^°^ ^^ (x) are T-appropriate, and ii F C A, then 
-^A^^'^^ (X) is r-appropriate. 

Theorem 8.8. Let F , A he countably generated moduli of continuity. E and F he normed 
spaces and X C E, Y C F be open. Suppose that X is locally F -LIN-bordered, and Y is 
locally A-LIN-hordered and let r G H[X,Y). 

(a) // (i/CMP.LC (X))- = i/CMP.LC ^Y). then r G EXT±(X, Y). 

(6) Suppose that G < EXT(X), H < EXT(y) are respectively F and A appropriate 
and G^ = H. Then r G EXT±(X, Y). 

The proof of Theorem 8.8 appears at the end of Chapter 11. 

Explanation Suppose that {Hp^^-^^{X)y = H^'^^-'^^ (Y). Then F = A. This is 
easily concluded in the following way. Let U C X be an open set such cl{U) C X and 
cl(r(f/)) C Y. Since d{U) C X, Hp^^-^^ {X)\U} = H}^^{X)\m- Since cl(r(t/)) C Y, 

ffCMP.LC(y) 1^(^)1 ^ iyLC(y)|^^_ (ifLC(^)[^)r ^ i/LC^y^j^^^ follo^g 

easily from Theorem 3.27 or from Theorem 3.42(b) that F — A. 
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When dealing with Hp^^-^'^ (X), the above argument is no longer valid. Instead one 
has to infer that F — A from the behavior of r at hd{X). This is more difficult, and we 
have a proof only in special cases. Part (b) of 8.8 prepares the ground for this argument. 

As a consequence of Step 2, at the time that we reach Step 4, we already know that 
r — A. So the statement of Step 4 is as follows. 

Theorem 8.9. Let F be a principal modulus of continuity, X C E and Y C F be open 
subsets of the normed spaces E and F and r E EXT^(X, F). Suppose that X and Y are 
F-LIN-bordered and {Hp^^-^^{X)y = Hp^^-^^{Y). Fhen r e {H^^^-^^)^{X,Y). 

Chapter 12 is devoted to the proof of Theorem 8.9. Actually, the main result of Chap- 
ter 12 is Theorem 12.19, and 8.9 is just a corollary of that theorem. At the end of Chapter 12 
we prove Theorem 8.4(a). At that point it is only a matter of combining the intermediate 
results from Chapters 11 and 12. This is done in Theorem 12.20, and 8.4(a) is the first 
part of that theorem. 

Certain types of boundary points have to be treated differently than others. These 
types are defined below. 

Definition 8.10. If in Part (b) of Definition 8.1, A is a closed subspace of E and dim (A) = 
1, or dim(£') — 2 and A is a half space of E, then we say that bd(X) is 1-dimensional at 

X. 

If in Part (b) of Definition 8.1, A is a closed subspace of E and co-dim (A) — 1, oy A is 
a half space of E, then we say that bd {X) has co-dimension 1 at x. 

If in Part (b) of 8.1, A is a closed subspace of E with co-dimension 1, then we say that X 
is two-sided at X. Hence Rng (■?/') flX has two connected components. Lctu,v G Kng[ijj)r\X. 
We say that u,v E X are on the same side o/bd(X) with respect to {ip,A,r), if u,v are 
in the same connected component of Rng (■?/') Pi X. We say that u,v E X are on different 
sides of hd[X) with respect to {iJj,A,r), if u,v are in different connected components of 
Rng(^) nX. 

If in Part (b) of 8.1, (i) dim{E) > 2, and (ii) A is a closed subspace of E of dimension > 1 
or A is a closed half space of E, then we say that X is a-simply-linearly-bordered {a-SLIN- 
bordered) at x. □ 
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Let X e hd{X). Note that if hd{X) is 1-dimensional at x, and (■0, A, r) is any boundary 
chart element for x, then either (i) A is a 1-dimensional subspace, or (ii) dim(£') = 2 and 
A is a closed half space. Similarly, if X is two-sided at x, and {ip,A,r) is any boundary 
chart element for x, then A is a closed subspace with co-dimension 1. 

Question 8.11. A subset A C E is called a closed half subspace of E, if there is a closed 
subspace F of E such that F ^ {0} and A is a half space of F. Let 'BCD^{A,r) be 
a boundary chart domain. We call BCD^(A,r) an almost linear boundary chart domain 
if either it is a linear boundary chart domain, or A is a closed half subspace of E. Let 
r C MC. Define the notion "X is locally F -almost-linearly-bordered" (locally F-ALIN- 
bordered) in analogy with Definition 8.1(c). 

Arc Theorems 8.8 and 8.9 true for locally ALIN-bordcrcd sets? 

In order to prove the analogues of 8.8 and 8.9 for locally ALIN-bordcrcd sets, only 
Lemma 9.13 needs to be generalized. All other ingredients in the proof remain essentially 
the same. □ 

Some ALIN-bordered sets are described below. Take an open subset U of R" whose 
boundary is a smooth submanifold. Let Ki, . . . , Kn be pairwise disjoint subsets of C/, and 
assume that for every is a compact manifold with a boundary which is not a singleton, 
and Ki is smoothly embedded in R". Then U - (J^Li Ki is -ALIN-bordered. 
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9 The Uniform Continuity Constant 



9.1 Preliminary lemmas about the existence of certain constants. 

In preparing the ground for the proof of Theorem 8.8, we need to characterize the pairs 
of convergent sequences x,y in X for which there is an ct-bicontinuous homeomorphism 
g e H{X) and subsequences x', y' of x and y such that g{x') — y' . Stated more precisely, 
let z e bd(X) and limx = limy = z, and assume that for every n e N, 

{I) \\xn - z\\ < a{\\yn - z\\) and \\yn - z\\ < a{\\xn - z\\), 

(2) d{xnM{X)) < «(%„,bd(X))) and %„,bd(X)) < a(rf(x„, bd(X))). 

We shall prove that there are g G H[X) and subsequences x' and y' of x and y respectively 
such that g{x') = y' and g is A^-aoaoaoa-bicontinuous. In fact, this is only an approxima- 
tion of what we really prove. The exact statement to be proved is the equivalence between 
the conjunction of (1) and (2) above and the fact that x ~ y. The relation ~ ° is 
defined in 11.1(c), and in Proposition 11.3(a) we prove this equivalence. 

The Uniform Continuity Constant Lemma 9.13 is the main fact needed in the proof of 
the above. It says that there is iiT > for which A =^ B, where A and B are the following 
statements. 

(A) Eisa, normed vector space, F is a closed subspace of E with dimension > 1, a e MBC , 
x,y e E-F, \\x\\ < \\y\\ < a{\\x\\) and a-\d{x, F)) < d{y, F) < a{d{x, F)). 

(B) There is an fC-aoa-bicontinuous homeomorphism g such that: g{x) = y, g{F) = F 
and supp(^) C B{0,2\\y\\) - B{0, \\x\\/2). 

This chapter is devoted to the proof of this lemma. The geometric contents of the 
lemma is simple, but a detailed proof seems to require much work. When the claim of the 
lemma is restricted to pre-Hilbert spaces and not to general normed spaces, the proof is 
easier. 

We shall also need a statement analogous to A ^ B for subspaces F of E with 
dim(F) = 1. In this case Statements A and B need to be slightly modified. Chapter 10 
deals with this situation. 

Before turning to the proof of The Uniform Continuity Constant Lemma we quote 
some well-known basic facts from functional analysis, and we also establish the existence of 
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various types of homeomorphisms which will be used in the proof of 9.13. These prepartions 
are carried out in 9.1-9.10. We start with some needed notation. 

Notations 9.1. (a) For K > 1 and a, 6 > let a b mean that a/K <b< Ka. If 
II 11^, II IP are norms on a vector space E, then || ||^ || ||^ means that ||ti||^ II'^^IP for 
every u E E. 

(b) The notation E = L®""^^ S means that L + ^ = E and Ln5 = {0}. If ^ = Le^^s 
then {x)l,s-, {x)s,l denote the components of a; in L and S respectively. In what follows we 
sometimes abbreviate {x)l,s by {x)l and {x)s,l by {x)s- Suppose that E = L®'^^^ S. We 
define ||m||-^'^ = ||(m)5|| + ||(m)l||- The notation E = L® S means that E = L ©'"'^ S, and 
that for some K > 1, || ||'^''^ || ||. In such a case S is called a complement of L in E. 

(c) Let L be a linear subspacc of E. Then co-dim "^(L) denotes the co-dimension of L 
in E. This is abbreviated by co-dim (L). 

(d) Let F and H be linear subspaccs of a normed space E and M > 1. We define 
H F ii d{h, F) > \\h\\/M for every heH. 

(e) Let E = F ®'^^^ H. Then Proj^j:^ is denotes the function u ^ {u)f.h- u ^ E. 

(f) Let X be a metric space, x E X and < r < s. The ring with center at x and with 
radii r, s is defined as 

B{x] r\s) = {y E X \ r < d{x, y) < s}. 

We quote without proof some basic and well-known facts from functional analysis. 

Proposition 9.2. (a) For every n > there is M = M^"'^ (n) > 1 such that for every 
normed space E and an n-dimensional subspace L of E there is a complement S of L in E 
such that M II a; II > IKa;)^.^! + ||(a;)5^/^|| for every x & E. A subspace S satisfying the above 
is called an almost orthogonal complement of L. 

(6) For every n > there is M = M**^" (n) > 1 such that for every normed n- 
dimensional space E there is a Hilbert norm \\ ||^ on E such that \\x\\ < \\x\\^ < M||a;|| 
for every x E E. The norm \\ \\^ is called a tight Hilbert norm on E. We denote M*"^" (2) 
by M*^° . 

(c) For every n > there is M = M^^^ (n) > 1 such that for every normed space E 
and an n-dimensional linear subspace L of E there are a Euclidean norm \\ ||" on L and a 
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complement S of L such that for every x E E, 

ll(^k5||"+||(:^kL|| 

Also, ifm <n, then M^^^(m) < M^"^(n). A pair (II 11^, (S") satisfying the above is called 
a tight Hilbert complementation for L. We denote M^"' (2) by M^"^ . 

(d) LetE^F®H andM>l. Then H ±^ F iff ||Proj j^^j^H < M. 

(e) LetE^F®H and suppose that H ±^ F. Then F ±^+i H. 

(/) LetE^F®H and suppose that H ±^ F. Then \\ ps^m+i y ||_ 
{g) LetE^F®H and suppose that \\ \\ \\. Then H ±^ F. 

(h) Let T : E ^ E be a bounded linear projection with a closed range. Then 
ker(r) ±11^11+1 Rng(r). 

(i) Let x,y E E — {0} be such that \\x\\ < \\y\\. Let z = jj^l/- Then \\y — z\\ < \\y — x\\ 
and \\x — z\\ < 2\\y — x\\. 

Proposition 9.3. Let F be a closed subspace of a normed vector space E, x,y E E — F 
and e> 0. Then there is a closed subspace H of E such that F CH, span (i7 U = E, 

d{x,H) > j^J{x,F) and d{y,H) > ^J{y,F). 

Proof Let A — 1+e and x E F he such that ||a:; — ^|| < Ad{x, F). Denote x~ — x — x. Let 
•0 be the hnear functional on span(FU{x}) defined by ^^{x') — \\x~\\ and '4>{F) — {0}. We 
check that ||V'|| < A. Let z e span(F U {x}). li zE F, then \i){z)\ = < A\\z\\. Suppose 
that z — u-\- \x~, where u E F and A 7^ 0. We may assume that A = 1. Then 

\ij{z)\ = \\x-\\ < Ad{x,F) < A\\{u-x) + x\\ = Z\||ti + x-|| = A\\z\\. 

Let (p E E* he such that (p extends i/j and \\(p\\ — \\ip\\. Let Hi — ker (</?). So F C Hi. Since 
X — X + x~ and x E Hi, d(x, Hi) — d(x~, Hi). Let u E Hi. Then 
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ip{x~ — u)\ d{x,F) 



X — u\\ > : = — : — > 



A - A 



Hence d{x, Hi) — d{x~, Hi) > 



d(x,F) 



Similarly, there is a closed linear subspace H2 with co-dimension 1 such that 



d{y, H2) > Let H^HiH H2. Then H is as required 
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The next proposition contains some additional basic and well-known facts from func- 
tional analysis. The proofs are again omitted. 

Proposition 9.4. (a) For every n G N there is M^^j (n) such that for every normed space 
E and a closed linear suhspace F C E: if co-dim^(F) = n, then there is a projection 
T : E F such that \\T\\ < M^'^ (n). 

(b) For every n G N there is M = M°^^ (n) such that for every normed space E and a 
closed linear suhspace F C E: if co-dim^{F) < n, then there is a closed linear suhspace 
H C E such that F ®H = E and H ±^ F. One can take M°'^ (n) to 6e 2" - 1 + e for 
any s >0. We denote M°^' (2) hy M°''* . 

(c) Let M f'i" (n) = (1 + M*^"^ (n)) ■ M°'^ (n) + 1. Let E he a normed space, F C E he a 
closed suhspace with co-dimension < n and H he such that F ® H = E and H 1.^ F. 
Let II 11^ he a Hilhert norm on H such that \\ ||^ || || \H . Define a new norm on 
E hy \\u\\^= \\{u)f\\ + \\{u)h\\^. Then \\ ||N~Mf'"(n) y ||_ denote M^'^'' (2) hy M^^"" . 

Definition 9.5. (a) Let be a 2-dimensional Hilbert space and ^ G R. Then Rot^ 
denotes the rotation by an angle of 9 in H. Let E — F ® H he normed spaces. Suppose 

F H 

that is a 2-dimensional Hilbert space. For ^ G R let Rot^'" G H{E) be defined by 

Roif^iu) = {u)f + Rotf ((m)^/), ueE. 

(b) Let h — Rad^2; be a radial homeomorphism. (See Definition 3.17(b)). We say that 
h is piecewise linearly radial, if r] is piecewise linear. □ 

Part (a) of the following proposition is a variant Lemma 2.14(c). 

Proposition 9.6. (a) There is M^^^ > 1 such that for every normed space E, x,y E E 
and r > 0, there is h & H{E) such that 

(1) supp(/i) CS([x,y],r), 

(2) h{x) = y, 

(3) h is M^^'s-dlx - y\\/r + l)-hilipschitz. 

(6) For every t > there is M^^^ (t) > 1 such that for every normed space E, a rectifiable 
arc L C E with endpoints x, y and r > there is h & H{E) such that 
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(1) supp{h)CB{L,r), 

(2) h{x) = y, 

(3) h IS M^'" (^^^^)-bilipschitz. 

(c) There is M™* > 1 such that the following holds. Let E = F ® H be normed 
spaces. Suppose that H is a 2- dimensional Hilhert space, and that for every u E E, 
ll'^ll = + -^^^ S he a closed subset of E, rj : [0, oo) M, and K,r > 

be such that: (i) S C B{0,r); {ii) for every u E S and 9 G M, Rot^''^(-u) G S; (Hi) rj is K- 
Lipschitz; {iv) ri{s) = for every s > r. Let g : E ^ E be defined by g{u) — ^^^^'^[^ s))^'^) ■ 
Then g G H{E) and g is {W"^ Kr + l)-bilipschitz. 

{d) Suppose that F,H are normed spaces, E = F ® H , and \\u + v\\ = \\u\\ + \\v\\ for 
every u E F and v E H. Let xEF,x&H,a>l, x' — x + x and x" — x + ax. Then 
there is g & H{E) such that 

(1) g{x') = x", 

(2) g\F = \d, 

(3) for every u E F, supp (g) C B{u; s, t), where s = \\x' — u\\/2 and t = 3\\x" — u\\/2. 

(4) g is2M^^a-bilipschitz. 

Proof (a) Set x — x/^x^ and a = ||x — y||. We may place the origin in such a way that 
X = {r/2)-x and y = (r/2 + a)-x. We may assume that r < a. Write M = M^''{1). Let 
L — span({x}) and 5" be a complement of L such that M||ii|| > + ||(ii)5,L|| for 

every u E E. So for every u e S, \\u\\ < M-d{u,L). Denote {u)l,s — u and {u)s,l — ■ 
For every u E E \ei be such that u — XuX. So u — XuX + u^. 

Let g{s,t) — gs{t), s > 0, i G R, be defined as follows. For every s > 0, gs{t) is a 
piecewise linear function satisfying the following. 

(1) The breakpoints of gs{t) are 0, r/2 and a + r. 

(2) If s G [0, then g,{r/2) = ^-{a + r/2), and iis>^, then g,{r/2) = r/2. 

2M 

(3) lit <0 or t> a + r, then g,{t) = t. 
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So go{r/2) — a + r/2 and Qg — Id for every s > Define 

h{u) = + gd(u,L){.K) -x. 

Clearly, h{x) — y. Let u E E — B{[x,y],r), and we prove that h{u) — u. If d{u, L) > 
then gd{u,L) = Id. So h{u) — -\- X^x — u. Assume that d{u,L) < If A„ < 0, then 
for every s, g's(A„) — and hence h{u) — u. Assume that A^ > 0. Since d{u, L) < it 
follows that \\u^\\ < r/2. Hence 

|A„ - (a + r/2)| = - y\\ > \\u - y\\ - \\u^\\ > r - r/2 = r/2. 

That is, cither (i) A„ — (a + r/2) > r/2 or (ii) A^ — (a + r/2) < —r/2. Suppose by 
contradiction that (ii) happens. Then < A^ < a. If A^ > r/2, then u = A^x G [x,y], 
and hence d(u,[x,y]) < \\u — u\\ = \\u^\\ < r/2. So m G B([x,y],r), a contradiction. If 
A„ < r/2, then d(u, [x,y]) < — < — -uH + < r/2 + r/2 = r. So u G B([x,y],r). 
A contradiction. Hence A^ — (a + r/2) > r/2. So A^ > a + r, and hence for every s, 
dsi^u) — ^u- So h{u) = u. We have shown that h\{E — B{\x, y], r)) = Id. 

For every s > let = g~^, and let f{s,t) = fs(t). Note that for every u & E, 
= {h{u)Y , and hence d{h{u), L) — d{u, L). So if w = h{u), then u — + fd{w,L){Xyj)-x. 
Hence exists and is continuous, and so /i G H{E). 

We show that h and are Lipschitz. Note that for every s, the three slopes of Qs are 
< "^r/^ . Also, for every si, S2 > and t G M, \gsAt) — fl'sol^)! — '3z'\^i ~ ^2\- For J^, the 

^ 2M 

maximal slope is again and |/si(i) — /s2(^)| ^ ^-l^i — •S2|- Now 

^/ 2M 

/l('u) - /i(t;) ^u'' -v'~ + {gd{u,L){K) - 9diu,L){^v)) X + {gd{u,L){K) - 9div,L){K)) X. 

Write w — u — V. So 

\\h{u) - h{v)\\ < Wu-^ - V^W + \gd{u,L){K) - gd{u,L){Xv)\ + \gd{u,L){Xv) - gd{v,L){Xv)\ 

< Ik^ll + ^77^11^ + (diu, L) - d{v, L)) < \\w^\\ + {2a/r + !)■ \\w\\ + \\u - v\\ 

< M\\u - v\\ + (2a/r + l)Ml|;7, - v\\ + \\u - v\\ < (3M + l)(a/r + 1)||m - v\\. 

An identical computation shows that h^^ is (3M+1) (a/r + 1)-Lipschitz. So A'P'^^ = 3M+1. 

(b) Let be a normed space, L C be a rectifiable arc with endpoints x, y and 
r > 0. Denote i — Ingth(L) and n — [i/r] + 1. There are Xi & L, i — 0, . . . ,n such that 
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Xq — X, Xn — y and for every i < n, \\xi — < r. For i < n let Li — [xi,Xi+i\. Then 

B{Li,r/2) C B{L,r). By Part (a), there is Qi e such that 

(1) supp(^,) CS(L,,r/2), 

(2) gi{xi) = Xi+i, 

(3) gi is M^'^g-( II^';J^+^II + l)-bihpschitz. 

Since - < r and by (3), Qi is 3M^<^g-bihpschitz. Let M^'"'{t) = (3M'^^g)W+i. 

Define g = go° ■ ■ ■ °gn-i- It is easily seen that g{x) — y, supp(g') C B{L,r) and g is 

j^arc (£/r)_bihpSchitZ. 

(c) Suppose that some function f : E ^ E has the property that for some a > 0, 
— < M \\u — v\\ for every u,v & E such that w|| < a. Then / is M-Lipschitz. 

For the function g we take a to be r. Let u,v & E he such that — < r. If f ^ -8(0, 3r), 
then u ^ 5(0, 2r). So g{u) — u and gf(v) — v. We may thus assume that ||f || < 3r. Denote 
{u)h, {u)f, {v)h, {v)f by ui,U2,vi,V2 respectively and 9{w) :=r){d{w, S)). Then 

g(v)-g(u) = (Rot^,)(^;i)-Rotg„)(^;i)) + 

(Rot,^„)(^;i) - Rot^„)(Mi)) + {V2 - U2). 

So 

\\g{v) - g{u)\\ < ||(Rot^,)(t;i)-Rot^„)(t;i))|| + 

||(Rot^„)(t;i) - Rot,^,)(Mi)) + iv2 - U2)\\ 

= ||(Rotg,)(^i)-Rot,^„)(^i))|| + \\v-u\\. 

We estimate the first summand in the last expression. 

||(Rot^,)(^i) - Rot^„)(^i))|| < |^(^;) - ^(^)| • ll^ill < l^(^) - e{u)\ . \\v\\ 

= \7]{d{v, S)) - r]{d{u, S))\ ■ \\v\\ < K ■ \d{v, S) - d{u, S)\ ■ \\v\\ 

< K ■ \\v — u\\ ■ \\v\\ < 3Kr ■ \\v — u\\. 

It follows that II (/(?,') — 5'(''^)|| < {3Kr + 1) ■ ||f — m||. 

Note that g^^{u) = ^ot^'^^^f^^ g-^^{u). Since {Hi) and (iv) of Part (c) hold for —77, we 
also have that g~'^ is {3Kr + 1)-Lipschitz. So M'°^ = 3. 

(d) Let E, E, H, x, x, a be as in Part (d). It suffices to prove Part (d) for x = 0. This is 
so, since if g satisfies the requirements of Part (d) for E, F, 0, x, a, then g^^* satisfies those 
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requirements for F, x, x, a. So x' — x and x" — ax. Let L — [x, ax] and r = ||2:||/2. So 

Ingth(L) (a-l)||x|| , , 

r ||a;||/2 

It follows from Part (a) that there is g E H{E) such that supp {g) C B{L. r), g{x) = ax and 
g is 2aM'^''§-bilipschitz. A trivial computation shows that g fulfills Requirements (d)(2) 
and (d)(3). ■ 

Proposition 9.7. For every K > 1 there is M^^^{K) > 1 such that the following holds. 
Suppose that E is a normed space and F is a closed linear subspace of E. Let x & E — F be 
such that d{x,F) > \\x\\/K andy&F — {0}. Then there is g&H{E) and a,b> such that 

(1) g{x) = ax + by, 

(2) \\gix)\\ = \\x\\, 

(3) d{g{x),F)^\\g{x)\\/K, 

(4) g\F^ld, 

(5) supp(^7)C5(0;M,^)^ 

(6) g is M^""^ {K)-bilipschitz. 

Proof Let x,y be as in the proposition. We may assume that ||y|| = Let Li — [x,y]. 
We find D{K) such that d(Li,0) > L>(X)||a;||. Let Ei = span({x,y}) and Fi = span({y}). 
So ||x|| < Kd{x,Fi). Set M = M*''°(2), and let || ||" be a Hilbert norm on Ei such that 
\\u\\ < \\u\\^ < M\\u\\ for every e Ei, Hence < Kd'^{x,Ei). Also, > 
Let a be the angle between x and Fi. Hence sin (a) = ^ — Wk- follows that 

d(0 L)> = sin(a/2)||a;||" ^ sin(a) ^ 



M M - 2M " " - 2M^K' 

So D{K) = 

Since (/(a;, F)/||a;|| > 1/K and d{y, F)/\\y\\ = < 1/K, there is zq G [x,y] such that 
(i(;zo, -^)/||-2o|| = l/K. Obviously, ||^o|| < H'"^!!- Let z = ||^-2;o. So \\z\\ = \\x\\ and 
d{z, F)/\\z\\ = 1/K. Obviously, for some a,b > 0, z = ax + by. Let L = [x, z]. For some 
A > 1, ^ = Xzq. This implies that for every u & L there are v e [x, zq] and /i > 1 such 
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that u — /iv. It follows that d{L,0) > d{[x, Zo\,0), and since [x,Zo\ C Li, we have that 
d{L,0)>d{L^,0)>^. 

Obviously, \\x — z\\ < 2\\x\\. Let r = Jm^^k ■ Proposition 9.6(a), there is h E H{E) 
such that h{x) — z, supp {h) C B{L, r) and h is M^^ • (^^^7^ + l)-bilipschitz. By the above, 

r ||a;||/(4M2i^) 

So /i is QM^'^sM^ /C-bilipschitz. 

Recall that d{z,F) = \\z\\/K, d{x,F) > \\x\\/K and for some u E F and c > 0, x = 
u+cz. This implies that ci(L, F) = \\z\\/K. Rence d{B{L,r), F) = ^ M__iNL > 0. 

Soh\F = Id. 

From the fact that H^H = it follows that L C B{0, \\x\\). SoB{L,r) C fi(0, ||x||+r). 
Hence supp(/i) C 5(0, (1 + jm^)\\x\\). But 1 + 

4mW ^ "^Z^' supp(/i) C 5(0, |||x||). 
Clearly, /i \B{0, d{L, 0) - r) = Id. Hence h \B{0, J^) = Id. 

Let Tj e -f^([0, 00)) be the piecewise linear function such that: (i) the breakpoints of r] 
are -^r^ and ||a;||; (ii) vi^^) = 11^11/2, and ri{t) = t for every t > \\x\\. The slopes of the 
pieces of t] are 2M^K, ^^^^^2^-1) ^- V is 2M2/s:-bilipschitz. 

Let k be the radial homeomorphism based on 77. Then by Proposition 3.18, k is 
GM^i^-bilipschitz. Also, k{B{Q, ^gL)) ^ b{Q, M), k{B{Q, ^)) = 5(0, ^), A;(F) = F, 
A;(a;) = x and /c(z) = z. 

Let = /i'^. Then g{x) = z, supp(5f) C 5(0; ^^), g\F = Id, and g has bilipschitz 
constant {6M^Kf-9M'''^M'^K. So M^""^ (K) = 32AM'''^ M^K^. U 

Proposition 9.8. There is M'^^p > 1 suc/i that the following holds. Suppose that E = 
F®H, dim (5") < 2 and H F. LetxeE-F,x^x + x-,xeF, \\x-\\ < ^d{x,F) 

and d{x,F) < jq\\x\\. Then there is g & H{E) such that 

(1) g is M^"^^ -hilipschitz, 

(2) g{x) = X + {x)h, 

(3) g\F^U, 

(4) supp(<7)C5(0;M,». 
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Proof Note that x + x~ — x — {x)f + {x)h- So {x)h — x~ — x — {x)f £ F. Hence 
d{x + \{{x)h — x~), F) — d{x, F) for every A e R. Consider the interval L — [x,x-\- {x)h\- 
Then L = {x + X{{x)h -x-)\Xe [0, 1]} and so d{L, F) = d{x, F). It follows that 

\ngi\i{L) = \\{x)H-x-\\ < \\{x)h\\ + \\x-\\<M'''^ ■d{x,F) + ^d{x,F) = {M"'' + ^)d{x,F) 

and hence lngth(L)/o?(x, + l < M°'^ +4/3 + 1 < M°'^ +3. We shall now find min^gi \\u\\ 
and maXu^L \\u\\. Let u E L. Then for some A e [0,1], u — x + X{{x)h — x~). Recall that 
d{{x)H,F) > \\{x)h\\/M'"\ So 

> \\x\\ - \\x-\\ - \\{x)h\\ > \\x\\ - ^d{x,F)-M°'^ ■d{{x)H,F) 
= - ^d{x, F) - M°'' ■ d{x, F) = \\x\\ - (M"^ + ^)d{x, F) 
> M-(Mo-+|)M>^||^||. 

For the maximum of \\u\\ we have 

Wi^W < \\x\\ + \\x~\\ + \\{x)h\\ < Ikll + ^Ikll + "^^fe^lkll < i^lkll- 

It follows that B{L, d{x, F)) C B{L, ^) C B{0; So by Proposition 9.6(a), there 

is^ e H{E) such that supp(^) C B{L,d{x,F)), g{x) = x + {x)h and g is M^^^ ■{M°'^ +3)- 
bilipschitz. It follows that g satisfies requirements (3) - (4) of the proposition. So we may 
define M'^'^p = M^^s (m""^* +3). ■ 

Definition 9.9. (a) Let a e MBC and s,t e [0, oo). Then s fa" i means that t < a{s) 
and s < a(t). 

(b) Let a e MBC , n G N and p : [0, oo) [0, oo) be continuous. We say that p is 
{n, Q;)-continuous, if there are = ao < . . . < a„_i < a„ = oo such that 

Pi{t):=p{t + ai^i), t e[0,ai- Qi^i), 

is CK-continuous for every < i < n. 

The four parts of the next proposition are trivial. Their proofs are omitted. 

Proposition 9.10. (a) Let a e MBC, n e N and p : [0, oo) [0,oo). If p is {n,a)- 
continuous, then p is n- a- continuous. 
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(b) Let p : [0, oo) — > [0, oo) and a > 0. Define r){s,t) as follows. If s > a, then 
77(5, t) — t; and if s & [0, a], then r]{s, t) — {1 — ^)p{t) + ^t. Suppose that (5 e MC and p is 
(3 -continuous. Then r)s{t) := r){s, t) is (3-continuous for every s e [0, 00). We denote r]{s, t) 
by r)^p,a)is,t). 

(c) Let (3 e MC, a > and < m < Then the function f{t) ^ mt, t e [0, a], is 
^-continuous. 

(d) If P e MC, M >1, and 7 is the function defined by -f{t) = P{Mt), then 7 < M/3. 
9.2 The main construction. 

Definition 9.11. (a) Let < a < 1 and 6, M > 1. We say that M is a Uniform Continuity 
constant for {a,b), (M is UC- constant for {a,b)) if the following holds. 
Suppose that E, F, a, x, y satisfy the following assumptions. 

Al E is a normed space, F is a closed linear proper subspace of E, dim (F) > 1, a e MBC 

and x,y & E — F, 

A2 < \\y\\ and ~" \\y\\, 
A3 d{x,F) Ri" d{y,F), 

A4 if co-dim '^(F) = 1, then x,y are on the same side of F. 

Then there are gi,g2 € H{E) such that 

Bl 91,92 are Ma-bicontinuous, 

B2 92°9i{x) ^y, 

B3 gi(F) = Fand g^{F) = F, 

B4 for every i = 1, 2, supp (gj) C 5(0; a||a;||, 

(b) We define a relation R{u,v,g;a,a,b,F). Let F be a closed linear subspace of a 
normed space E, u,v e E — F, g e H{E), 0<a<l,b>l and a e MBC . The notation 
R{u, V, g; a, a, b, F) means that 

Rl g{u) = V, 

R2 g is a-bicontinuous, 
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R3 g{F) = F, 

R4 g\B{0;a\\ulb\\v\\) = Id. 
Let M > 1. Then R{u, v, g; M, a, b, F) means that R{u, v, g; M-Id[o,oo)) b, F) holds. 

The trivial proof of Part (b) in the next proposition is omitted. 

Proposition 9.12. (a) 

(^R{u, V, g; a, a, b, F) A R{v, w, h; (3, c, d, F)j =4> R{u, w, hog; ^oa, ac, bd, F). 
(b) R{u, V, g; M, a, b, F) =^ R{v, u, g-\ M, a/M, Mb, F). 

Proof (a) It is obvious that hog is /5oa-bicontinuous, hog{u) = w and hog[F) = F. 

If V = u, then ca||-u|| < c||-u|| = c||f||. So h \ B{0,ca\\u\\) = Id. If v ^ u, then v G 
supp((7). This implies that ||f|| > a\\u\\ and hence c||f|| > caH-uH. So /i ^-^(O, ca||-u||) = Id. 
Clearly, caH-ujl < So g \B{0, ca\\u\\) = Id. It follows that hog \B{0, ac\\u\\) = Id. 

If V = w, then 6(i||-u;|| = > ^H'^ll- So supp((7) C 5(0, 6(i||-u;||). If v ^ w, then 

V G supp(5') C i?(0, (i||-u;||). This implies that ||f|| < d\\w\\ and hence < So 
supp(^) C B{0,b\\v\\) C B{0,bd\\w\\). It follows that supp(^) C B{0,bd\\w\\). From the 
fact that bd> d if follows that supp(/i) C B{0,bd\\w\\). So supp(/io^) C B{0,bd\\w\\). We 
have shown that supp{hog C 5(0; ac||M||, So R{u,w, ho g; poa,ac,bd, F) holds. 

■ 

Lemma 9.13. The Uniform Continuity Constant Lemma. 

(a) There are 0<a<l,b>l and M > 1 such that M is a UC-constant for {a,b). 

(b) For every 0<a<l,b>l there is M > 1 such that M is a UC-constant for {a, b). 

Proof (a) The proof is long and has many steps. The survey below may help guide the 
reader through the proof. 

Plan of the proof 

Let E, F, a, Xo,yo satisfy conditions A1-A4 in the definition of a UC-constant. We 
construct two bihpschitz homeomomorphisms e and h. Set e(xo) = x and y = /7~^(yo). 
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Next we construct A^- a-bicontinuous homeomorphisms fi, ^2 and v e E such that fi{x) — v 
and f2{v) — y. Here N is a, fixed number independent oi E, F, a, Xq and , yb- So we have 

e(xo) = X, fi(x) = i/, f2(i/) = y and h{y) = Vq. 

The homeomorphisms := fi o e and g2 := h o f2 are the ones required in the definition of 
a UC-constant. To explain what each homcomorphism does, we take the simpler situation 
in which £^ is a prc-Hilbert space. Let E he a prc-Hilbert space and F be a closed linear 
subspace of E. For any z E E, denote {z)f^f-^ by z and {z)p±^F by z~. The homcomorphism 
e is a composition of four actions. So e = 640 . . . oei. Similarly, h is a composition of two 
actions. We shall define homeomorphisms hi and h2, and h will be the homcomorphism 

The first action ei is needed only if d{xQ,F) > ||xo||/3. Otherwise, ei = Id. If the 
former happen, then ei(xo) = Xi, where d{xi,F) — ||xi||/3 and ||xi|| = ||xo||. A similar 
action is performed by a homcomorphism hi on yo, and we denote ^i(yo) by yi. We now 
have the points Xi and Vi with the properties ||xi|| = ||->^o||) d{xi,F) < ||xi||/3, ||yi|| = ||yo|| 
and d{yi,F) < ||yi||/3. 

Now, 62 takes Xi to Ayi + xf , where A > and ||Ayi|| = ||xi||. The action of 62 can be 
roughly described as a rotation in the plane Fi generated by Xi and yi and the identity on 
F^. It is at this stage that we need F to be of dimension > 2. Denote 62 (xi) by X2. 

The homeomorphism takes X2 to a vector X3 of the form 0X2 + bxf, where a, 6 > 0, 
ll-'^all = ||-^2||, d{xo^,F) < [|x3||/Z\, and Z\ is a fixed number > 1 independent of E, F, a, Xq 
and Yq. Similarly, h2 takes y^ to a vector y of the form cyi + dyf, where c,d > 0, \\y\\ — \\yi\\ 
and d{y,F) < \\y\\/A. Denote y by y2. 

Note that the subspace K := span(xg', y~) is orthogonal to F. (This is not true when E 
is a general normed space). Set x^ = |^i||y^ and define x = X3 + x^. Clearly, x~ = x'^. The 
homeomorphism 64 takes X3 to x. The action of 64 can be roughly described as a rotation 
in the plane X3 + K and the identity on K^. Define X4 = x. 

We have the following situation: x = x+x^, y = y+y^, x, y G -F and for some A, > 0, 
y = Ax and y^ = /xx~. If ||y|| > ||x|| define v — y+ x~, and if ||y|| < ||x|| define v = Ax. 
We shall define fi such that fi(x) = v and fi is A^- a-bicontinuous for some fixed A^. If 
V — y + x^, then fi has the form fi{z) — z + a{z)-x, and a{z) tends to zero as d{z, [x, v]) 
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tends to A. In the case that v — Ax, fx is a piecewise hnearly radial homeomorphism and 
f\ is A^-bihpschitz. This of course imphes that f\ is A^'-a-bicontinuous. 

No we have v = y+ \r and y = y+y^, where for some v > — v\r . We shall define 
f"2 which takes vto y. The homeomorphism ^2 will have the form f^iz) — z -\- a{z)-\r, and 
it will be A^-a-bicontinuous. 

Along the construction described above, but independenly of the particular choice of 
E, F, a, Xo,yo, we shall define numbers 

for i = 1, . . . ,4; 
M2,j, a2,i, &2,i, for i = 1, 2; 
Ms.j, a3,i, for i = 1, 2. 
These numbers satisfy the following conditions. 
CI for every i = 1, . . . , 4, i?(xj_i, Xj, e^; Mi,i, ai,i, F); 
C2 for every i = 1, 2, i?(yi_i, y^, h^; M2,i, 02,^, 62,1, -F); 
C3 i?(x4, u, fi; Mg^i-o;, 03,1, 63,1, F); 

C4 i?(\/,y2, f2] M3,2 ■ a, 03,2,^3,2, i^)- 
We have thus the following conclusion. There are Mij,aij, bij such that for every 
E, E, a, Xo,yo satisfying conditions A1-A4 in the definition of a UC-constant, there are 
Qi e H{E), Xi, i = 1,. . .,4; hi e H{E), y^, i = 1,2; fi, ^2 e i/(F) and vsuch that C1-C4 
hold. 

We now find a,b, M such that M is a UC-constant for {a,b). Let E, E, a, Xo,yo fulfill 
conditions A1-A4 in the definition of a UC-constant. Then there are ej's, fj's, hi, etc. 
which satisfy C1-C4. Define e = 640 . . . o oi, h = hY^°h2^, Qi = fi°e and g2 = ho 

Let Ml = n^=i '^i = ni=i Si = n^=i Then by Proposition 9.12(a), 

i?(xo,X4,e;Mi,Ai,ei,F) holds. By 9.12(b), R{yx, Vo, h^'; M^,^ M2,ib2,i, E) and 
i?(y2,yi,^2"';M2,2,|g,M2,262,2,F) hold. Let A2 = ^S^' ^2 = ^2,262,2^2,162,1 and 
M2 = /W2,2/W2,i. Then by Proposition 9.12(a), i?(y2,yo, h; M2, A2, B2, E) holds. Let M' = 
MiM3,i, A' = Aia3,i and B' = 6163,1. Note that if a G MC and M > 1, then a{Mt) < Ma. 
So by Proposition 9.12(a), 
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(1) R{xo, V, Qi, M'-a, A', B', F) holds. 

Let M" = M3,2M2, A" = 03,2^2 and B" = 63,262. Then by Proposition 9.12(a), 

(2) R{v, Yo, 92] M"-a, A", B", F) holds. 

Let M = max(M', M"), a = A' A" and 6 = S'B". Then (1) and (2) imply that Bl - BA 
of Definition 9.11(a) hold. So M is a UC-constant for (a, 6). 

CI is the conjunction of four requirements. Denote them by CI. 1,..., CI. 4. Similarly, 
denote the two conjuncts of C2 by C2.1 and C2.2. 

The construction 

Part 1 The construction of ei and hi. 

Let F, a, Xo, Vq satisfy conditions Al - A4 in the definition of a UC-constant. Write x = Xq 
and y = Yq. 

If d{x,F) < \\x\\/3, let ei = Id. Otherwise let u e F - {0} and ei G H{E) be such 
that 

(1) ei{x) G span ({x, m}), 

(2) ||ei(x)|| = ||x||, 

(3) d(ei(x),F) = ||ei(x)||/3, 

(4) eiti^^Id; 

(5) supp(ei) Ci?(0;M,«), 

(6) ei is M^'"^ (3) bilipschitz. 

The existence of ei is assured by Proposition 9.7. Let Xi = f{x), Mii — M^^'^{3), 
ai,i = 1/2 and 61,1 = 3/2. Recall that Xq — x. By (l)-(6), -R(xo, Xi, ei; Mi,i, ai,i, 61,1, F) 
holds. So C 1.1 is fulfilled. 

Let hi e H[E) have the same role for y as ei had for x. Let Vi = hi{y), M2,i = 

M^"^"^ (3), 02,1 = 1/2 and 62,1 = 3/2. Recall that Yq = y. Then i?(yo, Yi, rti; M2,i, 02,1, 62,1, -P") 
holds. So C2.1 is fulfilled. 

Pcirt 2 The construction of 62- 

Since ||ei(x)|| = \\x\\ and ||rti(y)|| = \\y\\, ||ei(x)|| ||/7i(y)||. We check that 

d{ei{x),F) d{hi{y),F). 
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If ei = hi — Id, then there is nothing to check. Suppose that ei ^ Id 7^ hi. Then 
d{ei{x),F) = ||x||/3 and d{hi{y),F) = ||y||/3. So 



d{hi{y),F) ^ [vl 
diei{x),F) I 



< "(llo^ll) < «(ll^ll/3) _ a(rf(ei(x),F)) 
^ \\x\\ ^ \\x\\/3 - d{er{x),F) " 



Hence d{hi{y),F) < a{d{ei{x), F)). Since < \\y\\, d{hi{x),F) < d{ei{y),F) < 
a{d{ei{y),F)). 

Suppose that ei 7^ Id = hi. Then d{hi{y),F) < \\y\\/3 and d{ei{x),F) = \\x\\/3. So 
d{hi{y),F) < a(||x||)/3 < a(||x||/3) = a{d{ei{x), F)). Also, d{ei{x),F) < d{x,F) < 
a{d{y, F)) = a{d{hi{y), F)). The argument in the case ei = Id 7^ hi is identical. 

Let 61(0;) take the role of x and hi{y) take the role of y. That is, ei(a;), hi{y) are 
renamed and are now denoted by x and y. Hence d{x,F) < ||a;||/3 and d{y,F) < \\y\\/2>. 
Let x,y e F be such that — x\\ < (1 + e)d{x,F) and \\y — y\\ < (1 + e)d{y,F). 
e will be determined later. Let x~ — x — x and y~ — y — y. 62 will take x to a vector of 
the form Xy + x~, where A > 0. It is in this part that F needs to be of dimension > 1. We 
may assume that: 

2.1 x = x + x~ and y = y + y~; 

2.2 x,y e F; 

2.3 \\x-\\ < (1 + e)d{x, F) and and \\y-\\ < (1 + e)d{y, F). 

2.4 d{x,F) < \\x\\/3 and d{y,F) < \\y\\/3; 

2.5 \\x\\ fti" \\y\\ and d{x,F) d{y,F). 

2.6 If co-dim^(F) = 1, then x and y are on the same side of F. 

We define a functional '0 on span(FU{a:~}): ip{x~) — \\x~\\, and =0 for every F. 
Let ipeE* be such that (p extends t/j and ||</7|| = ||'0||- Let L = span and H — keic{ip). 
So F C if. For every u e F, 

\ilj{u + x-)\ = < {l + e)d{x,F) = {l + e)d{x-,F) < {l + e)\\u + x-\\. 



So||^|| = ||^||<l+5. 

Let u & E. Define v = u — ip{u)j^^. Then {u)h = v and {u)l = (p{u)jf^. So 
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\\{u)h\\ = 11^11 = [[-(/-(^(m)^!! < IImII + |(^(m)|||^|| = ll-ull + 

< \\u\\ + M\\u\\<{2 + e)\\u\\ 

and \\{u)l\\ = Mu)^^\\ = \<p{u)\ < MM < {l + e)\\u\\. So 

ll(^kll + IIHL||<(3 + 2£)|H|. 

Let Fi be a 2-dimensional subspace of F sucli that x,y G Fi. Such a subspace exists 
since F is not 1-dimensionaL Let Hi be an almost orthogonal complement of Fi in if. 
That is, Hi® Fi = H, and for every u e H, \\{u)f,\\ + \\{u)hA\ < M^^ {2) ■ \\u\\. Let 
II 11^ be a tight Hilbert norm on Fi. So || ||^ k,^ || ||^i. 

We define an equivalent norm || ||^ on E. Let u & E and suppose that u = Ui + U2 + 
■U3, where Ui G -Fi, U2 G Hi and G L. Define ||-u||^:= ||mi||^+ ||-U2|| + ll^sll- Then 
||m|| ^3+2e ||m^ + ^i2|| + IImsII and ||mi + M2II -^^"^ ||mi||"+ ||m2||. Note that if ^ = ^10^2, 
for £,i = 1,2, II 11^'* is a norm on Eg and || H^'-*- ^^^^ || ||^'^, then for every u E E, 

||HsJ|l'l+||HE,f'l ^--(Ml,M,) ||(^)^J|l,2+||(^)^J|2,2, go 11^^ +^^11 + 11^311 ^--(^"'-1) 

11^211 + ll^all. That is, \\ui+U2\\ + ||%|| IkiH" + ||«2|| + ll^sll- Let M^p = 

(3 + 2£)M^^'>^. Then ||m|| Ri^''' ||«2|| + jj^sjl = ||M|r- Let denote the metric on 

E obtained from || ||^. 

Let z = ipipry- Then ||-2||^ = ||£||^- The homcomorphism 62 will take x to z + x~. Let 
r = Si = 5*^(0, r) and S = {u + f^ ■ {x)~ | m G 5*1 and < < 1}. Let 9q be the 

angle from x to y. That is, Rot^^(a;) = z. 

Let El = Hi + L. Then Fi © £"1 = £. We first define a function : [0, 00) [0, 6*0], 
and the homeomorphism 62 will be defined by means of rj as follows: 

Define 77 to be the piecewise linear function with one breakpoint at r/2, such that r]{0) = 9q 
and r]{s) — for every s > r/2. 

Note that x G Fi, x~ E L and x — x + x~. So {x)fi ~ x and {x)ei — x~. Also, 
X e S. It follows that 62(2;) = i + x~. Hence for some A > 0, 62(0;) = Xy + x~. Obviously, 
e2(Fi) = Fi. We verify that 

(2.1) e2(F) = F 
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Suppose that u e F. So u — + Hence {u)ei e F. For some angle P, 

e2{u) = Rot^^{{u)F,) + {u)e^- Since Fi C F, Rot^^{{u)F^) e F. So 62(1*) e F. 
Note that d^(B^(u, s),S)^ r/2. Hence 62 tSN(0, r/2) = Id. By 2.3 and 2.^, 

r = ||£r>fi>T^(||x||-||x^||)>^(||a:||-(l + .Ka;,F)) 



M^'P — M^'P^II II II II'' — M'^P ' 
— IpP (11-^11 ^)^)) ~ M^(3 ~ ^) 11-^11 ^ 2M^ 



The last inequality holds when e is sufficiently small. So 62 |'-B'^(0, ^^sp ||x||) = Id. 

Recall that || ||-^ ^^^^^ \\ \\^. So 5(0, s/M^'') C 5^(0,5) for every s. It follows that 
62 I" -6(0, 4(jjsp^2 — Id. Let ai = 4(m«p)2 ■ We have shown that 

(2.2) e2r5(0,ai||a;||) =Id. 

Now, supp(e2) C S^(0, ||x||^ + r/2) C S(0, M«P(||a;||^ + r/2)) and r/2 = ||x||^/2 < 
M«P||x||/2 < M^P-|||x||/2 = |M^P||x||. So supp(e2) C B{0,2{M^Pf\\x\\). Define 61 = 
2(M^P)2. Then 

(2.3) e2\{E-B{0,h\\x\\))=ld. 

We next show that there is Mi > which is independent of x, F and 9o such that 62 is 
Mi-bihpschitz. Indeed, we shall find M[ such that for every u,v E E: if \\u — < r/2, 
then ||e2(ii) — 62(1') < M[ ■ \\u — v\\^. This fact implies that 62 is M(-Lipschitz in the 
metric d^. 

Obviously, \r]{t) - r]{s)\ < -^\t - s\ < ^\t - s\ for every s,t e [0,oo). Define 9{u) = 
v{d''{u,S)). So \e{u)-9{v)\ ^]ri{d^{u,S))-r]{d^{v,S))\ < f\\u-vr. 

Clearly, \\x~\\ < ||a;||/2. So \\x\\ < 2\\x\\. Hence \\x~\\ < \\x\\. It follows that < 
(M«P)2||x||^. Hence max({||ii||N | u E S}) < {1 + (M^p)^) • ||x||^ = 2(1 + (M^p)^) • r. 

Let u,v e E he such that \\u - v\\^ < r/2. If \\u\\^ > 2(1 + (M^p)^) • r + r, then 
\\v\\^ > 2(1 + (M«P)2) • r + r/2. So 62(1*) = u and e2{v) = v. Suppose that \\u\\^ < 
2(1 + (M^P)2) -r + r. Denote M^p^ =4 + 2(M^p)2. Then < M^p^ • r. 

i^ot^lu)ii^)F,) - Rot^l^^iiu)^,)) + {{v)e, - {u)e,). 

So 
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||(Rotg„)((t;)^J -Rotg„)((«)^J) + iiv)E, - Mi^Or = 
We deal with the first summand in the last expression. 

iiRotj;^)((^;)^j - Rot < i^(^) - • ikir < - ur- 

< ^\\v - u\\^ ■ M^P^ ■ r = 27r\\v - u\\^ ■ M^P\ 

It follows that for every u,v e E, \\e2iv) - e2{u)\\^ < (27rM"P^ + 1) ■ \\v - u\\^. 
Obviously, for every u G E, e2^(u) = Rot^V n q\\{{''^)fi) + Mei- So 

\\e^\v) - e^\u)r < (27rM^P' + 1) • ||^; - u^. 

Let Ml = (27rM^P^ + 1) • {M^^f. Then 

(2.4) 62 is Mi-bilipschitz in the norm || ||^. 

Set X2 — e2{x) and recall that Xi = x. Hence by (2.1) - (2.4), R{xi, X2, 62] Mi, ai, bi, F) 
holds. That is, CI. 2 is fulfilled with Mi_2 = Mi, ai_2 = Oi and 61^2 = ^'i- 

Since 62 is Mi-bilipschitz and 62(0) = 0, it follows that ||e2(x)|| \\x\\. Prom the 
fact that e2(F) = F, it follows that d{e2ix), F) fa^i d{x, F). So 

(2.5) ||e2(x)|| ^^^1- \\y\\ and d{e2{x),F) d{y,F). 
Part 3 The construction of e^, h2 and 64. 

Recall that X2 has the form Xy + x~. Rename X2 and call it x, and denote by x. We 
now have that 

3.1* X — X + x~ and y = y + y~, 

3.2* x,y e F and for some X> 0, x — Xy, 

3.3* \\x-\\ < (1 + e)d{x, F) and \\y-\\ < (1 + e)d{y, F), 

3.5* \\x\\ \\y\\ and d{x, F) f^^i'" d{y, F), 

3.6* If co-dim "^(F) = 1, then x and y are on the same side of F. 
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Property 34 which is analogous to 2.4 is missing. Only after applying 63 to x and A72 to y, 
we shall retain this property. 

For the next step in the construction we choose some A > 1. The value of A will be 
determined later, and it will be independent of E, F, a, Xq and Yq. The definition of 63 and 
h2 depends on A. 

We first define 63. If d{x,F) < \\x\\/A, then define 63 = Id. Suppose that d{x,F) > 
\\x\\/A. Then there are 63 e H{E) and a,b> such that 

(1) 63(3;) — ax + bx, 

(2) ||e3(x)|| = \\x\\, 

(3) d{es{x),F) = \\es{x)\\/A, 

(4) e3ri^ = Id, 

(5) supp(e3)CS(0;M,«), 

(6) ea is M^'"^ (Z\)-bilipschitz. 

The existence of 63 follows from Proposition 9.7. 

Recall that X2 = x and denote X3 = 63(2;). Then i?(x2, X3, 63; M^'^'^ (Z\), 1/2, 3/2, F) 
holds. That is, CI. 3 is fulfilled with Mi,3 = M^'''^{A), ai,3 = 1/2 and 61,3 = 3/2. 

There is /?2 € H{E) which acts on y in the way that e3 acts on x. That is, 
if d{y,F) < \\y\\/A, then h2 = Id, and if d{y,F) > \\y\\/A, then there are c,d > 
such that (1) - (6) above hold when y, /?2, c, d replace x, e^, a, b. Recall that Vi = y and de- 
note y2 = h2{y). Then i?(yi,y2, h2; M'^^'i(Z\), 1/2, 3/2, F) holds. That is, C2.2 is fulfilled 
with M2,2 = M'^°^(Z\), 02,2 = 1/2 and 62,2 = 3/2. 

Suppose that 63 7^ Id. Then (^) e^^x) = aXy + b{Xy + x~) = (a + b)\y + bx~. 
By 3.1* -3.3*, \\x-\\ < {l+€)d{x-, F). So from (7^) it follows that \\bx-\\ < {l+s)d{e3{x), F). 
Denote (a + b)\y by X3 and bx~ by x^. In 3.1* - 3.3* and in 3.6* replace x, x and 
x~ by X3, X3 and Xg, and denote the resulting statements by 3.1*{x2„y) etc.. Then 
3.1*{x2,y)- 3.3*{x3,y) and 3.6*{x2,y) hold. Also, 

(t) d(X3,F)<||X3||/A 

If 63 — Id and we define X3 to be x and Xg to be x~, then again (|) holds. 



251 



Applying the same argument to y-i and defining y2 ^-nd in analogy with X3 and 
we conclude that 3.l*{x, - 3.3*{x, and 3.6*{x,y2) hold. Also, (f) holds for y2. 
Prom 3.5* and from (6) applied to 63 and A? 2 it follows that 

llxall «^'"'(^) \\x\\ f^^^-" \\y\\ ^^""(^) \\y,\\ 

and hence (ft) HxaH ^M,{M^-''iA))-.a ||^||_ Similarly, (ftt) d{xs,F) ^M,iM'°-\A)f.c. d{y2,F). 

We now rename X3, X3, x^, y2, y2, >^ and denote them by x, x, x~ ,y,y and y~. We also 
denote Mi{M^'"^{A)Y ■ a by cci. Prom the above we conclude that 

3.1 X — X -\- x~ djcid y — y -\- y~ , 

3.2 x,y e F and for some A > 0, x = A^, 

3.3 \\x-\\ < {l + e)d{x,F) and \\y-\\ < {1 + e)d{y, F), 

3.4 d{x,F) < \\x\\/A and d{y,F) < \\y\\/A, 

3.5 \\x\\ Ri'*! ||y|| and d{x,F) Ri"i d{y,F), 

3.6 If co-dim^(F) = 1, then x and y are on the same side of F. 

Property 3.1 follows from 5J*(x3, y) and 3.1* [x, y2), and the same is true for Properties 3.2, 
3.3 and 3.6. Property 3.4 is the conjunction of (f) apphed to X3 and to y2 and 3.6 is the 
conjunction of (ff) and (fff). 

-L II ± II - ± 

Set z~ — \\x~\\ ■ and z — x + z~. We next define 64. It will take x to z. So after 
applying 64 we shall reach the following situation: X4 = X4 + X4 , y2 — y2 + y^, X4 — Ay2 
for some A > and = fxy^ for some fi > 0. 

There are two cases: co-dim ^(F) = 1 and co-dim ^(F) > 1. 

Case 1 co-dim ^(F) = 1. Since x and y are on the same side of F, there are u > and 
u E F such that z~ — u + vx~ . Let L = [x,x + z~]. We may assume that in 3.3, £ < 1/2. 
We show that lngth(L)/(i(L, F) -M < 19. Clearly, Ingth(L) = ||a;-F2;- — a;|| = < 
2||x-||. So 

(3.1) Ingth(L) < 2||x-||. 

Since for some t, z~ — ty~, we have that < (1 -l- e)d{z~, F). So 

\\x-\\ = ||^-|| < (1 + e)d{u + VX-, F) = (1 + e)vd{x-, F) < (1 + £)z^||x-||. 
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Hence 1 < {l+e)u. In the above argument we interchange the roles of x~ and z~. That is, 
for some u' E F, x~ — u' + ^z~, and hence 1 < (1 + e) ^. We conclude that <v <l-\-e. 
Let V eL. Then for some t e [0,1], v — x-\-x~-\-t{z~ — x~) — x -\- x~ -\-t{{u-\-vx~ — x~) . So 

d{v, F) = d{{l + t{u - l))x-, F) = \l + t{u-l)\- d{x-, F) > {1 - t\iy - 1\) ■ d{x-, F) 

> (1 - |z/ - 1|) ■ d{x\ F) > (1 - (1 + £ - ^)) ■ d{x\ F) 

= {jL.-e)d{x\F) > ld{x\F) > ^^\\x^\\ > 

Hence 

(3.2) d(L,F)>\\x-\\/9. 

It follows from (3.1) and (3.2) that Ingth (L)/rf(L, F) + 1 < 19. 

Set A = 8. Then d{L,F) < d{x,F) < \\x\\/8. Hence ||a;-|| < |d(a;, F) < So 
Ingth(L) < |||a;||. Let B = B{L,d{L,F)). Then 

(3.3) min||v|| > ||x|| - Ingth(L) - d(L, F) > ||x||/2. 
Similarly, 

(3.4) max||w|| < ||x|| + Ingth (L) + d(L, F) < 3||a;||/2. 

The endpoints of L are x and x+z~, so by Proposition 9.6(a), there is e4EH{E) such that 

(3.5) supp (64) C B{L, d{L, F)), 

(3.6) 64(0:) = X + z~, 

(3.7) e4 is 19M'^^s-bilipschitz. 

By (3.5), 64 \F = Id. By (3.3), (3.4) and (3.5), supp(e4) C B(0; Recall that 

X3 = X and denote X4 = e4(,T). It follows that i?(x3, X4, e^, 19M^°s, 1/2, 3/2, F) holds. 

Case 2 co-dim '^(F) > 1. Let T > 1. By Proposition 9.3, there is a closed subspace 
Fi of F such that F C Fi, span(Fi U {x, y}) = E, d{x,Fi) > ^d{x,F) and d{y,Fi) > 
^d{y,F). Obviously, either co-dim^(Fi) = 1 or co-dim^(Fi) = 2. If co-dim ^(Fi) = 1, let 
^ -^2 ^ -^1 be a closed subspace such that co-dim '^(F2) = 2. Otherwise let F2 = Fi. It 
follows that co-dim^(F2) = 2, ci(x, F2) > ^d{x,F) and o?(y, F2) > ^d{y,F). 
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In 3.4, choose A = 24. Hence F2) < d{x,F) < ||x||/24. In 3.3, choose e = 1/9, and 
choose r = 1|. So \\x-\\ < (l + e)d{x,F) < T(l + s)d(x, F2) < myd(x,F2) < ^d(x,F2). 
In summary, 

(3.8) ||,x-|| < 4d(a;,F2)/3 and d(a;, F2) < ||a;||/24. 

Recall that z~ — H^y" and z — x + z~. We have that ||y~|| < F2). This is 

shown in the same way that the analogous fact was proved for x. Obviously, F2) = 
d{y~,F2). So ||y~|| < ^d{y~,F2). Since z~ is a multiple of y~, \\z~\\ < ^d{z~,F2). Also, 
d{z,F2)^d{z-,F2). So ||^-|| < ld{z,F2). 

Note that z — x — x~ + z~. So ||2;|| > — ||x~[| — \\z~\\ = \\x\\ — 2|jx~||. Also, 

Ib-Il < ^d(x FoX^- ^WxW = ^Ibll Hence '^^''^^^ < ^ < "■'""H < H^H/^^ = 1. 
\\x II ^ 3a^x,r2; ^ 3 24IFII iglFII- nence ||^|| ^ ||^|| ^ jj^.jj_2|jx-|| - INI-W/9 i6- 

In summary, 

(3.9) ||^-|| < 4(i(^,F2)/3 and d{z, F2) < \\z\\/ 16. 

Let H be such that E ^ F2 ® H emd H ±^ F2. We apply Proposition 9.8 to x 
and to z. Note that by (3.8) and 3.9), x and to z satisfy the assumptions of 9.8. So 
there is /i e H{E) such that: /i is M^'^P-bilipschitz, /i(x) ^ x+ {x)h: /i t-F2 = M and 
supp(/i) C B{0; ^). Similarly, there is hi G H{E) such that: hi is M^'^P-bilipschitz, 
hi{z) ^x + {z)h, hi \F2 = Id and supp(/ii) C S(0; 

We now translate what we have obtained for fi and hi to statements of the form 
R{., ., fi, . . .) and R{., ., hi, . . .). Since fi is M^'^P-bilipschitz fi{x) = x+{x)h and /i(0) = 0, 
it follows that \\x\\ < M^^^^Wx + {x)h\\. Sosupp(/i) C B{0;l\\x\\,^^^\\x + {x)h\\). This 
implies that 

(3.10) R{x, x + {x)h, /i; M'^^^ , i, F) holds. 
Similarly, 

(3.11) i?(z,x+(;2)jy,/ii;M="^P,i,M^,F) holds. 

Let II 11^ be a tight equivalent Hilbert norm on H, and define a new norm on E by 
\\u\\^ = ||(m)^J| + ||(m)//||". So || || || ||^. This follows from Proposition 9.4(c). Let 

d^ denote the metric induced by || ||^ on 
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Set X* — {x)h, z* — {z)h and z* = z*. We define a homeomorphism g2,i which 
takes X + X* to X + z* . A second homeomorphism g2,2, will take x + z* to x + z*. So 

x = x + + [x)h x + z^ x + [z)h x + z — z. 

Finally, wc shall define 64^ := /?.]~^ °5'2,2°fi'2,i 

Let 9 be the angle from x* to z* . That is, G [0,7r] and Rot^(,T*) = z* . Let 

II * 1 1 N 

: [0, cxd) — > [0, 9] be the picccwisc linear function with one breakpoint at Sq = ^^jiett such 
that 77(0) = 9 and 77(5) = for every s > Sq. Let 5*0 be the circle in (H, \\ ||^) with center 
at and radius and let 5 = x + Sq. Let g2,i be defined as follows. For u E E set 

Ui = {u)h and U2 = {u)f2- Define 

g2,l{u) ^U2 + R0tJ{^N(„_5))(lii). 

Since for every u E E, d^{u, S) = d^{g2,i{u), S), it follows that 512,1 G H{E). Clearly, 

g2,i(x + x*) ^ x + z* . 

Also, supp (5(2,1) C B^{S,so). li u e F2 then d^{u,S) — \\u — x\\ + \\x*\\^ > sq and so 
92,i{'^) — u. That is, g2,\ \F2 — Id. Since F C F2, 

g2,i\F = ldi. 

Note that So = g£ < So supp((?2,i) C ^^(^^ 

Let e 5^(0, \\x\\ - ^). So IIH2II < \\x\\ - Then 

d^{u, S) = \\u2 — x\\ + d^{ui, Sq) > \\u2 — x\\ > \\x\\ — \\U2\\ 

> llxll - (llxll - ^) = 

It follows that c/2,1 \B^{0, \\x\\ - ^) = Id. 

Let r = + 2||a;*||'^. Suppose that u & E - B^{0,r). Either ||mi|| > or 

I L .* 1 1 N 

\\iJ'2\\ > ll^^ll + 2^ — • If ^ "S* then V = x + w, where w G H and H^fH^ = Hence 
\\u-v\\''= \\u,-w\\''+\\u2-x\\. If hill > M^,then ||M-t;r> ||mi-u;||n> - 

||*||N ||*||N 

II 2;* II N _ py^ — ^ So -u ^ supp((?2,i)- If ||'i^2|| > II a; II + ^ — , then ||m — t'||^ > ||m2 — a;|| > 

||*||N ||*||N 

ll^ll + 2^ ll-^ll ~ 2 • So M ^ supp(52,i)- It follows that supp{g2,i) C B^{Q,r). 
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By (3.8), \\x'^\\ < ]^ ||x||, and since x — x + x'^, we have ^ < ||^|| < ^ H^^H- 
Since H ±^°^ F2, \\x*\\ < M°'^ d(x* , F2) . Also, M°'^ < 4. By the above and (3.8), 
\\x*\\ < M°'H{x\F2) = M°'H{x,F2) < ^\\x\\. Hence \\x\\ - ^ > ^\\x\\ and 
r= ||x||+2||x*||N< (l + ^)||x||. It follows that 

supp(^2,i)CB(0;M,2M'^-H). 

Next we find a Lipschitz constant for c/2,i- By its definition, 77 is /^oa/fthnN - Lipschitz. 
So?7 is ^g^- Lipschitz. Obviously, S C x + B^{0, \\x*\\^). By 9.6(c), ^2,1 is {M""^-^^^- 
1)- Lipschitz in the norm || H"^. That is, ^2,1 is {2-kM^°^ ■ M''^" + 1)-Lipschitz in 
the norm || H'^. The same is true for gf^J. So (72,1 is (27rM™* ■ M^^'^ + l)-bilipschitz in the 
norm || ||^. RecaU that || || fti*^"" || ||^. Write M2,i = (M''*")2(27rM™* • M*^" + 1). Then 
5^2, 1 is M2,i-bilipschitz. 

We may now write an R{. . .) statement for g2^\. Since /i is ikf^^P-bilipschitz, fi{x) = 
X + {x)h and /i(0) = 0, it follows that ||a;|| > Similarly, gi^2° fi{x) = x + z* , 

c;i 2°/i(0) = and 92,1° fi is Ma.iM^^^P-bilipschitz. So ||a;|| < M2,iM'='^p ||£ + ^* ||. It 
follows that 

supp(^2,i) C B{0;^^\\x + {x)h\\,2M'^-M2,iM'^p \\x + z* ||). 

Hence 

(3.12) R{x + {z)h, x + z*, 92,1, M2,i, 2M"-M2,iM^-p , F) holds. 

Our next goal is to define g'2,2- Recall that fi{x) — x and fi(x + x~) — x+x*. Also, /i is 
M^'^P-bilipschitz. So \\x*\\ Ri^'"" \\x-\\. Similarly, \\z*\\ Ri^""" \\z-\\. Also, \\x-\\ = ||^-||. 
Let M2,i = (M^'"P)2 and M2,2 = M2,i • {M^'^'^y. It follows that \\x*\\ Ri^^.i ||^*||_ By 
Proposition 9.4(c), || || || ||^, and hence Ri^2,2 ||^*||n gj^^^g lk*ir, 

\\z* r -"^^'^ Ikir- Let a = So 

(i) z* — az* , 

(ii) E = F2® H and ||m + = + \\v\\^ for every u G F2 and v G H, 
(in) X e F2 and 2;* e -ff. 
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(iv) 1/M2,2 <a< M2,2. 

Assume first that a > 1. Let x,z*,a, take the roles of a and u in Proposi- 
tion 9.6(d). By (i)- (iii), the assumptions of 9.6(d) are fulfilled. So relying also on (iv), we 
conclude that there is 5^2,2 £ H{E) such that (1) g2,2{S: -\- z*) — x -\- z*; (2) gr2,2 = M; 
(3) supp(^2,2) C 5^(0; M±^EL^ M^d^Tl). (4) ^^,3 is 2M^^s . M2,2 - bilipschitz in the norm 

II ll'^ 

If a < 1 then we apply 9.6(d) to x,z*,l/a and thus obtaining a homeomorphism 
^^ 2 e H{E) such that g'^^^i^ + z*) ^ x + z* . Define ^2,2 = {92,2)'^ ■ Then (1), (2) and (4) 
remain true. Instead of (3) we now have supp(^2,2) Q -6^(0; M±£lt^ 3p+|^^_ ^^^^ ^^^^ 
by (i)-(iv), \\x + z*r < M2,2||x + z*r. So supp(^2,2) C ^^(0;^^, ^^^'^"^^^"" ). 
Recall that z* — {z)h- What we have shown implies that 

(3.13) R{x + z*,x + {z)H,92,2,2{M"'^fM^'^M2,2, ,^^1 ^M'^^ ^2,2, F) holds. 

Note that in deducing (3.13) we used the fact that || Ri^^'*° || ||. This concludes the 
construction of 5^2,2- 

Define = /i^^^ o5'2,2 °5'2.i ° fi and X4 = z. Recall that X3 = x. So X4 = z = 64 (X3). We now 
apply Proposition 9.12(a) and (b). It follows from (3.10)- (3.13) and from 9.12 that there 
are M2, A2, B'2 which do not depend on E, F, a, Xq, Yq such that -R(x3, X4, e^; M2, A'2, B'2, F) 
holds. 

In Case 1 too, we found M[, A[, B[ such that i?(x3, X4, e^, M[, A[, B[, F) holds. Define 
/Wi,4 = max(M(, M2), 01,4 = min(yl'^, A2) and 61,4 = max{B[, B2). Then Mi,4, 01,4, 61,4 fulfill 
CI. 4 in both Case 1 and Case 2. 

Part 4 The construction of fi. 

We have shown that for i = 1, . . . , 4 there is Mi^j which does not depend on E, F, a, Xq, Yq 
such that Gi is Mi^j-bilipschitz. We define e = e^o , , , o si. Then e(xo) = X4 = z and 
e(0) = 0. Let M^^i = nj=i So e is Mg^i-bilipschitz. It follows that \\z\\ ^^^.i 
Similarly, for i = 1,2 there is M2A such that hi is M2,j-bilipschitz. We define h = h2°hi. 
Then h(yo) = Y2 = y and h{0) = 0. Let M3,2 = M2,iM2,2- So h is M3,2-bihpschitz. Let 
M3,o = M3,iM3,2. Then 

4.1 \\z\\ ||Xo||. 
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Since e(F) = F, we have that d{z,F) f^^^-i d{xo,F). Similarly, d{y,F) ^^^'^ d{yo,F). 
Hence 

4.2 \\z\\ Ri^3.o-° ||y|| and d{z,F) ?^^3,o-a d{y,F). 
The construction also imphes that 

4-3 z = z + z~, y = y + y~, where z,y G F, and for some X, > 0, y = Xz and y~ = ^z~ . 

If Case 1 of Part 3 happens, let F = F. Suppose that Case 2 of Part 3 happens. Let F2 
be as defined in Case 2 of Part 3. So by (3.9), < ^d{z,F2). By Proposition 9.3 applied 
to F2 and taking x and y to be z~, there is a closed subspace F such that \\z~\\ < ^d{z~, F), 
F2 Q F and span(£^ U = E. In both cases we have 

4.4 F CF, Fespan({z-}) = E and < l^d{z-,F). 

Case 1 ||y|| > ||i||. In this case A > 1. Let v — y + z~. We shall construct 
a homeomorphism fi such that fi{z) — v. (Recall that z — X4). Denote v by v. So 
V — Xz + z~. If A = 1 let fi = Id . Assume that A > 1. 

Let H — span({y, Hi — span({y}) and H2 — span({y~}). Let F3 be a subspace 
of F such that for some (p e F*, \\(p\\ — 1, (p{z) — \\z\\ and F3 = ker ((/?). It follows that 
Hi ® F3 ^ F, F ® H2 ^ E and F ^ Hi ® H2 ® F3. Clearly, ||Proj j^^^^gH = \\(p\\ = 1. So by 
Proposition 9.2(d), Hi F3. 

Let S ^ {az + bz- \ a eR, be [0, 1]}. We define 77 : [0, 00) x [0, 00) [0, 00). For 
every s, r)s{t) :=r){s,t) is a piecewise linear function of t. For s > (A — l)||i||, 77s = Id. 
If s < (A — l)||i||, then r]s{t) has breakpoints at ||i||/2, ||i|| and 2A||i||; r]s{t) — t for 
every t e [0, ||i||/2) U [2A||i||, 00); and ?7,(||i||) = (1 - (xri)^)-A||i|| + p^rf^- ll^ll- Denote 
(A — l)||i|| by a. Then in particular, 77o(||-S||) = '^ll-^ll ^-nd 77a(||-S||) = 

For u e E we denote {u)hi, {u)h2, i'^)F3 by {u)i,{u)2 and {u)s respectively, and we 
abbreviate {u)i by Ui when the notation {u)i is too cumbersome. Set E'^ — {tz + w | 
t>0, w e H2® F3}. Let fi be defined by 

I Vidiu,S),\\Ui\\)-r^ + U2 + U3 UeE+, 

fi{u) = <^ 11^" 

y u ue E- E+. 

Note that fi \ H2 (B F^ — Id, so fi e H{E). We shall define the constants mentioned in 
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C3 and show that C3 holds. Recall that C3 = R{x4, v, fi, M^^i-a, 03^1, 63^1, F). We verify 
Rl- R4 in the definition of R{. . .). 

Rl: Clearly, fi(x4) — fi(z) — v — v. 

R3: We verify that fi{F) — F. For every u E E and in particular for every u E F, 
fi{u) — u E Hi — span({y}) C F. So fi{u) — u + {fi{u) — u) E F. An identical argument 
shows that 1\^{F) C F. Hence R3 holds. 

R2: We find M^^i and prove that fi is M3^i-Q;-bicontinuous. Note that ii g E H[E), 
K C. E is closed, supp(5') C K and g \ K is /9-continuous, then g is 2/3-continuous. Since 
supp(fi) C £■+, we may consider only points which belong to E'^. Let u,w E E'^. Then 

llfiH- fiHIl < \r]{d{w,S),\\w,\\)-r]{d{u,S),\M)\ + \\{w - + \\{w - uU 
< \r){d{w, S), \\wi\\) - r){d{u, S), \\wi\\)\ + \r){d{u, S), \\wi\\) - ri{d{u, S), \\ui\\)\ 

+ \\{W-U)2\\ + \\{W-U)3\\. 

That is, 

(4.1) llfiH - f,{u)\\ < \r]idiw,S), \\w,\\) - vidiu,S), \\wM 

+ \r]{d{u,S),\\wi\\) - r]{d{u,S),\\ui\\)\ + \\{w - u)2\\ + \\{w - u)s\\. 

The first summand in the right hand side of (4.1) has the form \rj{si,t) — 7^(s2,^)|- H 
Si,S2 E [0,(A-l)||z||], then 

\7]{si,t)-7]{s2,t)\ = ({"^i -^^p|| -(^(Q^^)-^((-^-l)PIM)) < ^A - l)p|| " \S1-S2\- 

The inequality between the first and last expression above is true for every Si, S2 G [0, 00). 
So \r]{d{w, S), \\wi\\) — r]{d{u, S), HwiH)! < \d{w, S) — d{u, S)\ < \\w — u\\. That is, 

(4.2) \r){d{w,S),\\wi\\)-r){d{u,S),\\wi\\)\ < \d{w, S) - d{u, S)\ < \\w-u\\. 

The next computations are needed in order to estimate the second summand in the 
right hand side of (4.1). Wc find A, B, C such that A\\z\\ < \\z\\ < B\\z\\ and ||^~|| < 
There are different computations corresponding to Cases 1 and 2 of Part 3. 

In Case 1 of Part 3, Z\ = 8 and £ = 1/2. So d{x,F) < \\x\\/S and < l|d(x,F). 

Hence ||^~|| — \\x~\\ < | • — We have that z — x — x~ + z~. Hence ||2;|| > 
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Ikll ~ ~ — Ikll ~ 2||x~||. Hence ||2;|| > \\x\\ — |||x|| = fH^^H- It follows that 
\\z-\\ < ^ ■ Uz\\. That is, 

II II — 16 511 II ' 

(4.4.1) ll^^ll < ^ll^ll. 

Prom the fact that z — z — z~, we conclude 

(4.5.1) U4 < m < liikii- 

Recall that in Case 2 of Part 3, Z\ = 24 and e = 1/9. We carry out a computation 
similar to the one in Case 1. So d{x,F) < \\x\\/2A and ||a;~|| < l^d(x,F). So = 
< g^ll^^ll = ilgll^ll- have that ||^|| > — 2||x~|| > — = ^\\x\\ and 

hence ||^~|| < ■ That is, 

(4.4.2) ll^^ll < ^ll^ll 
and hence 

(4.5.2) lll^ll < pll < '^\\z\\. 

By (4.4.1) and (4.4.2), 

(4.4) ||^-|| < ^ll^ll, 
and by (4.5.1) and (4.5.2), 

(4.5) i\\z\\ < Pll < iP||. 

Since y also obeys 3.3, 3.4, in Case 1 of Part 3 we obtain that j|||y|| < ||y|| < x|||y|| and 
in Case 2, f§|||y|| < ||y|| < fnilbll- '^^^ following is thus true in both cases. 



(4.6) my\\<\\y\\<ie^ 

By 4.3, (4.6), 4.2, (4.5), the monotonicity of a and the fact that a{At)<Aa{t) for A> 1, 
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All^ll = ll^ll < ilbll < iM3,o-«(||^||) < iM3,o-a(f ll^ll) 

< f-iM3,o-a(p||)<2M3,o-a(p||). 

So 

(4.7) A||i|| < 2M3,o-Q;(||i||). 

Let p — Tjo- So p is the piecewise hnear function with breakpoints at -i^, \\z\\ and 2A||^||; 
p{t) = t for every t G [0, \\z\\/2) U [2Ap||,cx)); and p{\\z\\) = A||i||. Clearly, p e ii'([0,oo)). 
Using the notations of Proposition 9.10(b), rj = '?/(p,(A-i)- ||i||)- 

We show that p is IGMs^o'Ct-continuous. The linear pieces of p have the slopes: 1, 
^npilT^'^' ^sAifiiHIiif That is, the slopes of the linear pieces of p are 1, 2A — 1 and 

2ipj-. We use the notations of Definition 9.9(b). Let oq, . . . , 04 denote 0, ||-S||/2, \\z\\, 2A||i|| 
and 00. Then pi, . . . , p^ are the functions 

Idr[0,||i||/2], 

y=(2A-l)t+p||/2, te[0,p||/2], 

y=2ht + Mm: t e [o,(2A-i)p||], 

y^t + 2X\\z\\, ie[0,cx)). 

For i = 1,3,4, for every ti,t2, \pi{ti) - Pi{t2)\ < \ti - ^2! < 4M3,o-Q;(|ti - t2\). Hence 
Pi is 4M3,o-a-continuous. We deal with p2. By (4.7), 2A - 1 < 2A < ^^3.o-a(||i||) _ 
< Let p*{t) be the function 

y = mit^ ^e[0,p||]. 

Then by Proposition 9.10(c), pl{t) is a-continuous. Clearly, p2{t) — 4:Msfi-p2{t) + ||-2||/2. 
So P2 is 4M3^o-Q;-continuous. We have shown that p is (4, 4M3_o-Q;)-continuous. By Propo- 
sition 9.10(a), p is 16M3^o-Q;-continuous. Denote 7 = WM^^o-a. 

We next deal with the second summand in the right hand side of inequality (4.1). It 
has the form \r){s, ti) —r]{s, t2)\- Recall that 77 = V{p,{x-iy\\z\\)- Then by Proposition 9.10(b), 
for every s e [0, 00), rjs is 7-continuous. So 

\ri{d{u, S), \\wi\\) - ri{d{u, S), \\ui\\)\ < 7(| - \\ui\\ |) = 7(||(w - u)i\\). 
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That is, 

(4.8) \r]{d{u, S), \\w4) - r]{d{u, S), \\u,\\)\ < ^{\\{w - u)^\\). 

We shall now bound the expressions \\{w — u)i\\ appearing in (4.1) and (4.8) by a 
multiple of ||w — m)||. For u E E let Ui^3 — Ui + Us. Recall that H2 — span({y-}). By 4.4, 
\\y~\\ < ^d{y~,F). Hence ||'U2|| < ^d{u2,F) < ^\\u\\. Prom the fact that Ui^s — u — U2, it 
follows that llfiiall < lltill + ||'U2|| < lll'^ll- So we have 



W lki,3|| < 111^*11- 

Prom the fact that Hi 1} F3, it follows that < Hwi^aH, and this implies that ||m3|| < 
2||'Ui^3||. It follows that 

(4.9) lliZill < lllfill, ||'U2|| < fll'^ll ^iid ll'^all ^ SlliZll. 
Substituting (4.2) and (4.8) into (4.1), we obtain 

(4.10) \\h{w)-h{u)\\ < \\w-u\\+-f{\\{w-u)i\\) + \\{w-u)2\\ + \\{w-u)3\\. 
We substitute (4.9) into (4.10) and use Proposition 9.10(d). So 

\\fi{w) - fi{u)\\ < 7l\\w - u\\ + 2i7(||w - u\\). 

This means that fi \ E+ is (40M3,o-Q; + 7 ^ Id) -continuous. Hence fi \ E+ is bOMs^-a- 
continuous. It follows that fi is 100M3_o-Q;-continuous. 

The computation which shows that for some M, fj"^ is M-a-continuous is analogous. 
However, for fj"^ there is M which does not depend on E, F, a, Xq, Vq such that ff ^ is even 
M-Lipschitz. Por this M it is also true that is M-a-continuous. We now carry out the 
computation for Por s e [0, cxo) let Og — Denote 9{s,t) = 9s{t). Note that for 
every u E E, d{fi{u), S) = d{u, S). This implies that 

f\^(u) = Od{u,s)(\M)-;p-;i + U2 + U3. 

The analogues (4.1*) of (4.1) and (4.2*) of (4.2) obtained by replacing 77 by ^ are still true. 
Let /I — Oq. So /i — and 9 — 77(|U,(a-i)-||z||)- The slopes of the linear pieces of /i are the 
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inverses of the slopes of the hnear pieces of p. Hence the slopes of the linear pieces of ji are: 
1, 2^ and Clearly, 1, ^ < 2. So is 2-Lipschitz. By Proposition 9.10(b), 

for every s e [0, oo), Og is 2-Lipschitz. Hence 

\e{d{u, S), ll^ill) - d{d{u, S), \\uM < 2- 1 Ikill - ll^ill H 2- - 
So (4.8) is replaced by 

(4.11) \e{d{u, S), \\w,\\) - 9{d{u, S), < 2-\\{w - u),\\. 
Substituting (4.9) into (4.11) we get 

(4.12) \e{d{u, S), \\wi\\) - e{d{u, S), \\ui\\)\ < 5\\w - u\\. 

Replace the first summand of the right hand side of (4.1*) by (4.2*) and the second summand 
by (4.12). Use (4.9) to estimate the last two summands of (4.1*). So 

||/7"^(w) — /7"'^(''^)ll — 11'"^ ~ ''^11 + ~ ''^11 + §11'"^ ~ ''^11 + ~ '"II- 

That is, \\1\\w) - 1\\u)\\ < 12\\\ w — u\\. Prom the fact that a > Id, it follows that 
\E'^ is 12|-Q;-continuous. It follows that is 25-Q;-continuous. Hence fi is lOOM^fi-oi- 

bicontinuous. So M^^i = lOOMs^o- 

R4: We next find 03^1 such that fi f 5(0, 03^1 1|2;||) = Id. For every t < ||-2||/2 and for 

every s, ri{s,t) = t. So for every m G -E, if < ||-2||/2, then fiiu) = u. By (4.9) and 

the above, if < l\\z\\, then fi{u) = u. By (4.5), ^||2;|| < p||. So if < ^||^||, then 

fi{u) = u. Let 03,1 = then fi |~_B(0, a3,i||2;||) = Id. 

We now find 63^1 such that supp(fi) C 5(0, 63,1 ||f||). We shall find Ai, i = 1,2,3, 

such that for every u E E: if > A^, then fi{u) = u. For every t > 2Xz and every s, 

ri{s, t) = t. So 

(4.13) If lliiill > 2A||i||, then fi{u) = u. 

For every s > (A — l)||-z||, rjg = Id. So for every -u G -E, if d{u, S) > {\ — 1)||5||, then fi{u) — 
u. Let M G E. By the second part of (4.9), > |||m2||. Let a > 0. If ||m2|| > a-|-||^~||, then 
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for every w e S, \\{u — w)2\\ > a. Hence — w|| > — ■u;)2|| > |a. Take a = |(A — l)||i||. 
So if ll^all > |(A - l)||i|| + ||^-||, then for every w e S, \\u - w\\ > (A - l)\\z\\. That is, if 
\\u2\\ > |(A- 1)11^11 + \\z-\\, then d{u,S) > (A - l)||i||. Hence 

(4.14) If IIM2II > |(A - l)p|| + \\z-\\, then fi{u) = u. 

The third part of (4.9) says that \\u\\ > ^WusW for every u E E. Let u E E he such that 
\\U3\\ > 5(A - l)||i||. For every w E S, (u- w)s = U3. So \\(u - w)\\ > l\\{u - w)3\\ = 
IhsW > (A-l)||i||. That is, d{u,S) > (A-l)||5||. 

(4.15) If IIM3II > 5(A - l)p||, then fi{u) = u. 
Combining (4.13) - (4.15) we conclude that 

(4.16) If + IIM2II + ll^sll > (8iA - 6|)p|| + p-||, then h{u) = u. 

By 44, \\z-\\ < l\d{z-,F) = l\d{z,F) < l\\\z\l and by (4.5), \\z\\ < ^\\z\\. So 

(4.17) (8|A - 6i)p|| + p-|| < (i-(8iA - 6^) + l|)P|| < 10Ap||. 

Note that z — z -\- z~ — — \z~ -\- z~ — -\- {1 — ];)z~. Hence ||2;|| < \\\v\\ + \\z~\\. By 
(4.4), ll^ll < ^||^;|| + ^||^||. So 

(4.18) pll < ^\\v\\. 
Prom (4.16), (4.17) and (4.18) we conclude that 



(4.19) If Pll > then fi(M 



u. 



That is, supp(ri) C S(0, ^-H-yll). So 63,1 := ^ is as required in R4. 

Case 2 ||y|| < ||5||. So A < 1. Let v — v — \z, and we construct fi such that 
h{z) = V. By (4.6), ll^ll > illi/ll, and by (4.5), ||5|| < i§||^||. So (i) A = M > | g. By 
the construction of hi and /i2, (ii) \\y\\ = WVoW- By 4.I, (iii) ||2;|| ||xo||. Since Xo,yo 

satisfy conditions A1-A4 appearing in the definition of a UC-constant, (iv) ||yo|| > ||xo||. 
Soby (i)-(iv), 

i'^-'^^) ^ - Im|'o|]xo|| - m^- 
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Let rj : [0, oo) — > [0, oo) be a piecewise linear function with breakpoints at ^y^, ||2;|| and 
2\\z\\ such that 77f([0, ^] U [2||^||,oo)) = Id and r){\\z\\) = A||^||. Define fi to be the 
piecewise hnearly radial homeomorphism based on rj. (See Definition 9.5(b)). Recall that 
z — X4, v—v. We shall define M'i_3, a'^ 3 and 3 such that R{x4, v, fi, M'l^s-a, a'^ 3, fe'^ 3, F) 
holds. 

Rl and R3: Obviously, fi(x4) = v and fi{F) = F. 

R2: The slopes of the linear pieces of 77 are 1, jj^jpT^jj^, and Mll^zMlli, That is, they 
are 1, and 2 - A. Now, < 1 and by (4.20), < That is, ^ < ^ < 1. 
Also, 1 < 2 — A < 2. Hence the slopes of all hnear pieces of rj and r]~^ are < 4:Ms,o. So 
rj is 4M3^o-bilipschitz. By Proposition 3.18, fi is 12M3^o-bilipschitz. Since a > Id, fi is 
12M3^o-Q;-bicontinuous. We may thus define M'^^i — 12M3_o. 

R4: Obviously, supp(ri) CS(0;^, 211^11). By (4.20), S(0, 4^||z||) C S(0, ^). So 
we may define 03^ = ijv^- Recall that v — Xz. So by (4.20), = A||2;|| > 2j\^ll-^ll- 
Hence 2||^|| < 4M3,o||^;||. It follows that S(0,2||2||) C S(0, 4M3,o|kll)- So we may take 
6^,1 = 4M3,o. 

We have shown that -R(x4, v, fi, M'i_3-q;, a'^ 3, 6^ 3, F) holds. Taking in account Case 1 and 
Case 2, we define M'^ ^ — max(M3^i, Ms^i), Og ^ = min(a3,i, 03 1) and b'^ i — max(&3^i, 63 j^). 
Then Mg^, 03 ftg^ are as required in C3. 

Peirt 5 The construction of f2. 

Let V be as in Part 4. Remember that v was defined in two different ways. In the case that 
< \\y\\, V = y + z~ and in the case that \\z\\ > \\y\\, v — Xz. Denote v~ — v — y. The 
following holds. 

5.1 y = y + y~, v = y + v~, y~ = iyv~, y E F and u > 0. 

If z/ = 1 let f2 = Id. Assume that u ^ 1. The vector y~ is as in Part 4, and in both 
Cases 1 and 2 of Part 4, v~ is a multiple of y~. So the analogue of Clause 4-4 in Part 4 
holds for y~ and v~. That is, 

5.2 F C F, F©span({y~}) = E and \\y~\\ < l^d{y~,F) and equivalently H^"!! < 
lld{v-,F). 

Recall that Qi = fioe. We shall next show that there is A/i which does not depend on 
E,F,a,Xo,yo such that 
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(♦) for every ue E, d{gi{u), F) d{u, F). In particular, d{v, F) ^'^^ d{xo, F), 

Recall that Mg,! = nj=i /^i,*- Then by CI, d{e{u),F) ^^^.i cl{u,F) for every u e E. In 
Case 1 of Part 4, fi{u) — u e F for every u E E, so d{fi{u), F) = d{u, F). So in Case 1 of 
Part 4, d{gi{u), F) F) for every e 

In Case 2 of Part 4, fi is the piecewise linearly radial homeomorphism based on r), and 
for any slope a of a piece of r], < a < 2 < 4M3_o. So for every w e d{u,F) si^^s.o 
d{fi{u),F). Now, define A/i = 4M3,iM3,o. Then in both Case 1 and Case 2 of Part 4, 
c?(9'i(«), f^*^^ c?(«, F) for every u e E. The fact F) pa'^i (i(xo, F) is a special case of 
the above, since v — gi(xo). 

It is given that d{xQ, F) d{yQ, F). Let N2 — M2,iA//2,2- Then from C2 it follows that 
d(yo,F) «~2(i(y,F). So 

(**) d{xo,F) 

Let A/ = A/1A/2 and /3 = A/-a. It follows from (*) and (♦*) that d{v,F) a;^ d{y,F). By 5.1, 
d{v, F) = d{v-, F) and d{y, F) = d{y-, F). Hence 

d{y-,F) d{v-,F). 

Clause 3.3 in Part 3 says that ||y~|| < (1 + s)d{y, F). In Cases 1 and 2 of Part 3, e was 
taken to be 1/2 and 1/9 respectively. So ||y~|| < \d{y~,F). Hence 

\\y%<l-mv\F)<l.mv%). 
Since v~ is a multiple of y~ , it follows that \\v~\\ < ^d{v~, F). So 

ll^^ll < lP{d{v\F) < l-P{d{y\F) < 
Let 7 = 3/3/2. Hence 

(5.1) \\y~\\ 

Prom the fact that y~ — uv~ and (5.1), it follows that 

(5.2) liu>l, then u-\\v-\\ < 7(||v-||); and ii u < 1, then < 7(||?/-||). 



266 



Let L — {y + ty~ \ t e M.}. So L is the straight hne connecting y and v. Recall that 
H2 = span({y-}). By 5.2, H2 F. So by Proposition 9.2(f), || \f'^^ fa^i y y gy 
and 5.2, yeF. So for every f e R, \\y + ty-\\ > l-{\\y\\ + \t\\\y-\\) > IMI That is, 

(5.3) d{L,Q)>l 
We show that 

(5.4) \\v-\\ < f 

Let y,z be as in Part 4. Suppose first that \\y\\ > \\z\\. In this case v~ = z~. By (4.4), 
< i^lkll- Since z = z + z~, \\z~\\ < |p||, and since ||^|| > \\z\\, \\z~\\ < ^\\y\\. 
That is, if \\y\\ > \\z\\, then < |||^||. Next suppose that ||y|| < ||i||. In this case 

y + v~ = V = Xz — X(z + z~) = y + Xz~. That is, v~ = Xz~ and y — Xz. Hence 
^ = By (4.4), ^ = ^ < |. So, if \\y\\ < \\z\\, then < f We conclude 

that (5.4) holds in both cases. 

Since v = y + v~, it follows that \\v\\ < \\y\\ + ||f ~||. So by (5.4), \\v\\ < y||^||. Similarly, 
< \\v\\ + \\v-\\ < \\v\\ + f So < ||f ||. Hence 



(5.5) i\H<\\y\\<l\\v\ 

Fact (5.3) and the first inequality in (5.5) imply that 



(5.6) d{L,0)>fJv 



In Case 1 of Part 3 we chose £ = | and A = 8. So by 5.5 and 3.4, \\y~\\ < ^d{y, F) < |-| 
That is, \\y-\\ < ^\\y\\. Since y = y + y- , \\y\\ > ^\\y\\. Hence in Case 1, \\y-\\ < ^, 
In Case 2 of Part 3 we follow the same computation with ^ = | and A — We obtain 
that < and hence \\y~\\ < ^\\y\\- So in both cases 

(5.7) \\y^\\ < mi 

We shall next define g^. The required f2 will be either g4 or g^^. Recall that F and 
H2 were defined in Part 4, and that 1/ was defined in 5.1. For u & E set ui:= {u)p, and 

U2-={u)h2- 
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If i/ > 1 let 

9 — v~ — v~, y~ — y~, v — v and y — y, 

and if 1/ < 1 let 

9 = v~ = y~, y~ = v~, v = y and y = v. 
So P > 0, y~ = u-y- and by (5.2), 

Let p G i/([0, oo)) be the piecewise linear function with breakpoints at ||-u~||/2, H^"!! and 
2u\\v-\\ such that pt([0, ||v-||/2] U [2P||w-||,oo)) = Id and p{\\v-\\) = u\\v-\\. Define r;(s, t) 
to be the function 



V{s,t) 



- mrMt) + mr^t « e [o,l|y||/5], 

t s > \\y\\/5. 



So T] — V{p,\\y\\/5) ^ defined in Proposition 9.10(b). Let — {u & E \ U2 > 0} Define 



Ui + ri{d{u,L),\\u2\\)--^^ ueE\ 
u u e E - E\ 



If ^2 = then gi{u) = u, so g \ F = Id. and hence g4 E H{E). Note that if > 1, 
then (y'4(f) = y, and if z/ < 1, then g'^^{v) = y. Next we find ^3^2, 03,2, &3,2 independent of 
E,F,a,Xo,yo such that R{v,y,g4; M3,2-a, 03,2, 63,2, -F) holds OTR{y,v,g4; A//3,2-q;, 03,2, 63,2, -F) 
holds. 

R3: Clearly, c/4 \F = Id and hence g^iF) = g^\F) = F. 

R2: We shall next find M3^2 such that g4 is M3 2 ■ a-bicontinuous. The slopes of the 
linear pieces of p arc: 1, '^11" \\-\\'" Ml-" ll-'^ll^ II ^^^^ That is. the four slopes of p are 

_ ll'^ 11-11*' 11/2 2P||{)-||-||C-|| ' ^ ^ 

1, 2z/ — 1, and 1. We apply Proposition 9.10(a) to p taking to be 0, Oi, 02, 03 to be 
the breakpoints of p and 04 to be 00. Using the notation of Definition 9.9(b), the functions 
Pi, p3 and p4 are linear function with slopes 1, and 1 respectively. So they arc 1- 

Lipschitz. Clearly, p2{t) = (2P- l)i + c, t e [0, ||v-||/2). By (5.8) and Proposition 9.10(c), 
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P2 is 2-7-continuous, and so p is (4, 2-7)-continuous. By Proposition 9.10(a), 

(5.9) p is 8 • 7-continuous. 
Let u,w e E^. Then 

(5.10) \\g4{w) - g4{u)\\ < \\{w - u)i\\ + \r]{d{w, L),\\w2\\) - v{d{u, L),\\w2\\)\ + 

\r]{d{u,L), \\w2\\) - ri{d{u,L), \\u2\\)\. 

Denote the three summands in the right hand of inequahty (5.10) by Di, D2 and D^. If 

d{w,L),d{u,L) e [0, ||y||/5), then 

D2 < ''^(-■^yf • {P{\\W2\\) \\W2\\) < ^ • {P{\\W2\\) - \\W2\\) 
^ llui— till / — ill ^ ll'if— "11 — II— J=ll n/ 

The above is true for every u,w E . Since V-v~ — v~ or P-v~ — y~, by (5.4) and (5.7), 
< f . Hence, D'^<^-\\w- u\\. That is, 

(5.11) \ri{d{w, L), \\W2\\) - v{d{u, L), \\w2\\)\ <f-\\w- u\\. 

By (5.9) and Proposition 9.10(b), D3 < 8-7(|||w2|| - 111*2111) < 8 ■ -f{\\{w - u)2\\) := D'^, 
and by the second inequahty in (4.9) and Proposition 9.10(d), D'^ < ^-S-^dlw — u\\. Hence 

(5.12) \7j{d{u, L), \\W2\\) - vid{u, L), \\u2\\)\ < 12 ■ ^{\\w -u\\). 

Note that for every u & E, ui of Part 5 is zZi + ^3 of Part 4. So by the first and third 
inequahties in (4.9), 

(5.13) IKw-ii)!!! < 7111^-1*11. 

Substitute into (5.10) inequhties (5.13), (5.11) and (5.12). We obtain the inequahty 
\\94iw) - g4{u)\\ < 9jg\\w - u\\ + 12-7(||u' - u\\). RecaU that 7 = |/3 and that (3 = Na. 
Hence, since a > Id , 

\E'' is (ISA/ + 10) • a-continuous. 

The computation which shows that for some M independent of i?, F, a, Xq, Yo, 
g'^^ \ E" is M ■ a-continuous is analogous. But for g^^ there is M which does not de- 
pend on E^ F, a, Xq, Yq such that g^^ \E^ is M-Lipschitz. So we shaU conclude that g^^ IE" 
is M • a-continuous. This computation is analogous to the proof that is Lipschitz. 
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For s e [0, oo) let 6s = rj^ ^. Denote 6{s, t) = 6s(t). As in Part 4, for every u e E, 

g^\u) ^ui + 9d(u,s){\\u2\\)j^y 

The analogue (5.10*) of (5.10) and (5.11*) of (5.11) obtained by replacing rj hj 6 are true. 
Let fi = 6q. So fi = p^^ and 6 = '/7(^,||y||/5). The slopes of the linear pieces of fi are the 
inverses of the slopes of the linear pieces of p. Hence the slopes are 1, and The 
first two slopes are < 1 and the third is < 2. So p, is 2-Lipschitz. By Proposition 9.10(b), 
for every s G [0, oo), 6s is 2-Lipschitz. Hence 

\6{d{u, L), \\W2\\) - 6(d(u, L), \\U2\\)\ < 2- 1 \\w2\\ - |K|| \^2-\\(w- u)2\\. 

Applying the second inequality in (4.9) we conclude that 

(5.14) \6{d{u,L),\\w2\\)-6{d{u,L),\\u2\\)\ < S\\w-u\\. 
Substituting (5.13), (5.11*) and (5.14) into (5.10*) we conclude that 

\\gl\w) - g:\u)\\ < (7i + f + 3)\\w - u\\ < 13\\w - u\\. 

Since 13 ■ Id < (18A/ + 10) ■ a, \ is (18A/+ 10) ■ a-continuous. Hence \ E^ is 

(18 A/ + 10) ■ a-bicontinuous and so g^ is 2(18 A/ + 10) ■ a-bicontinuous. So M3_2 '•— 60A/ is as 

required. That is, g and g^^ are A//3 2 ■ a-bicontinuous. 

R4: We shall find a' and b' independent of E,F,a,Xo and such that supp(5'4) C 

B{0;a'\\y\\,b'\\y\\). Let m G 5(0, ||^||/5). By (5.3), rf(M, L) > \\y\\/5. So for every i e [0, 00), 

'r){d{u, L),t) — t. In particular, rj{d{u,L), \\u2\\) — \\u2\\- Hence 

_± 
v~ 

g^{u) =ui + r){d{u, L), \\u2\\) ■ "pT||" = «i + «2 = 

That is, g4 \B{0, \\y\\/5) = Id and hence a' = 1/5. 

Let u E E. If d{u,L) > ||^||/5 or ||m2|| > 2i/||'y~||, then r]{d{u, L),\\u2\\) = \\u2\\ and 

hence g4{u) — u. Recall that v ■ v~ — v~ or V ■ v~ — y~. So if ||m2|| > 2||'y~|| and 
||'U2|| > 2||^~||, then g4{u) = u. So by (5.4) and (5.7), 

(5.15) li\\u2\\> l\\yl then g4{u)^u. 
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Fact (★) in Part 4 (which precedes (4.9), says that ^1^3 < 2^u for every u E E. But 1*1,3 
of Part 4 is Ui of Part 5. So \\u-i\\ < ^\\u\\ for every u E E. We show that 

(5.16) If ||mi|| > m\y\\, then gi{u) = u. 

Suppose that > l|||y|| and let w e L. Then {u — w)i = — ^ and hence ||(it — w)!!! > 
\\ui\\ - \\y\\ > \\\y\\. So \\u-w\\ > |||(m-w;)i|| > = \\y\\/b. Hence d{u,L) > \\y\\/b. 

This imphes that g^iu) = u. Suppose that > 3||^|| and we show that giiu) — u. 
Clearly, + ||-U2|| > > 3||y||. So either ||-ui|| > l|||y|| or ||m2|| > f By (5.16) 
and (5.15), gA{u) = u. It follows that g^ \{E — 5(0, 3||y||)) = Id. So 6' :=3 is as desired. 

Recall that (4.6) said that \\y\\ < ^\\y\\, and that (5.5) said that jq\\v\\ < \\y\\. It follows 
that supp(5f4) C 5(0; i.^||i;||,3-i|||y||). That is, supp(5f4) ^ B{Q; ^\\v\\,^\\y\\), and the 
same is true for g'^^. Let 03,2 = 7/50 and 63,2 = 57/16. Then supp (5f2), supp (5^2 ^) Q 
-6(0; a3,2||'y||) ^3,2||y||)- So R3 is proved. 

The definition of f2: \i u > 1 define f2 = 94, and if z/ < 1 define f2 = Qa ^- 
Rl: Clearly, f2{y) = y, and since v = v and y2 = y, we have f2{v) = y2- 
We have found Mjj's, ajj's and &i,j's which fulfill CI - C4. It follows from the first part 
of the proof of the lemma that there exist M, a, b such that M is a UC-constant for (a, b). 

(b) Let M,a,b be as assured by Part (a), and let a' < 1 and b' > 1. We may assume 
that a' > a and that b' < b. Let x,y E E — F he as in the definition of a UC-constant. Let 
Si, 92 be as assured in Part (a) for the numbers a and b. (Sec Definition 9.11(a)). Let rj G 
H[[0, 00)) be a piecewise linear function with breakpoints at: a- \\x\\, \\x\\, \\y\\, b- \\y\\, 2b- \\y\\ 
and such that: 77(0) = 0; ?7(a-||a;||) = a'-||a:||; 77(||a;||) = ||a;||; r^dlyll) = \\y\\; ri{b-\\y\\) = b'-\\y\\; 
77 f [26 ■ 00) = Id. The slopes of the linear pieces of r] are: ^, j^, 1, and 1. 

These slopes depend only on a, a', b, b' and not on x and y. Let L be the maximum of all 
the above slopes and their inverses. So r) is L-bilipschitz. 

Let k be the piecewise linearly radial homeomorphism based on 77. That is, for every 
u E E — {0}, k{u) = ri{\\u\\)j^ and A;(0) = 0. By Proposition 3.18, k is 3L-blipschitz. 
For i = 1,2, let g'- = kog.-ok^^. Then is (3L ■ Id)oQ;o(3L ■ Id)-bicontinuous. So by 
Proposition 9.10(d), g'^^ is 9L^M ■ a-bicontinuous. Define M' = 9L^A//. It is easy to verify 
that Clauses B1-B4 in the definition of a UC-constant (Definition 9.11(a)), are fulfilled by 
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a', 6', g[, g'^ and M' . Hence M' is a UC-constant for (a', 6') 
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10 1-dimensional boundaries 



Chapter 9 dealt with the following situation. £^ is a normed space, F is a closed subspace 
of E with dimension > 2, x,y E E — F, and ||a;|| ~" \\y\\ and d{x,F) fa" d{y,F). It was 
shown that there is an M-aoa-bicontinuous g G H{E) such that g{x) = y, g{F) = F and 
supp(5') is contained the ring i?(0; a||a;||, When F is 1-dimensional, such a g docs 

not always exist. The reason for this is that in order to move x to y we need to rotate 
X about an axis perpendicular to F. See the construction of gi in Part 2 of the proof of 
Lemma 9.13(a). When F is 1-dimensional, such a rotation docs not exist. 

Whereas Part 2 of the proof of Lemma 9.13(a) fails for a 1-dimcnsional subspace. Parts 1 
and 3-5 remain without change. In these parts, the fact that dim (F) > 2 is not used. By 
skipping Part 2 in the proof of Lemma 9.13(a) one obtains the following lemma. 

Let F, K be linear subspaces of a normed space E and u E E. Then u A- F denotes the 
fact that = d{u, F), and K ± F means that ti _L F for every u E K. 

Lemma 10.1. Let M he a UC- constant for {a,b). Then the following holds. 

Let E be a normed space and F be a 1-dimensional linear subspace of E. Let a e MBC 

and x,y & E — F be such that: 

{i) < \\y\\ and \\x\\ \\y\\, 

{ii) d{x,F) a;" d{y,F), 

(Hi) x — x + x'^, y — y + y^ , x,y E F, x^,y^ ± F , and for some \> x — Xy, 
(iv) if dim (E) — 2, then x,y are on the same side of F. 
Then there are gi,g2 G J^iE) such that: 

(1) gi,g2 are Ma-bicontinuous, 

(2) giog2{x) = y, 

(3) g,{F)^F andg2(F)^F, 

(4) For every i = 1,2, supp (gi) B{0; a\\x\\,b\\y\\) . 

Proof Parts 1, 3-5 of the proof of Lemma 9.13(a) constitue a proof of this Lemma. ■ 
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Definition 10.2. Let 0<a<l, 6>1 and M > 1. We say that "M is a 1-dimensional 

Uniform Continuity constant for a and b" (abbreviated by "M is a lUC-constant for 
(a, 6)"), if the following holds. 

Suppose that E, F,a,x,y satisfy the following assumptions. 

Al £■ is a normed space and F is a proper linear subspace of E such that dim(F) = 1, 
a e MBC and x,y e E - F, 

A2 ||x|| < ||y|| <ai\\x\\), 

A3 d{x,F) fa" d{y,F), 

A4 \\x\\ < a{d{x,F)) and ||y|| < a{d{y,F)), 

A5 if dim (E) = 2, then x, y are on the same side of F. 

Then there are gi, 92,93 G H{E) such that: 

Bl For every i = 1, 2, 3, g^j is M-a-bicontinuous, 

B2 g3°g2°gi{x) = y, 

B3 For every i = 1, 2, 3, gi{F) = F, 

B4 For every i = 1, 2, 3, supp ((jfj) C 5(0; a||,T||, 

Remark Note that in the definition of a lUC-constant there is an extra assumption 
on X and y which did not appear in the definition of a UC-constant. Namely, Assumption 
A4 which says that < a{d{x,F)) and \\y\\ < a{d{y,F)). 

The rest of the chapter is devoted to the proof of the following lemma. 

Lemma 10.3. (a) There are a, b, M such that M is a 1 UC-constant for a and b. 

(6) For every < a < 1 and b > 1 there is M such that M is a 1 UC-constant for a 
and b. 

Items 10.4- 10.9 are needed in the proof of the above lemma. 

Proposition 10.4. Let F be a finite- dimensional linear subspace of a normed space E and 
u ^ F. Then there is a 1-dimensional subspace L C span(F U {u}) such that L ± F. 
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Proposition 10.5. Let X be a metric space, a e MBC, c > 0, D, K > 1, g e H{X), 
diam(supp(gi)) < Da{c) and g is K ■ ^^-Lipschitz. 
Then g is {D + K + 1) ■ a-continuous. 

Proof Note that if a G MC, then the function is a decreasing function. Let x^y E X. 
Suppose first that d{x, y) < c. Then 

d{9{x),g{y)) < K^d{x, y) < K^^d{x, y) = Ka{d{x, y)) 

< (D + K + l)-a(d{x,y)). 

Next assume that d{x, y) > c. U x,y E supp (g), then 

dig{x),giy)) < Da{c) < Da{d{x, y)) < {D + K + 1) ■ a{d{x, y)). 

If X ^ supp {g) and y e supp (gf), then 

d{g{x),g{y)) < d(x, y) + %, g{y)) < a(d(x, y)) + Da{c) 

< a{d{x, y)) + Da{d{x, y)) = {D + K + l)a{d{x, y)). 

The case that x G supp {g) and y ^ supp {g) is identical, and the case that x,y ^ supp (g) 
is trivial ■ 

Proposition 10.6. There are b>l, 0<a<l and M > 1 such that the following holds. 
Suppose that: 

(1) a G MBC, 

(2) E is a normed space, and L is a 1-dimensional linear subspace of E, 

(3) u & E — L and \\u\\ < a{d{u, L)), 

(4) Let u — u-\- , where u E L and ± L, and let v — j^^u'^. 
Then there is g & H{E) such that: 

(1) g{u) = V, 

(2) g is M • a-bicontinuous, 

(3) supp{g)CB{0;a\\u\lb\\u\\), 

(4) g{L) = L. 
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Define M^'^* = M, a^'^* = a and 6^'^* = b. Note that the conjunction of Clauses (1) -(4) is 
the relation R{u, v, g; M-a, a, b, L) defined in Definition 9.11(b)). 

Proof Let A = [u,v]. Clearly, d{u,L) — So \\u^\\ < \\u\\. We find an upper bound 

for \\u — v\\. 

\\u — v\\ < \\u — u^W + \\u^ — v\\ — \\u\\ + {\\u\\ — d{u, L)) 

< (IHI + lkll) + (IHI-^K^)) 

= + d{u, L)) + (||m|| - d{u, L)) = 2\\u\\ < 2a{d{u, L)). 

We show that d{A,L) = d{u,L). For every z & A there are A G [0, 1] and /x > 1 such 
that z = \u + fiu^. So d{z,L) = > \\u^\\ = d(u,L). Since u E A, we have that 

d{A, L) = d{u, L). We show that d{A, 0) > ||m||/4. Let w = u + v and C = [u, w] U [w, v]. 
We first show that d{C,0) > ||m||/2. If z E [v,w], then for some t E M., z = v + tit. So 
\\z\\ > d{z, L) = d{v, L) = \\v\\ = \\u\\. Hence d{[v, w],0) = \\u\\. 

Note that [u,w] = {u + tv\0<t<l- ^}. Let z = u + tv E [u, w]. If t < 1/2, then 
\\u + tv\\ > \\u\\ - t\\v\\ > \\u\\ - \\u\\/2 = \\u\\/2. If t > 1/2, then 

\\u + tv\\ > d{u + tv, L) — d{u + u'^ + tv, L) — d{u^ + tv, L) 
= d{{t + \^)v, L) > d{tv, L) > d{v, L)/2 = \\u\\/2. 

Hence d{[u,w],0) > \\u\\/2. It follows that d{C,0) > \\u\\/2. 

We next prove that (*) for every x E A there are z E C and ji E [1/2, 1] such that 
X — /iz. Recall that w — u + v. The equation /iw — Xu + {1 — X)v has the solution 
l^ — ^— 2||m||-||m-^|| • So // e (0, 1). That is, there are x E A., z E C and // E (0, 1) such that 
X — /IZ, and hence for every x E A there are z E C and /i E (0, 1) such that x — /iz. 

Let z E [u,w]. Then z — u + t-^^^u'^, where < t < 1 — ^jj^. The equation 
fjLZ — Xu + {1 — X)v has the solution X — /j, — Since t E (0,1), // E [|,1]. Let 

z E [v, w]. Then z — j^^u^ + t{u — u'^), where < t < 1. The equation /iz — Xu+ {1 — X)v 
has the solution fj, = ; ^ — ^A*- It follows that fj, E (1/2, 1]. So (*) is proved. 

Hence d(A,0) > d(C, 0)/2 > \\u\\/A. 

Let r = d{u,L)/S. By Proposition 9.6(a), there is g E H{E) such that g{u) — v, 
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supp(^) C B{A,r) and g is M^^s . ( 



Ingth(A) 



+ l)-bilipschitz. Hence Requirement (1) holds. 



r 



Ingth (A) 



+ 1) < M^^s . ( 



16 a{d{u, L)) 
d{u, L) 



+ 1) < M"^^ ■ 



17 a {d{u, L)) 
d{u, L) 



r 



So g is 17M^^g • ^|^-bilipschitz. Also, 

diam(5(A,r)) < Ingth (A) + 2r < 2a{d{u, L)) + d{u, L)/4 < 3a{d{u,L)). 

We apply Proposition 10.5 to g and to g''^ with c = d{u,L), D ^ 3 and K ^ 17M"^s. 
It follows that 5^ is (4 + 17M'^''s) . a-bicontinuous. So Requirement (2) holds with M — 
4 + 17M^^s . Since d{A, L) = d{u, L) and r < d{u, L), it follows that d{B{A, r),L)> 0. So 
g'fL = Id. Requirement (4) thus holds. 

We find the a and b of Requirement (3). Let Tq = d{B{A, r), 0). So g \B{0, tq) = Id. But 
ro — d{A,0) — r > \\u\\/A — d{u, L)/8 > \\u\\/8. So a = 1/8. Let ri = sup3,g5(^ ||a;||. Then 
supp(5r) C B{0, ri). For every x & A, \\x\\ < max(||M||, \\v\\) — \\u\\. So ri < ||M||+r < 2||w||. 
Define 6 = 2. Then supp(g') C S(0; a||ii||, So Requirement (3) is fulfilled with 

a = 1/8 and 6 = 2. ■ 

Proposition 10.7. Let E be a ^-dimensional Hilbert space, L be a 1- dimensional sybspace 
of E, u,v & E—L and M > 1. Suppose that \\u\\,\\v\\ < Md{u, L) and 11^11 < Md{v, L). 
Then there is a rectifiable arc A connecting u and v such that: 

(1) Ingth (A) < (4 + 7r)M||M||, 

(2) d{A,L)>\\u\\/M, 

(3) max({||x|| \ xeA})< M\\u\\. 

Proof Let wi — W2 — v-^ and — -S" be a subarc of 5'(0, ||tyi||) n 

whose endpoints are Wi and and such that Ingth (jS) < TrUuJill. Define A — [u,W]\ U 
Sli [^3,^2] U [u'2,t']. Then d{A,L) — mm{d{u, L),d{v, L)) > \\u\\/M. It is obvious that 
max({||x|| I X e A}) = max(||ii||, ||f ||) < M\\u\\. Now, 

Ingth(A) < +7r||M^|| + IIIm^II - llf^lll + ||(t;)L|| 



< \\u\\ + 7r||M|| + + \\v\\ < (4 + tt)M\\u 



So A is as required. 
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Proposition 10.8. There are M>l,0<a<l and b > 1 such that the following holds. 
Suppose that: 

(1) E is a normed space, and L is a 1-dimensional linear subspace of E, 

(2) u,v E E — L, = ||t>||, M _L L and v -L L, 

(3) If E is 2-dimensional, then u,v are on the same side of L. 

Then there is g & H{E) such that R{u, v, g; M, a, b, L) holds. (See Definition 9.11(b)). 
We denote Mp^'^p = M, aP^'^P = a and feP^'^P = b. 

Proof If E is 2-dimensional, then [u,v] C S'(0, So d{\u,v],L) = \\u\\ and 

lngth([-u, f]) < ||-u|| + ||f|| = 2||-u||. By Proposition 9.6(a), there is g E H{E) such that: 
g{u) = V, supp((?) C B{[u,v], ||-u||/2), and g is M^^^ ■ -pjyL-bihpschitz. So for 2-dimensional 
E's, M, a, b can be taken to be AM'""^ , 1/2 and 3/2. 

Suppose that dim (E) > 2. Let F be a 3-dimensional linear subspace of E containing L, 
u and and let || ||^ be a tight Hilbert norm on F. Denote N = M*'^" (3). (See Proposit- 
ion 9.2(b)). So for every X G -F, < < A^||a;||. Obviously, ^, ^ < A^(i^(M, L), 
and ^, ||f II ^ < Nd^{v, L). By Proposition 10.7, there is a rectifiable arc A in F 
connecting u and v such that: lngth^(74) < (4 -|- 7r)iV||M||^, d^{A,L) > and 
max({||x||« \xeA})< N\\u\\^. So 

(1) Ingth(A) < (4 + 7r)A^2||^||^ 

(2) diA,L)>^\\u\\, 

(3) max({||a;|| \ x e A}) < N^\\u\\. 

Let r = 2^ll'"ll5 By Proposition 9.6(b), there is gi e H{E) such that: 

(4) supp{g)CB{A,r), 

(5) g(u) = V, 

(6) g is M-^((|±J^)-bilipschitz. 

So g is M^'"^(16iV^)-bilipschitz. 

Since d{B{A,r),L) > ^\\u\\, g\L = Id. Define M = M^-"^ (16Ar4), a = and 
b = + 1. Then M, a, b are as required in the proposition. ■ 
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Proposition 10.9. There are M>1, 0<a<l and b > 1 such that the following 
holds. Suppose that E is a normed space, u E E — {0}, a E MBC, 1 < A < 
and V — Xu. Then there is a radial homeomorphism g e H{E) such that: g{u) — v, 
g is M-a-hicontinuous and supp(g') C S(0; a||u||, Note that this implies that 

R{u,v,g;M-a,a,b,L) holds. Denote M, a, b &?/ M*^'* , a"^" and b'^^K 

Proof Let 1] G H{[0,(Xi)) be the piecewise linear function which is determined by the 
following equalities. -^(0) = 0, r7(||-u||/2) = ||m||/2, "^(HmH) = A||-u||, and for every t > \\\u\\ + 
ri{t) = t. The slopes of the linear parts of are 1, 2A and 1/ A. Since 1 < A < ?7 is 

2 • "||„||^'' -bilipschitz. Let g be the radial homeomorphism of E based on rj. By Proposi- 
tion 3.18, g is 6-^^j||^-bilipschitz. Also, A||m|| + ||-u|| < 2||f||, hence supp((7) C 5(0, 2||f ||). 
By Proposition 10.5, is (6 + 2 + l)-a-bicontinuous. So we may define M = 9, a = 1/2 
and 6 = 2. ■ 

Proof of Lemma 10.3 (a) Let E,F,x,y be as in the definition of a lUC-constant (Defi- 
nition 10.2). There are x and such that x = x + x^,xEF and x^ ± F. Similarly, there 

are y and such that y = y + y^ , y E F and y^ _L F. Let xi = tt^x^ and yi = -jM^y^. 

11^ II \\y II 

By Proposition 10.6, there are /i, hi E H{E) such that 

R{x, xiji] M^^-a, o}'^ , 6"^* , F) and R{y, yi,hi] M^^-a, a"^* , b^^ , F). 

Let 1/2 = j|f7j|?/i- Note that = ||t/2||) Xi ^ F and y2 -L -F, and if E is 2-dimensional 

then xi, y2 are on the same side of F. By Proposition 10.8, there is /2 E H{E) such that 

ii:(a;i,?/2,/2;MP^'^P,aP^'^P,6P^-^P,F). 

Since \\y2\\ = \\x\\ and \\yi\\ = \\y\\, it follows that \\y2\\ < \\yi\\ < a{\\y2\\). So by Proposi- 
tion 10.9, there is g2 E H{E) such that 

R{y2^yi,g2-,M^''.a,a^''y'\F). 

Let gi = /20/1 and g^ = Clearly, g3og2og^{x) = y. Let M = max{M^'^^ M'^'^'p , M"^^'). 
Note that ||a;i|| = so /a \ B{0,a'P^'P \\x\\) = Id. Set a = mm{a^'^\aP^'P ,a'^^^) and 

b = max(6''^*, feP'^^'P, fe'^'*). It is obvious that Clauses B1-B4 in the definition of a lUC- 
constant hold for M,a,b,x,y, gi, g2, gs and F. 
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(b) Part (b) is deduced from Part (a) in the same way that Part (b) of Lemma 9.13 
deduced from Part (a) of that lemma. 
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11 Extending the inducing homeomorphism to the 
boundary 



A sequence means a function whose domain is an infinite subset of N. If u C N is infinite, 
then {xj I i e a} is abbreviated by x*"'. Suppose that x is a sequence in X and g e 
H{X,Y). Then g{x'^''^) denotes the sequence {g{xi) \ i e a}. For n E N and an infinite 
(7 C N let cr-" :={k e a\k > n}. For a sequence x let x-" := x\Dom{x) -". 

Recall that if a : A — > A, then q;°" denotes ao . . . oa, n times. Let X, Y be open sets in 
metric spaces E and F respectively and g : X ^Y. If x e Dom(gr'^^), then we sometimes 
abbreviate g'^^{x) by g{x). 

Definition 11.1. (a) Let X, Y be open sets in metric spaces E and F respectively. Suppose 
that X G cl (X) and g G H{X, Y). Wc say that g is a-continuous at x, if there is T G Nbr (x) 
such that g\(T n X) is a-continuous. 

Obviously, if F is a complete metric space, and g is «-continuous at x, then x G 
Dom((?'^^). We say that g is a-hicontinuous at x, if g is a-continuous at x, x E Dom(5f^^) 
and g^^ is a-continuous at g"^^ (x). We say that g is P -hicontinuous at x, if for some a G .T, 
g is a-bicontinuous at x. 

(b) Suppose that E is a metric space X C is open, b G bd(X), a G MBC and 
x,y E X. Recall that wc denote 5^'^{x) = d{x, E — X). Superscripts ^ and ^ are omitted 
when they are understood from the context. The notation x '^^^xe) ^ ^^i^ans that 

d{x, h) Ri" d{y, h) and 5^{x) Ri" 5^{y). 

Suppose that x^"^ and y are sequences in X. Then x'^"^ b) y^"'' i^^ans that for every 
n G cr, a;„ ~[^'^^) Vn- We abbreviate by fti^"'''). Note that the notation x y 

entails that Dom(,x) = Dom(^). 

(c) Let X be a topological space, A C H{X), p C N be infinite and x^''\y^''^ be sequences 
in X. We define the relation x^''^ ~ y^''\ The relation x^''^ ~ y^''-' means that for every 
infinite o',ri C p there is g E A such that {i E a \ g{xi) = yi} and {i E 7] \ g{xi) = Xi} 
are infinite. If a G MBC, then x'-''^ ~ ° y'''^ means that x'-''^ ~ ^ where A — {g E 
H{X) I is a-bi continuous}. 
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(d) Let £■ be a metric space, X C E he open, a e MBC and T be a modulus of 
continuity. A sequence x in X is called an a-abiding sequence if the following holds. 

(i) X is convergent and b := limx e bd(X); 

(ii) There is n = n{x, a) eN such that for every k G Dom(a;)-", d{xn, b) < a{5{xn))- 
A sequence x in X is called a F- evasive sequence if the following holds. 

(i) X is convergent and b := limx e hd{X); 

(ii) For every subsequence y of x and a & F, y is not a-abiding. 

Equivalently, x is /"-evasive, iff (i) holds and for every a E F there is n G N such that for 
every m G Dom(f)-", d{xm,b) > a{S{Xm))- 

(e) Let X be an open subset of a normcd space E, and x G bd(X). Suppose that X is 
two-sided at x, and let {ip, A, r) be a boundary chart element for x. Let U,V E Nbr (x) and 
h G EXT'^(f/ D X.V n X) be such that h^^ (x) = x. We say that h is side preserving at x, 
if there is U' G Nbr (x) such that for every u E U' D X , u and h(u) are on the same side of 
bd(X) with respect to {ip,A,r). See Definition 8.10. We say that h is side reversing at x, 
if there is U' E Nbr (x) such that for every u E U' D X , u and /i(-u) are on different sides of 
bd(X) with respect to (■?/', A, r). Note that the properties of being side preserving or side 
reversing does not depend on the choice of (■?/', A, r). 

(f) Let X be an open subset of a normed space E, and x E bd(X). Suppose that 
bd(X) is 1-dimensional at x, and let (■?/', A, r) be a boundary chart element for x. Let 
L = bd(X)nRng(?/'). So L is an open arc. Let U,V E Nbr (x) and h E EXT^([/nX, VOX) 
be such that h^^ (x) = x. Wc say that h is order preserving at x, if there is f/' G Nbr (x) such 
that for every uEU'CiL, u and h^^{u) are in the same connected component of L — {x}. 
We say that h is order reversing ai x, if there is f/'GNbr(a;) such that for every uEU' (IX , 
u and are in different connected components of L — {x}. Note that the properties of 
being order preserving or order reversing is independent of the choice of (■?/', A, r). 

Let G < EXT (X). We say that bd (X) is G- order-reversible at x, if there is g E G such 
that g is order reversing at x, and if X is two-sided at x, then g is side preserving. If such 
a g does not exist, then it is said that bd(X) is G -order-irreversible at x. 
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Proposition 11.2. Let E,F normed spaces. Suppose that X C E, Y C F are open, 
a e MBC and g E EXT^(X, y). Let b E hd{X), and suppose that g is a-bicontinuous 
at X. 

(a) There is Tq > such that for every x e B{b, Tq) n X, 5{x) 5{g{x)). 

(b) Assume that E — F , Y — X and g{b) — b. Suppose that x is a sequence in X 
converging to b. Then for some n eN, x-" g{x)-'^. 

(c) Assume that E — F , Y — X and g{b) — b. Suppose that X is two-sided at b. 
Let {ip,A,r) be a boundary chart element for b. Then there is U E Nbr(fe) such that 
U,g{U) C Rng('0), and for every u,v E U nX: u,v are on the same side of hd{X) with 
respect to {ip,A,r) iff g{u),g{v) are on the same side hd{X) with respect to {ip,A,r). 

Proof (a) Let r > be such that g \ {B(b,r) D X) is a-continuous. Choose s > 
such that g~^ \ {B{g{b),s) fl Y) is a-continuous, and let Tq be such that tq < r/2 and 
g{B{b,ro)nX) C B{g{b),s/2)nY. Let x e B{b,ro)r\X . Suppose that £ e (0, r/2- ||a;-6||). 
Let M e bd (X) be such that \\u — x\\ < 5{x) + e. Since 5{x) < \\x — b\\ < tq, it follows that 

\\u — b\\ < \\u — x\\ + \\x — b\\ < S{x) + r/2 — \\x — b\\ + \\x — b\\ < ro + r/2 < r. 

Hence g'^^ \{x,u} is a-continuous. So 

S{g{x)) < Wg''' (x) - g'^' {u)\\ < a{\\x - u\\) < a{5{x) + e). 

Since this argument is true for any e e (0, r/2 — \\x — b\\), it follows that 5{g{x)) < a{5{x)). 
We apply the analogous argument to g{x). This can be done, since g{x) e B{g{b), s/2)nY. 
So 5{g-^{g{x))) < a{5{g{x))). That is, 5{x) < a{5{g{x))). We conclude that 

5{x) 5{g{x)). 

(b) Part (b) follows trivially from Part (a). 

(c) There is s G (0,r) such that c/(^(5(0, s))) C Rng(V^). Let U = ^{B{0,s)). Let 
u,v e t/nXbeonthesamesideofbd(X). Let L = [ip''^{u),ip''^{v)]. Then L C B{0,r)-A 
and thus i;{L) C X. So g{ip{L)) C X. Hence ij-^{g{il){L))) C 5(0, r) - A. That is, there 
is an arc in S(0,r) — A connecting tp~^{g{u)) and ip^^{g{v)). So ilj^^{g{u)) and ip^^^g^v)) 
are on the same side of A. This means that g{u) and g{v) are on the same side of hd{X). 
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Proposition 11.3. (a) There is N > 1 such that (al) and (a2) below hold. 

Let a, /3 e MBC, X be an open subset of a normed space. Suppose that b e hd{X), 
X is (5-LIN-bordered at b, and bd(X) is not 1-dimensional at b. Denote a. — (5°a° (5. 

(al) Let X, y be sequences in X converging to b. Suppose that x y. Also assume 

that if X is two-sided at b, then for every n e Y)om.{x), Xn and yn are on the same side of 
bd(X). Thenx ^~-/?°"°*°/?^. 

(a2) Let g e EXT(X) be a-bicontinuous at b. Suppose that g{b) — b. Suppose further 
that if X is two-sided at b, then g is side preserving at b. Let x be a sequence in X 
converging to b. Then x ^ ^'P°<^°'^°P g{x). 

(b) Let X be an open subset of a normed space and (5 e MBC . Suppose that 6 e bd {X), 
X is (5-LIN-bordered at b, and X is two-sided at b. Let g e EXT(X) be such that g{b) — b, 
and g is side reversing at b. Let x be a sequence in X converging to b. Then x ^ ^"^^ g{x) . 

Proof (a) Let M be a UC-constant for (1/2,2), M = and N = M^. (See Definition 
9.11(a)). We shall prove that N is as required in Part (a). 

(al) Let X,h,x,y and a be as in (al). Let (■(/', A, r) be a boundary chart element for 
6, and assume that ip is /?-bicontinuous. We show that x ^ '^'0°°'°'^°^ y, Wc may assume 
that x,y C Rng(-?/'). Set w = tp^^{x) and z = ip^^{y). Clearly, w ^("'O) z. Let cr,ri 
be infinite. We may assume that either for every i & a, \\wi\\ < \\zi\\ or for every i & a, 
\\zi\\ < \\wi\\. Let us assume that the former happens. The case that \\zi\\ < \\wi\\ is dealt 
with in a similar way. Let {nii | i G N} and {mj | i G N} be respectively 1-1 enumerations 
of a and i] and set Ui = w„^, Vi = z„i^ and u} = w^i. So u v. 

We define by induction in,jn ^ and hn G H{B^{0,r)) such that: 

(1) ||^;ioll <r/2, 

(2) hniUiJ^Vi^, 

(3) hn is M-aoQf-bicontinuous, 

(4) supp(/i„) C5(0;i||M,J|,2||t;,J|), 

(5) IK II < \\ui J/2 and \\vi^^,\\ < |K||/2. 

(6) hn{A) = A. 
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That the construction is possible follows from Lemma 9.13(b). Facts (4) and (5) imply 
that supp (hm) n supp (hn) — for any m ^ n. So h:= o„ /i„ is well defined. 

Let 7 = M-aoa. We verify that h is 707-bicontinuous. Let u,v E B^{0,r). Then 
there are m, n e N such that u,hm{u) e B^{0,r) — Ufe^m ^^PP (^fc) v,hn{u) e 
B^{0,r) — Ufe^nS^PP(^fe)- If m^n, then h{u) — hm°hn{u) and h{v) — hm°hn{v), and if 
m — n, then h{u) — hm{u) and h{v) — hm{v). Since hm°hn and /i^ are 707-continuous, 
< 707(111^— So /i is 707-continuous. The same argument holds for 
/i"-*^. It follows that /i is 707-bicontinuous. Since 707<M^-q;°^, we have that h is 
M^-q; °^-bicontinuous. By (4) and (5), h{uj^)—u^^ for every neN. Let g' — '^oho'4>~^\ 
BCD^(A,r). Then Dom(^') = Rng(V') r\X. Clearly, g' is /3o (M^-a"^) o/3-bicontinuous, 
and hence g' is M^-/3oQ;°^o/3-bicontinuous. Define gi = g'' U Id |~ (X — Rng('0)). Prom 
(1) and (4) it follows that g e H{X). The fact that M'^-(5oa°'^o(3 e MBC implies that 
g too is M^-/3oQ;°4o/3-bicontinuous. Clearly, x'^ :=t/;(u^J E {xi \ i E rj} and /i(x^) = x'^. 
For every n e N there is k{n) e cr such that ip{ui^) — Xk{n) and ip{vi^) — yk{n)- Prom the 
fact that h{ui^) — vi^ it follows that g{xk{n)) — Ukin)- So g fulfills the requirements which 
are needed in order to show that x y. 

(a2) It follows trivially from Proposition 11.2(b) and (al) that N is as required. 

(b) Suppose by contradiction that x s ext(x) ^^-^ rj.^^^ ^^-^ ^^^^^ is h E EXT(X) 
such that {i e N I h{xi) — g{xi)} and {i e N | h{xi) — Xi} are infinite. Since limx = b and 
g is side reversing, (*) contradicts Proposition 11.2(c). ■ 

Proposition 11.4. There is N > 1 such that the following hold. 

Let a, (3 G MBC , and X be an open subset of a normed space E. Suppose that 
b G hd{X), X is (5 -LIN -bordered at b, and hd{X) is 1- dimensional at b. Denote a — 
l3oao(3. 

(a) Let x,y be a-abiding sequences in X converging to b and x Ri^"'''^^ y. Also assume 
that if X is two-sided at b, then for every n G Dom(a;), Xn and yn are on the same side of 
bd(X). Thenx s ~-/3°a°«°/3 ^. 

(6) Let g G EXT(X) be a-bicontinuous at b. Suppose that g{b) = b. Suppose further 
that if X is two-sided at b, then g is side preserving at b. Let x be an a-abiding sequence 
in X converging to b. Then x ~ N-poa°^°ii g(^x). 
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Proof (a) The proof follows the same steps as the proof of Proposition 11.3(al). But here 
Lemma 10.3 replaces the use of Lemma 9.13 in the proof of 11.3(al). 

(b) The proof follows the same steps as the proof of Proposition 11.3(a2). ■ 

Proposition 11.5. (a) There is N > 1 such that (al) and (a2) below hold. 

Let a,f3 E MBC, and X be an open subset of a normed space E. Suppose that b G 
bd(X), X is j3-LIN-bordered at b, and bd(X) is 1- dimensional at b. Let (iJj.A.r) be 
boundary chart element for b with ip being j3-bicontinuous. If A is a subspace of E, let 
F = A. If dim{E) = 2 and A is a half space of E, let F = hd{A). (So F is a 1- 
dimensional subspace of E). Denote a = j3oaof3. 

(al) Let x.y C Rng{ip) be sequences which converge to b, and set u = ■ip~^{x) and 
V = ■ip~^{y). Assume that 

(i) X y, 

(ii) for every n E Dom(x) there are Un,u^,Vn,v^ and A„ such that Un — Un + u^, 

Vn^Vn + Un, Vn £ F, U^,V^ ± An > and Vn = XnUn, 

(Hi) if X is two-sided at h, then for every n e Dom(x), x„ and yn are on the same side 
of hd{X). 

Then X ^ ~-^°«°'°/3y. 

(0,2) Let r be a modulus of continuity, a,f3 E T, and x be a F -evasive sequence in X 
converging to b. Let g G EXT(X) be a-bicontinuous at b, and assume that: g(b) = b, 
g is order preserving at b, and if X is two-sided at b then g is side preserving at b. 
Then x s g{x). 

In Parts (b) - (d) below we assume that F is a modulus of continuity, f] E F (1 MBC , X 
is an open subset of a normed space E, b E bd(X), X is (3-LIN-bordered at b, and bd(X) 
is 1- dimensional at b. We also assume that G < EXT^(X), and G is of boundary type F. 

(b) Let {ilj,A,r) be boundary chart element for b with ip being j3-bicontinuous. If A is a 
subspace of E set F = A, and if dim (E) = 2 and A is a half space of E, set F = hd{A). 
(So F is a 1-dimensional subspace of E). Let x,y C Kng{il>) be sequences which converge 
to b, and set u = '4'~^{x) and v = ip~^{y). Assume that 

(i) X, y are F -evasive, 
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(a) for every n e Dom(x) there are Un,u^,Vn,v^ and A„ such that Un — Un + u^, 

Vn^Vn + V^, Un, Vn £ F, U^,V^ ± An < and Vn = XnUji- 

Then x^^y. 

(c) Let X be a F-evasive sequence in X converging to b. Let g & G. Suppose that 
g{b) — b, and g is order reversing at b. Then x g{^)- 

(d) Let X be a sequence in X converging to b. Let g & G be such that g{b) — b and g is 
order preserving at b. Assume further that if X is two-sided at b, then g is side preserving. 
Then x s ^ g{^)- 

Proof (al) The proof follows the same steps as the proof of Proposition 11.3(al). But 
here Lemma 10.1 replaces the use of Lemma 9.13 in the proof of 11.3(al). 

(a2) Let (■0, A, r) be boundary chart element for b such that ip is /9-bicontinuous. If A is 
a half space set F — hd{A). Otherwise, set F — A. Let B be an open ball with center at b 
such that \{c[{B)nd{X)) is a-bicontinuous, and cl(S), ^^i(cl(S) ncl(X)) C Rng(V'). 
Let U ^ il^-^B n X) andh^ (g\(Br]X))^~\ 

We may assume that x C B and that Dom(x) = N. Set u — '^~^{x), and for every n e N 
let Un — Un-\- u!^, where Un & F and ± F. Denote h(u) by v, and for every n e N let 
Vn = Vn+Vn, where Vn ^ F and ± F. Let s > be such that B{0, s)r\{E-A) C [/, h{U). 
We may assume that Um u^, Vm t'n ^ -^(0' every n e N. In order to apply (al), 
we need to show that ■?)„ = y^nUm where A„ > 0. Prom Proposition 11.2(a) and the facts: 
X is T-evasive, (3 & F and ip is /3-bicontinuous, it follows that u is T-evasive. 

Define a — (5°a°(5. Then h is a-bicontinuous. This implies that v too is T-evasive. 
So lim^^l^ = and lim ^^gp = 0. We may thus assume that d{un,F) < ||iin||/2 and 
d{vn,F) < ||i'n||/2 for every n e N. It follows that for every n, Un 7^ 0. Let A„ be such 
that Vn — ^nUfi- It is trivial that h^^ is a-bicontinuous, and that h^^ \{Fr\B{0, s)) is order 
preserving, that is, for every u E F f] B{0, s), u and h^^{u) are on the same side of 0. It 
follows that for every n there is //„ > such that h'^^ (un) — /J'nUn- Suppose by contradiction 
that for infinitely many n's, A„ < 0. Take such an n. Then 

\\h^' (Un) - h^' {Un)\\ < «(||Wn ' «n||) = "(ll^nll)- 

But 

h''^ {Un) - h"^ {Un) ^Vn- UnUn ^ + KUn " IJ-nUn ^ ^n - (A*n - K)Un- 
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So 

> fin\\Un\\ - = \\h{Un)\\ " > a"^(||Mn||) " |h^n|| > tt"^ ( || M„ || /2) - 

Note that = a{\\un - Un\\) > H/i'H^n) - /i'H^n)!!- It follows that 

a-i(|K||/2)-a(||<||)<a(|k||). 

So \\un\\ < 2aoa{\\ut^\\) + 2a(|K||) < Aa oa{\\u^\\). That is, \\un\\ < 4:aoa{d{un, F)). 
Since Aaoa e F, and since the above holds for infinitely many n's, u is not T-evasive. 
A contradiction. Hence for all but finitely many n's, A„ > 0. Recall that v — h{u). So 
{T = Obviously, f g{x). Hence by Part (a), $ ^N-poa^^op ^^^y 

(b) Suppose by contradiction that there are infinite cr, 77 C Dom [x) and g & G such 
that for every i & a, g{xi) — i/i, and for every i & rj, g{xi) — Xi. Let h — g'^ \ So for some 
^ e F, his 7-bicontinuous at 0. Let Y — E — A. Then u is T-evasive with respect to Y and 
E. Note that for every i & a, h{ui) — Vi, and for every i & rj, h{ui) — Ui. We abbreviate 
h^^ by h. Denote h{ui) — f^iUi. Assume by contradiction that for infinitely many i's in rj, 
jii < 0. Since u is T-evasive, there is n such that for every i e 77-", < IlliijU. Let 

i e 77-", and assume that //j < 0. Then 

^{5{u,)) = 7(ll<ll) = 7(lk- II) = 7(lk. - ^.11) > IIM^.) - h{u:)\\ 

= \\Ui - j2iUi\\ = \\U^ +Ui- fliUiW > (1 - - \\U^\\ 

> WiliW - \\Ui\\ > - l\\Ui\\ = l\\Ui\\. 

So u is not T-evasive, a contradiction. It follows that there is i such that /Xj > 0. This 
implies that h is order preserving at 0. In particular, for every i e o", //j > 0. We claim 
that V is T-evasive. 
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This is so, since (i) v — h{u), (ii) 7 G T, (iii) h is 7-continuous and (iv) u is T-evasive. 
Let n be such that for every i e Dom('u)-", S{vi) < ^\\vi\\. Let i e cr-". Then 

'y°^{S{vi)) > j{6{u,i)) = -f{\\ui- Ui\\) > \\h{u,i) - h{ui)\\ = \\vi - fiiUi\\ 

= \\v^ + {Xi - fii)ui\\ > \\i - fJ'ilWuiW - \\Vi\\ > \Xi\\\ui\\ - \\Vi\\ 

So v\a-'^ is 2 • 707-abiding. This contradicts the fact that v is T-evasive. 

(c) Let {ip,A,r) be boundary chart element for b such that ip is /3-bicontinuous. Since 
g E G there is a E F and U e Nbr^(6) such that g\{U f] X) is a-bicontinuous. We may 
assume that X C Rng(V') n U. Let /i = and 7 = /3 °a°(5. Then /i is 7-bicontinuous. 
Let u — %l)~^{x) and v — h{u). v — xjj''^(g(x)). Also, let Ui — Ui + and Vi — Vi + v^, 
where Ui,Vi E F and u^^v^ ± F. Since is T-evasive, and v — h{u), v is T-evasive. We 
may thus assume that for every i e Dom('u), \\ul\\ < \\ui\\/4: and < ||i'j||/4. Let Aj 
be such that Vi — Xui. Suppose by contradiction that for infinitely many i's, Aj > 0. We 
abbreviate h'^^ by h. Let /li be such that h{ui) — /liUi. Since g is order reversing at b, h is 
order reversing at 0. So //j < 0. Let i be such that Aj > 0. Then 

7(ll«i'll) > \\h{ui) - h{ui)\\ = \\Vi + XiUi - ^iUiW > {Xi - Hi)\\ui\\ - \\Vi\\ 

> - W'^iW = W^iW - W'^iW > lkill/2- 

But IIm^II = 6{ui) < 7(5(fj)). So 2-707(5(1;^)) > That is, v is not T-cvasive, 

a contradiction. It follows that for all but finitely many i's, Aj < 0. By Part (h), x ^'-^ g{x). 

(d) Let (7,7] be infinite subsets of Dom(a;). Either (i) there is an infinite p a and 
7 G F such that x \ p is 7-abiding; or (ii) there is an infinite p Q a such that x \ p is 
T-evasive. 

Suppose that case (i) happens. To get an / G G such that {i E p \ f{xi) = g{xi)} and 
{i E 1] \ f{xi) = Xi} are infinite, follow the construction in Proposition 11.3(a). However, 
Lemma 9.13 which was used in 11.3(a) is replaced here by Lemma 10.3. In case (ii), follow 
the the proof of (a2) in this proposition. ■ 

Recall that we deal with the setting where we have a normed space E and an open 
subset X C E. In this setting, when we write c[{A) we mean cl^(y4). If we wish to denote 
the closure of A with respect to other sets, e.g. the closure of A with respect to X, then 
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we write cl'^{A). 

Proposition 11.6. For a topological space X and a subgroup G < H[X), we define the 
property Pcmpct {x) of sequences x in X as follows. 

Pcmpct (a^) = For every infinite a C Dom(a;) and a sequence {Ui\iEo-} EY\{t^hi{xi)\i&a} 
consisting of pairwise disjoint sets, there is a sequence {gij | i e cr} e Hl^l^ M ^ '^l 
such that o{gi \ i & a} ^ G. 

Let E be a normed space and X C. E be open. Let F be a countably generated modulus of 
continuity and G < EXT(X) be F -appropriate. (See Definition 8.6(c)). Let x be a 1-1 
sequence in X . Then c\(Rng{x)) is compact iff Pcmpct{x) holds. 

Proof Suppose first that cl(Rng(x)) is not compact. Then there is an infinite a C Dom(x) 
such that either {xi | i G o"} is spaced, or {xi | i G cr} is a non-convergent Cauchy sequence. 
For every i G a let = |inf{||a;j — Xi\\ \ j G a — {i}} and Ui = B^{xi,ri). Hence 
d{Ui, Uj) > rj/3 for any i ^ j in a. It is easily seen that that {Ui | z G N} is cl (X)-discrete. 
Let {gi\i G a} G HI'^l^K ^ So {gi\i G a} is cl(X)-discrete. Since G is T-appropriate, 
o{gi \ i ecr} eG. So ^Pcmpct (x) holds. 

Suppose that x is 1-1 and that cl(Rng(x)) is compact. Let {ctj | i G N} C /" be a 
generating sequence for F. That is, for every a G /" there is i G N such that a ^ Oj. We 
also assume that for every i G N, {j \ aj = ttj} is infinite. Let a C Dom(^) be infinite, 
and for every i G o" let f/j G Nbr"^(a;j). Assume that for every i j, Ui fl Uj = ^. Since 
cl(Rng(x)) is compact, {xi | i G o"} contains a 1-1 convergent subsequence {xi^ \ n G N}. 
Denote y„ = and K = Ui^^B^y^, ;^). For every n let gi„ G GIkJ be such that gi^ \ Vn 
is not «„-continuous. It is easy to see that such gi^ exists. For i E a — {in \ n G N} let 
= Id. Let y = lim„?/„ and g = o{gi \ i E a}. Then there is no a E F and U G Nbr(y) 
such that g \ {U n X) is a-continuous. We justify this claim. Let a E F. Then for some 
i E N, a ^ ai. Let r > be such that a \ [0,r) < Ui |'[0,r). There is n such that = a^, 
diam(\4.) < r and Vn C U . There are u^v EVn such that \\gi^{u) — > — f ||). 

Since \\u - v\\ < r, we have ai{\\u - v\\) > a{\\u - v\\). So \\gi„{u) - gi„{v)\\ > a{\\u - v\\). 
That is, \\g{u) — g{v)\\ > a{\\u — ^11). Hence g \{U nX) is not a-continuous. It follows that 
g ^G. So Pcmpct (x) holds. ■ 
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Explanation For a topological space {X, ) and G < H{X) let Ap : G x X ^ X 
be the application function that is, Ap(gr, x) = g{x) and let M{X,G) be the structure 
(X, T^,G';e, o,Ap). Note that i-*cmpct(^) is a property of x which can be expressed in 
M{X, G). Hence if f C X, P^^p^ (f) holds and V : M{X, G) ^ M{Y, H), then P^mpct (V'(^)) 
holds. So in the case that X is an open subset of a normed space E and G is T-appropriate, 
and a similar fact holds for Y, then the property "cl(Rng(x)) is compact" is preserved un- 
der ip. In what follows we shall define additional properties of x which are expressible in 
M{X, G). So they too are preserved under isomorphisms between M{X, G) and M{Y, H). 

Definition 11.7. Let X be a topological space, G < H[X) and a; be a sequence in X. 

(a) Let Pprerep {x) be the following property of x. 

(i) Dom(x) = N and x is 1-1, 

(ii) no subsequence of x is convergent in X, 

(iii) Pcmpct {x) holds. 

A sequence x which fulfills Pprcrcp is called a point pre-represntative. 

(b) Let Pcnvrg (x) and Ppnt (x) be the following properties. 

-Pcnvrg(^) = For every infinite a C Dom(x) and g & G, if x\a s.'^ g{x) \a, then x s'^ g{x). 

Ppnt (•^) = -f prerep (•^) ^ -f cnvrg (•^) ■ 

Lemma 11.8. Let F be a countably generated modulus of continuity. Suppose that E 
is a normed space, X C E is open, X is locally F-LIN-bordered, and G < EXT(X) is 
r -appropriate. Let x be a point pre-representative in X. Then Pcnvrg(a^) holds, iff x is 
convergent, and (i), {ii), (Hi), (iv) or (v) below happen. Denote h = lima;. 

(i) For some (5 & F , X is (3-SLIN-bordered at b. 

(ii) For some (3 & F, X is (5-LIN-hordered at b, X is two-sided at b, and hd{X) is not 
1-dimensional at b. 

(Hi) hd{X) is 1-dimensional and G -order-reversible at b, and for some a & F, x is 
a-abiding. 

{iv) bd(X) is 1-dimensional and G -order-reversible at b, and x is F -evasive. 
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(v) hd{X) is 1-dimensional and G -order-irreversible at b. 

Proof We shall use the following trivial facts. 

Claim 1 If y ~ then for every infinite a C Dom(y), y\a z\a. 

Claim 2 Suppose that y is a sequence in X converging to a point in bd {X) . Assume 
further that bd (X) is 1-dimensional at lim y. Then either y is T-evasive, or for some a e T, 
y has an a-abiding subsequence. 

Claim 3 Suppose that y is a sequence in X converging to a point in bd(X). Assume 
further that bd(X) is two-sided at limy. Let g G EXT(X) be such that g^^{limy) = limy, 
and suppose that g is side reversing. Then g(y) ^ ext(x) ^ Proof The Claim follows 
trivially from Proposition 11.2(c). 

Claim 4 Let y be a sequence in X such that y is convergent in cl{X). Suppose that 
g e EXT(X) and g^'^Mmy) 7^ limy. Then g{y) 4 ^^^W y. 

The following fact does require a proof. 

Claim 5 Let a; be a point pre-representative. If -Pcnvrg(^) holds, then x is convergent. 
Proof Suppose that x is not convergent. Let y, z be convergent subsequences of x such 
that limy 7^ \\m.z. Assume further that (*) if bd(X) is 1-dimensional at limy, then either 
y is T-evasive, or for some a e T, y is a-abiding. Since X is locally T-LIN-bordered, there 
is e G such that 

(1) g''^'(limy) = limy and g''^'(limz) ^ limz, 

(2) If X is two-sided at limy, then g is side preserving, 

(3) If bd(X) is 1-dimensional at limy, then g is order preserving. 

By Propositions 11.3(a2), 11.4(b) and 11.5(a2) and by (*), g{y) ~ y . By Claim 4, 
g{z) z, and by Claim 1, g{x) x. Hence ^Pcnvrg (•"?) holds. This proves Claim 5. 

Suppose that x satisfies Clause (i) in the statement of the lemma. We show that 
-Pcnvrg(^) holds. Let g E G. If g^^{b) 7^ b, then by Claim 4, g{x') ^ *^ x', for every 
subsequence of x' of x. If g^^{b) — b, then by Proposition 11.3(a2), g[x) s'^ x. So 

-Pcnvrg(^) holds. 

Suppose that x satisfies Clause (ii) in the statement of the lemma. Let g E G. If 
g^^ (b) 7^ b, then by Claim 4, g{x') ^'^ x', for every subsequence of x' of x. Suppose that 
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g'^^{b) — b. li g is side reversing, then by Claim 3, g{x') ^ ^ x', for every subsequence of x' 
of X. If g is side preserving, then by Proposition 11.3(a2), g{x) ~ x. So Pcnvrg(^) holds. 

Suppose that x satisfies Clause (iii) above. Let g E G. The case g^^ (b) ^ 6, is treated as 
in (i) and (ii). Suppose that g^"^ (b) — b. li X is two-sided at x and g is side reversing, then 
by Claim 3, g(x') ^'^ x', for every subsequence of x' of x. Suppose that either X is not 
two-sided at 6, or X is two-sided at b and g is side preserving. Then by Proposition 11.4(b), 
g{x) ~ X. So Pcnvrg(^) holds. 

Suppose that x satisfies Clause (iv). As above, we may assume that g'^^lb) — b, and 
that if X is two-sided at b, then g is side preserving. If g is order reversing at b, then by 
Proposition 11.5(c), g{x') ^ *^ x', for every subsequence of x' of x. If g is order preserving 
at 6, then by Proposition 11.5(a2), g{x) x. So -Pcnvrg(^) holds. 

Suppose that x satisfies Clause (v). We may assume that g'^^{b) — b, and that if X is 
two-sided at 6, then g is side preserving. Since bd(X) is G-order-irreversible at 6, g must 
be order preserving at b. Then by Proposition 11.5(d), g{x) x. So Pcnvrg(^) holds. 

We have shown that if x is point pre- representative, x is convergent, and x satisfies one 
of the clauses (i) - (v), then Pcnvrg {x) holds. 

Let X be a point pre-representative, and suppose that Pcnvrg (^) holds. By Claim 5, x 
is convergent. Suppose by contradiction that x does not satisfy any of the clauses (i) - (v). 
Let b — \\m.x. Then bd(X) is 1-dimensional and G-order-reversible at 6, and (1) x is not 
T-evasive; (2) there is no a e T such that x is a-abiding. There is 7 e T and a subsequence 
y oi X such that y is 7-abiding. Since F is countably generated, there is a subsequence z 
of X such that z is T-evasive. Let g & G he such that g is order reversing at b, and if X is 
two-sided at x, then g is side preserving. By Proposition 11.5(c), g{z) z. So g{x) ^'^ x. 
By Proposition 11.4(b), g{y) ~ *^ y . So -i-Pcnvrg(^) holds. A contradiction. ■ 

We represent points in bd {X) by sequences xm.X which satisfy Ppnt {x) . Such sequences 
are called point representatives. By the above proposition, for every x e bd(X), there is x 
such that lim x — x and Ppnt {x) holds. So every point of bd {X) is represented. 

We shall find a property (/'pnteq {^i v) which for point representatives x, y expresses the 
fact that lim x — lim y. Let x be a point representative. The weak stabilizer of x is defined 
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as follows. 

wstab(x) — {g e G \ g{x) ~ ^ x}. 

Define 

Ppntcq{,x,y) = (wstab(a;) C wstab(y)) V (wstab(?/) C wstab(x)). 

For an open subset U of X define opcl(f/) =UU (bd(X) - acc^^^^\X - U)). Then 
opcl(?7) is open in cl(X). Also, if G Ro(cl(X)), then V = opcl(l^nX). Let B = 
{opcl([/) I U is open in X}. Hence Ro(cl(X)) C B, and so B is an open base for cl(X). 
Every open subset U of X will represent opcl(?7). So the set of open subsets of cl{X) 
which are represented, forms an open base for cl{X). 

We next define the property Pung{x,U). For a point representative x and an open 
subset U of X, Pung{x, U) will express the fact that limx e opcl(t/). Let 

-Pbing(^,C^)= For every sequence y: if Ppnt {y) and Pp„teq(x,y), then Rng(y) -[/ is finite. 

Proposition 11.9. Let F he a countably generated modulus of continuity. Suppose that 
E is a normed space, X C E is open, and X is locally F -LIN-bordered. Let G be a 
F - appropriate subgroup ci/EXT(X). 

(a) Suppose thatx,y are point representatives. Then limx = limy iff' Ppntcq{^,y) holds. 

(6) Let X be a point representative, and U Q X be open. Then \\mx e opcl(t/) iff 
-Pbing (2^, U) holds. 

Proof (a) Let x, y be point representatives. If lim x ^ lim y, then there is g & G such that 
g is the identity on some neighborhood of limx and gi^vny) ^ limy. So e wstab(x) — 
wstab(y). Similarly, wstab(y) % wstab(x). So wstab(x) and wstab(y) are incomparable. 

Suppose that limx = hmy. Denote h — \\m.x. If for some a e T, bd(X) is ct-SLIN- 
bordered at 6, then by Proposition 11.3(a2), wstab(x) = wstab(y) — {g &G \ g{b) — b}. 

Suppose that X is two-sided at b and hd{X) is not 1-dimensional at b. Then 
wstab(x) = wstab(y) — {g E G \ g{b) — b and g is side preserving at b}. This follows 
from Proposition 11.3(a2) and (b). 
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Suppose that bd {X) is 1-dimensional at b. If bd {X) is G-order-irreversible at b, and X 
is not two sided at 6, then wstab(x) = wstab(y) — {g E G \ g{b) — b}. This follows from 
Proposition 11.5(d). Next assume that hd{X) is G-order-irreversible at 6, and X is two 
sided at b. Then wstab(x) = wstab(y) — {g E G \ g{b) — b and g is side preserving at b}. 
This follows from Propositions 11.5(d) and 11.3(b). 

Suppose that G-order-reversible at b. Then by Lemma 11.8, x is T-evasive, or there is 
a E r such that x is a-abiding. The same holds for y. If both x and y are evasive or both 
are abiding, then wstab(x) = wstab(y). This follows from Propositions 11.4(b), 11.5(a2), 
11.5(c) and 11.3(b). Suppose that x is evasive and y is abiding. Then wstab(x) consists 
of all g E G such g{b) — b, g is order preserving at b, and if X is two sided at b, then g 
is side preserving at b. wstab (y) consists of all g E G such that g{b) — b, and if X is two 
sided at 6, then g is side preserving at b. So wstab {x) C wstab {y) . We have shown that if 
lim X — lim y , then wstab {x) and wstab {y) are comparable. 

(b) Let X be a point representative, U Q X he open in X and b — limx. If 6 e opcl(C/), 
then for every sequence y in X, such that hmy = b there is n such that Rng(y-") C U. 
So Pbing {x, U) holds. If 6 ^ opcl(C/), then there is a sequence y in X, which converges to b 
and such that Rng (y) is disjoint from U . There is a subsequence z oi y such that Ppnt (z) 
holds. So Ppnteq (^, z) holds. Hencc -iPbing {x, U) holds. ■ 
Proof of Theorem 8.8 Part (a) of 8.8 is a special case of (b), so we prove (b). Let 
X,Y,G,H and r be as in (b). Then r induces an isomorphism f between M{X,G) and 
M(Y,H). Clearly, Properties Ppnt(^), -Ppnteq(^) and -Pbing(^) are preserved by f. This 
implies the bi-extendability of r. ■ 
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12 The complete F-bicontinuity of the inducing 
homeomorphism 



In the previous chapter we have shown that if {Hp^^-^^{X)y = H2^^-^^{Y), then 
T e EXT^(X,Y). Further, by Theorem 3.27, r is locally T-bicontinuous. In this chapter 
we finally conclude that r is completely locally T-bicontinuous. However, at this point we 
only know to show this for principal T's. 

12.1 r-continuity in directions parallel to the boundary of X. 

Definition 12.1. (a) Let 5" be a set and be a partition of S. That is, is a pairwise 
disjoint family whose union is S. Denote S by S-p- For T C S let V \T := {P (IT \ P e V}. 
Let a b mean that there is P E V such that a,b E P. If X is a topological space, and 
S C. X is an open set, then V is called an open sum partition with respect to X. 

In the parts (b) - (d) assume that {X, d), {Y,e) are metric spaces, r : X ^Y, a E MC 
and r C MC . Let V be an open sum partition with respect to X and S — S-p. 

(b) Call T an {a, V) -continuous function, if for every P E V and xi,X2 G P, 
e{T{xi),T{x2)) < a{d{xi, X2)), and call r an {a, V) -inversely-continuous, if for every P eV 
and Xi,X2 G P, d{xi,X2) < Q;(e(T(xi),T(a;2))). We say that r is {a,V)-bicontinuous, if for 
every P eV and Xi,X2 G P, e{T{xi),T{x2)) < a{d{xi,X2)) and d{xi,X2) < a{e{T{xi) ,t{x2))) ■ 

(c) We say that r is {a, V) -continuous at x, if there is T e Nbr(x) such that T C S 
and T is {a, V tT)-continuous, and r is said to be (F ,V) -continuous at x, if there is a e T 
such that T is (a, T') -continuous at x. The notions (a, P)-inverse-continuity at x, {a,V)- 
bicontinuity at x, (r, 7^) -inverse-continuity at x and (r, 7')-bicontinuity at x are defined 
analogously. 

(d) Call T a locally {r,V ) -continuous function, if for every x E S, t is {r,V) -continuous 
at X. The notions of local (r, 7')-inverse-continuity and local (r, P)-bicontinuity are de- 
fined analogously. □ 

The partitions V that will be used here have of the following form. Let F be a closed 
linear subspace of E. V is the partiton of E into the cosets of F. 
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The next goal is to show that if {Hp^^-^^{X)y C Hp^^-^^{Y), then for every 
X e hd{X) there is a e T and a neighborhood of the identity in the group of trans- 
lations parallel to the boundary of X such that for every h in this neighborhood, is 
a-bicontinuous at t^'(x). 

Recall that the notion of decayability was defined in Definition 3.1(c). We shall use it 
now again for the following situation. Let BCD^{A, r) be a linear boundary chart domain, 
X = cl^(°''^)(BCD^(A,r)), H = {tr^ | v e hd^(A)} and A be the natural action of H on 
X. Then A is decayable. 

When dealing with partial actions, it is often the case that we wish to perform a 
composition gro/, where Rng(/) ^ Dom(gr). Such a composition is considered to be legal. 
The domain of the resulting function is /~^(Rng(/) fl Dom(g')). 

Proposition 12.2. (a) Suppose that BCD^(A,r') be a linear boundary chart domain 
and L = hd^{A). So L is a closed subspace of E. Let L' = L (1 B{0,r'). So L' = 
bd^(0''-')(BCD^(A,r')). LetX = BCD^(A, r') U L' and H = {trf \v eL}. We equip H 
with the norm topology of L. Let A be defined as follows. 

Y)om{X) — {{h,z) \h & H and z,h{z) & X} and X{h,z) — h{z). 

Then X is a partial action of H on X. 

(b) Let BCD'^(yl, r') etc. be as in Part (a) and a{t) = 2t. Then A is a-decayable in X. 

(c) Let BCD^{A,r') etc. be as in Part (a). Then for every x & L' , x is a X-limit-point. 

Proof (a) This part is trivial. 

(b) It suffices to check that A is a-decayable at 0. We take tq to be r'. For r e (0, r') we 
take V = Vo,r to be {trf | v e B^{0, r/4}. So indeed V x B{0, ar) C Dom(A). (Recall that 
a — 1/2). It thus suffices to show that for every normed space E, r > and v e S(0, r/4) 
there is g E H{E) such that 

(i) supp(^)CS(0,r), 

(ii) for every x E E, g{x) — x G span({t;}), 

(iii) g\B{0,r/2) = tr,\B{0,r/2), 

(iv) g is 2-bilipschitz. 



297 



Let k : [0, oo) — > [0, oo) be the piecewise linear function such that k{t) — 1 ior t e [0, r/2], 
k{t) = for i > r, and k is hnear in [r/2, r]. So (A; t[r/2, r]){t) = 2 - 2i/r. Let 

g'(x) ^ x + k{\\x\\)-v. 

It is trivial that (i) - (iii) hold. We check that (iv) holds. Let x,y e E. If \\y\\ > r or 
\\y\\ < r/2, then \\g{x) — g{y)\\ = \\x — y\\. Let u = g{x) and w = g{y). Assume first 
that ||a;||, \\y\\ e [r/2,r]. Then u - w ^ {x - y) - l{\\x\\ - \\y\\)-v. So 

\\u - w\\ < \\x - y\\ + l\\x - y\\-\\v\\ < (1 + - y\\ = - y\\ 

and 

ll-u- w|| > \\x-y\\ - ^\\x-y\\-\\v\\ > (1 - = 

That is, \\x - y\\ < 2\\u - w\\. 

Suppose that r/2 < \\x\\ < r and ||y|| < r/2. Let z e [x,y] be such that ||2;|| = r/2. Let 
fe{g,g-'}. Then 

\\f{x)-f{y)\\ < \\f{x)-f{z)\\ + \\f{z)-f{y)\\<2\\x-z\\ + \\z-y\\ 

< 2i\\x-z\\ + \\z-y\\) = 2\\x-y\\. 

The case that r/2 < ||x|| < r and > r is dealt with in a similar way. The case that 
||a;|| < r/2 and \\y\\ > r too is dealt with in a similar way. 

(c) It is trivial that every x & X, and in particular every x e L', is a A-limit-point. ■ 

Definition 12.3. Let {X, d) he a, metric space, V be an open sum partition with S — S-p, 
if be a topological group and A be a partial action of if on X. Denote the unit of H 
by ch, and ior g & H set g — g\. 

(a) Let X E S. We say that {H, A) is V -translation-like at x, if for every M e Nbr(e//) 
and U e Nbr [x) there are: 

(i) N e Nbr (en) such that N CM, 

{ii) T,B e Nbr (x) such that T C B C S nU and N x B C Dom(A), 
(Hi) K >0; 



298 



such that for every P e V and distinct Xo,Xi e PUT there are n < ^^^^^^^ and 
9i, ■ ■ ■ 1 9n ^ N which satisfy: 

(1) gi = ch, 

(2) for every i = l,...,n-l, gi{xi) = gi+i{xo), 

(3) gn{x,) ^ B. 

(b) Let L C S. We say that {H,X) is V -translation-like in L, if for every x E L, {H,X) 
is P-translation-hke at x. 

The notion of a P-translation-hke action will be used in the following setting. Let 
BCD^(A,r) be a linear boundary chart domain, X = cl'^^°'''^(BCD^(A, r)) and 
H = {tVy I V e hd^{A)}. The natural partial action oi H on X is translation- like. 

Proposition 12.4. Let BCD^{A,r) be a linear boundary chart domain, L — hd^{A). So 
L is a closed subspace of E. Let L' = Ln S(0,r). So L' = bd^(°'''^(BCD^(A, r)). Let 
X = BCD^(A, r)UL',V^{Xr](v + L)\veX} and H = {trf \v E L}. We equip H 
with the norm topology of L. Let X be the following partial action of H on X. 

Dom{X) = {{h, z) \ h & H and z, h{z) & X} and X{h,z) = h{z). 

Then X is V -translation-like in X . 

Proof The proof is trivial. ■ 

The following lemma will be applied to the group of translations in a direction parallel to 
the boundary of a linear boundary chart domain. This lemma captures the main argument 
in the proof of Lemma 12.6. 

Lemma 12.5. Let {X,d^) and {Y,d^) be metric spaces, and t : X ^Y. Let F be a 
countably generated modulus of continuity, and let a e MBC . Let S C. X be open, and V 
be a partition of S. Let H be a topological group and X be a partial action of H on X. Let 
X E S. Assume that: 

(i) S C Fid (A), 

(ii) A is V -translation-like at x. 
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(Hi) X is a-decayable in S, 
(iv) X is a X-limit-point, 

(v) There is U & Nbr (x) such that for every g G H[X), ii/supp(gf) C U and g is a^a- 
bicontinuous, then g'^ is F -hicontinuous at r{x). 

Then r is inversely {F ,V) -continuous at x. 

Proof Suppose by contradiction that r is not inversely (r, 7^) -continuous at x. The 
conditions of Lemma 3.11 hold for x, according to the following correspondence. The 
group G of 3.11 is H{X) here, and N of 3.11 is -S" here. Also, since x is a A-hmit-point, 
K,:= mm{{K{x,Vx{x))\V E'Nhic{eH)}) >'^o- Hence F is (<ft;)-generated. It follows from 
3.11 that there are V e Nbr(x), M e Nbr(e//) and 7 e T such that MxV C Dom(A), and 

(i) for every h e M, {hxY IriV) is 7-bicontinuous. 

For g & H denote g = g\. Since A is P-translation-like at x, there are: 

(ii) N e Nbr {ch) such that N CM, 
(Hi) T,B e Nbr(x) such that T C B C SnV, 

(iv) K >0] 

such that for every P E V and distinct xq^Xi E P r\T there are n < K/d{xQ,Xi) and 
en = gi,---,9n e N which satisfy: gi{xi) = gi+i{xo) for every i = l,...,n- 1, and 
gni^i) ^ B. 

Let C = t{B) and y = t{x). Since C is a neighborhood of y, d := d{y, Y — C) > 0. Let 
t > be such that t{B{x, t)) C B{y, d/2) and B{x, t) C T. Set K* = 2K/d. By Clause M2 
in Definition 1.9, K*-'y G F. We have assumed that r^^ is not (/", r(7') )-continuous at 
y. Hence there are P E V and yo,yi G r{B{x,t) fl P) such that d{T~^{yo),T~^{yi)) > 
K*'y{d{yQ,yi)). For i = 0,1 let Xi = T^^{yi), hence xq,Xi G B{x,t) C T. So there 
are n < K/d{xQ,Xi) and en = gi,...,gn G N such that for every i = 1, . . . ,n — 1, 
gi{xi) = gi+i{xo) and gn{xi) ^ B. For i = 2, . . . , n let = gi{xi) and yi = T{xi). Since 
yo G T{B{x,t)) C B{y,d/2), we have that d{yQ,y) < d/2. Note that 

(1) For every i = 1, . . . , n, gl{yo) = yi-i and gliyi) = yi, 

and recall that 
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(2) yo,y,eT{B{x,t))CT{V), 

(3) (?!,...,(?„ eiV CM. 

So by (i) and (l)-(3), d{yi-i,yi) < 7(^(1/0,1/1)) for every i = l,...,n. Recall that 
d{xQ,Xi) > K*'j{d{yo,yi)). Also, Xn ^ B and hence 7/„ ^ C. So 

d{y, Y -C)< d{y, yn) < d{y, yo) + X)i=i d{yi-i, yi) < d/2 + 717(^(^0, Vi)) 
< d/2 + ^ ■ 7(rf(?/o, yi)) < d/2 + ^.^(,f^^^^^)) • 7(rf(yo, yi)) 

But (i(y, F — C) = a contradiction. ■ 

Lemma 12.6. Assume the following situation. 

(1) r", A are countahly generated moduli of continuity. 

{2) X C E and Y C F are open subsets of the normed spaces E and F , X is F-LIN- 
bordered and Y is A-LIN-bordered. 

(3) T e EXT^(X, y), G is a F-appropriate subgroup of EX.T(X), H is a A-appropriate 
subgroup of EXT (Y) and C = H. 

(4) X e bd(X), (93,^, r) is a boundary chart element for x , 7 e T andip is j-bicontinuous. 

(5) 1/ G bd (Y), {ip, B,s) is a boundary chart element for y , 5 G Z\ andip is 6-bicontinuous. 

(6) T^'(x)=y ancfT((^(BCD^(Ar))) C V(BCD^(S,s)). 

(7) Set L = bd(A), X = BCD^(A,r) U (LnS(0,r)), f = ijj-^ ot^^ oip, Y = f(X) and 
V^{(v + L)r]X\veX}. 

Then f Z5 inversely { A, V) -continuous at 0. 

Proof We may assume that X — Rng((/9) 7^ 0. From the fact that G has boundary type F 
it follows that there is Z G Nbr^>) such that G \Z (1 X\ D ffCMP.LC (x) \ZnX\ . We may 
also assume that 9?(BCD^(Ar)) C Z. 

We wish to apply Lemma 12.5 to X, Y and f. More specifically, the roles of the objects 
mentioned in 12.5 are taken by the following objects here. The role of F in 12.5 is taken 
by A here, the spaces X, Y in 12.5 are X, Y here, r of 12.5 is f, a of 12.5 is the function 
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y — 2x^ S IS X and V of 12.5 is V here. The topological group H appearing in 12.5 is 
{tr^ \ v & L} equipped with the norm topology of L, and A is the natural partial action of 
{trf \v&L}onX. 

Our next goal is to define the open set U appearing in Clause {v) of 12.5. We first 
check that </'(^) = cl(X) fl Rng((/7) and that is open in c\{X). Clearly, X C 

cl^(BCD^(^,r)). So if e X, then by the continuity olip, ip{u) e d^{ip{BCD^{A,r))) C 
c[{X). That is (p{X) C d{X). X is closed in S(0,r) and so -6(0, r) - X is open in 
S(0, r). So B(0, r)—X is open in E. Since </? takes open subsets of E to open subsets of E, 
ip(B(0,r)-X) is opening;. Also, ip{B(0,r) - X)r]X ^ $. So (/?(S(0, r) -X) ncl(X) = 0. 
It follows that Rng((/7) ncl(X) = <p{X). Prom the fact that Rng{(p) is open in E it follows 
that (p{X) is open in cl{X). 

Since x = ip(0) and e X, it follows that ip(X) e Nbr "^(^^(x). So d(x,d(X)-ip(X)) > 0. 
Let r' e (0,r) be such that diam((^(X n S(0,r'))) < d(x,cl(X) - ip{X))/2. The open set 
[/ appearing in Clause (v) of 12.5 is X n B^(0, r'). 

We have to show that Clauses (i)- (v) of 12.5 hold. It follows from Proposition 12.2(b) 
that A is CK-decayable in X, and it follows from Proposition 12.2(c) that is a A-hmit-point. 
It follows from Proposition 12.4 that A is T'-translation-like at 0. 

We check that U satisfies Clause (v) of 12.5. Note that X = cl^(°''^)(BCD^(A, r)). We 
shall also use the fact that if c\^{A) C Dom((^), then d^{(p{A)) = (p{d^{A)). This follows 
from the fact that (p takes closed subsets of E to closed subsets of E. 

Let P — aoa. So P{t) — At. Let g e H{X) be /3-bicontinuous and supp(g') C U. In 
order to prove that Clause (v) is fulfilled, it has to be shown that g'^ is Zi-bicontinuous at 
f(O^). Recall that f = ^"^"t^'oc^. So / = ((g'^y''^ )'^~' ■ Set /i = c/'^ and p = 70/307. 
Since g is /3-bicontinuous and (p is 7-bicontinuous, it follows that h is p-bicontinuous. Also, 

(3 e r^ip c r and 7 e r, so p e r. 

Note that Dom(gr) — X C Dom (</?). So Dom(/i) = <p{X) and hence Dom(/i) is open 
in d{X). It follows trivially from the definitions of X and U that d^{U) C X. Hence 
cl^(supp(g')) C X C Dom{(p) and so cl^((/?(supp(g'))) = (p{d^{supp{g))). So 

cl^(supp(/i)) = cl^(v?(supp(c/))) = (^(cl^(supp(^))) C ^{d^{U) C ^{X) = Dom(^). 

Leth^hUld \{d{X) - Dom(^)). We show that h e Hr{d{X)). That is, h e H{d{X)) 
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and h is r-bicontinuous. Let u e cl{X). Hue Dom(/i), then since Dom(/i) is open 
in c\{X) and h is continuous, we have that h is continuous at u. li u ^ Dom(/i), then 
since cl^(supp(^)) C Dom(^), it follows that u E c[(X) — cl^(supp(^)). So there is 
V e Nbr^^^^^(ii) such that h\V — Id. Hence h is continuous at u. The same argument 
applies to h'^. Soke H{d{X)). 

We now show that h is T-bicontinuous. Recall that X — Rng{(p) ^ and hence 
X — Dom(/i) ^ 0. Since </? is 7-continuous, it follows that Dom(/i) and hence supp(^) are 
bounded. Set c = d(supp (^), cl(X) — Dom(/i)) and e = diam(supp(^)). Clearly, e < 00. 
We show that c > 0. Recall that supp(g') C [/, and hence supp(/i) = </7(supp (g')) C (/?([/). 
Also, X = </7(0) e ^}{U). So 

c = rf(supp(/;.),cl(X) -Dom(/i)) > rf(^(t/),cl(X) -(^(X)) 

> rf(a;,cl(X) -(^(X)) -diam((^(?7)) 

> ci(x, cl (X) - ip{X)) - d{x, cl {X) -X)/2 = d{x, cl (X) -X)/2> 0. 

Let u,v E cl(X). li u,v G supp(/i), then — h{v)\\ < p{\\u — v\\). If u.v G 

cl(X)— supp(/i), then — = t>||. Suppose that m G supp (/i) and u ^ supp (/i). 
If V G Dom(^), then \\h{u) — h{v)\\ < p{\\u — v\\). Otherwise, 

\\h{u) — h{v)\\ < \\h{u) — u\\ + \\u — v\\ < e + \\u — v\\ 

— + — I'll < ^-llii — I'll + ||ii — I'll = ^ • ||ii — I'll- 

It follows that h is {1 + e/c) ■ p-continuous. The same argument apphes to h~^. Since 
(l + e/c)-pGr, it follows that h is T-bicontinuous. 

Let h^h\X. Then supp(/i) CZnX. Hence h G /j-CMP.LC (x) \Zr]X\ . It follows that 
h E G. By Assumption (3) in the statement of the lemma, G H. So G EXT(y) and 
/i"^ is Zi-bicontinuous at y. That is, for some u e A, is i/-bicontinuous at y. So (/i"^)^^ 
is i/-bicontinuous at y. Now, h — h^^ , hence = (/i'^)'^' and so Ji^"^ is i/-bicontinuous 
at y. Recall that t/j is 5-bicontinuous, where 5 G A. Also, ip~^{y) — 0^. It follows that 
(h^"^)'^ 1 -g (5 o 1/ o 5-bicontinuous at O''^. That is, {Ji^"^)'^ ^ is Zl-bicontinuous at 0^. Finally, 
c,^ = C Ji and y G Dom((^^)^'' ). So {{g^y"')^'' is /:i-bicontinuous at 0^. That is, / is 
Zl-bicontinuous at t(O^). 
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We have checked that the conditions of Lemma 12.5 hold. So f is inversely {A,V)- 
continuous at 0. ■ 



12.2 T-continuity for submerged pairs and the star operation. 

The next intermediate goal is to show that in the above setting, f is inversely Z\-continuous 
at 0^, (Lemma 12.17(b)). Unfortunately, we know to prove this only under additional 
asumptions on F and A. The assumptions F = A and F is principal suffice. (See Clause 
M6 in Definition 1.9). The exact extra assumptions use the notion of star-closedness which 
is defined in Definition 12.11(d). They are: F Q A and A is /"-star-closed. 

Proposition 12.7. Recall that for p e if([0, oo)) and a normed space E, the homeo- 
morphism Rad^ e H{E) was defined as follows: for u 0, Rad^(ii) = p(||M||)-jj^ and 
Rad^(O) = 0. If a E MC and p is a-continuous, then Rad^ is 5- a-continuous, 

Proof Let x,y E E and y ^ 0. Denote z = Then — 2;|| = |||y|| — < — a;||. 

So \\x — z\\ < \\x — y\\ + \\y — z\\ < 2\\y — x\\. Let h = Rad^ . Suppose that x ^ z. Then 

\\h{y) - h{x)\\ < \\h{y) - h{z)\\ + \\h{z) - h{x)\\ < a{\\y - z\\) + ^^x - z\\ 

< a{\\y - x\\) + ^-Wx - z\\ < a{\\y - x\\) + '^jS^^Mx - z\\ 

= a{\\y - x\\) + 2a(||^||) < a{\\y - x\\) + 2a{\\x - z\\) < a{\\y - x\\) + 2a{2\\y - x\\) 

< ai\\y-x\\) + 4a{\\y-x\\) = 5a{\\y-x\\). 

li X — z, then \\h(y) — h(x)\\ < 0({\\y — x\\). So Rad^ is 5 • a-continuous. ■ 

Proposition 12.8. There is Af*" such that the following holds. Let a G MBC and a > 0. 

Let E be a normed space, x,y E E and \\x\\ = \\y\\ = a{a). Then there is g E H{E) such 
that g{0) = 0, g{x) = y, supp(5f) C i?(0, Q!(a) + a/2), and g is M"^"^ -aoa-bicontinuous. 

Proof Let h = a{a), c = a{a) + a/2 and N = M'^^^. (See Proposition 9.2(c)). Let 
p e i?([0, oo)) be the piecewise linear function with breakpoints at h and c such that 
p{h) = 2^ and p{t) — t for every t> c. The slope of p on [0, a{a)\ is 2^ < 1. The slope of 

p on [a(a), a{a) + a/2] is ^^^^ — 2a{a)+a-a{a)/N ^ 3a^^ rjnj^g slope of p on [a{a) + a/2, 00) 
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is 1. So p is (3, 3Q;)-continuous. (See Definition 9.9(b)). By Proposition 9.10(a), p is 9q;- 
continuous. By Proposition 12.7, Rad^ is 45-Q;-continuous. Clearly, (Rad^)~^ = Rad^-i. 
The slope of p-^ on [0, ^] is 2N. The slope of p'^ on [^,a{a) + f] is < ^ < 1. 
So p"^ is (3, 2A'"Q;)-continuous. It follows that (Rad^)"^ is 30A^-Q;-continuous. Let Mi = 
max(30A^, 45). Then Rad^ is Mi-a-bicontinuous. Let h — Rad^. Then 

(1) supp(/i) C5(0,a(a) + f), 

(2) h{x) = ^, 

(3) h is Mi-a-bicontinuous. 

Let L — span({x, y}). By Proposition 9.2(c), there are a Euclidean norm || ||^ on L 
and a complement S oi L such that for every u e E, \\{u) + \\{u) s\\ \\u\\. Denote 

\u\ — \\(u)l\\^+ \\{u)s\\- We shall apply Proposition 9.6(c). Let x — y — ^y, and 
9 be the angle from x to y in (L, || ||"). So \y\ — \x\. Let S — B^{0,\x\). Let rj be 
the piecewise linear function with breakpoint at \x\ such that 77(0) = 9 and Jyd^l) = 0. 
So rj is ||j-Lipschitz. Hence the conditions of Proposition 9.2(c) hold with r = \x\ and 
K — 9/\x\. Let d denote the distance function obtained from | |. Let gi be defined by 
gi{u) = Rot^^^^^^^(ii). Then gi e H{E) and gi is (M™*-Xr + l)-bihpschitz with respect 
to d. Note that Kr — 9 < n. So gi is M™* (tt + l)-bilipschitz with respect to d. Write 
M2 = (M^i'^)2M™* (tt + 1). Hence 

(4) gi is M2-bilipschitz in {E, \\ ||). 

Let u e E - B{0,\\x\\). Then \u\ > ||m||/M'" > ||a;||/iV. So d{u,S) > \x\. Hence 
gi{u) = u. That is, 

(5) supp(5i) C5(0,||x||). 
It is also obvious that 

(6) gi(x) = y. 

Let y = Then \\y\\ = \\x\\. Recall that \y\ = \x\. Since |a;| \\x\\, 
\\y\\ \\y\\. That is, TTHE'll^ll — \\y\\ — -^^"^"ll^ll- construct g^ which takes y to 

y. Let p : [0, cxd) [0, cxo) be the piecewise linear function with breakpoints \\y\\ and ||a;|| 
such that p(0) = 0, p(||y||) = \\y\\ and p{t) = t for every t > \\x\\. Since \\y\\, \\y\\ < \\x\\, 
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p e //([O, oo)). The slopes of P are and 1, and the slopes of p'^ are ^, 

and 1. Clearly, M < m'^^^ = N. Note that ||y|| < = \y\ = \x\ < M^^'^ - WxW = 

7V.M = ||a;||/2. So = ^^^^ < ppp^ = 2- Hence p is max(iV, 2)-Lipschitz. 

As to the slopes of p"^, clearly, ||||| < iV and jj^jj^jj^jj < < 2. So p""*" is 

max(A^, 2)-Lipschitz. Let M3 = 3max(iV, 2) and g2 = Rad^. By Proposition 3.18, 

(7) g2 is Ms-bilipschitz. 

It follows trivially from the definitions of p and g2 that 

(8) 52(y)=y, 

(9) supp(^2) C5(0,||x||). 

Let g — °gi°gi°h. Note that 
(10) h-\y)^h-\^)^y. 

It follows from (I)-(IO) that g is MfM2M3-Q;oQ;-bicontinuous, g{x) — y and supp(g') C 
B{0, a{a) + a/2). Define M"^*" = M^MiM^. Then M"^*" is as required. ■ 

Definition 12.9. (a) Let be a metric space, x,y E X C E and a E MC. We say that 

{x,y) is a-submerged in X with respect to E, if 6^{x) > \\x — y\\ + a^^{\\x — y\\). 

(b) Let XCEj y C F be open subsets of the metric spaces E.E, VEX, a;Gbd(X), 
a,(3 E MC , r,AC MC and r E EXT'^(X,F). Wc say that r is (3 -continuous for a-submerged 
pairs in V, if for every a-submerged pair {y,z) in V, {t{ii),t{z)) < i3{d^ {y,z)). 

We say that r is j3-continuous for a-submerged pairs at x, (r is Q;)-continuous at a;), 
if there is ?7 G Nbr^(a;) such that r is /3-continuous for a-submerged pairs in t/ fl X. We 
say that r is A-continuous for F-submerged pairs at x, (r is (Z\; F) -continuous at x), if for 
every a E F there is /3 G Z\ such that r is Q;)-continuous at x. 

(c) Let X C i^, y C F be open subsets of the metric spaces E,F,V X, a,f3 E MC 
and T E EXT^(X, F). Wc say that r is almost [^-continuous for a-submerged pairs 
in V, (r is Q;)-almost-continuous in V), if for every a-submerged pairs {y , Zi) , {y , Z2) 
in V: if = (i(y,^2), then (i^(r(y), r(^2)) < /3((i^(r(y), r(^i))). □ 

Under assumptions similar to Lemma 12.6, we prove the submerged continuity of r"^. 
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Lemma 12.10. Assume the following facts. 

(1) r, E are countably generated moduli of continuity, and Q is the modulus of continuity 
generated by F U S. 

(2) X C E and Y C F are open subsets of the normed spaces E and F , X is F-LIN- 

bordered and Y is S-LIN-bordered. 

(3) T e EXT^(X, F), G is a F-appropriate subgroup of EX.T{X), H is a A-appropriate 
subgroup of EXT (Y) and C = H. 

(4) X e h<\{X), {(f, A, r) is a boundary chart element for x, 7 e -T and(fi is ^-bicontinuous. 

(5) y G bd {Y), {ip, B, s) is a boundary chart element for y , a E E andil^ is a-bicontinuous. 

(6) T^^(x)=y andT{(p{BCB^{A,r))) Cilj{BCD^{B,s)). 

(7) Set X ^ BCD ^ (A, r), f^i/j-^oroip andY^f(X). 
Then is (i7; E)-continuous at f(0). 

Proof There is Z G Nbr^(y) such that H \Z n Y\ D H9^^^-^^ (Y) \Z OYl and we may 
assume that ^(BCD^(fi,s)) C Z. Set F = hd{A), X = BCD^ {A,r) U (L n 5^(0, r)), 
f = ^-lor^i o^, Y = t{X) andV = {{v + F)nX \ v e X}. Note that f = r^B(o bf(o s)- 
By Lemma 12.6, f is inversely (Z", P) -continuous at 0. Let Tq G (0,r) and o" G be 
such that f \ {B^(0,rQ) H X) is inversely (cr, "P )-continuous. Let Fq C F he any ray whose 
endpoint is 0. For every u G 5(0, Tq) fl X let x^ be the intersection point of the ray 
u + Fq with the sphere S'(0,ro). Clearly, lim^^o^^w = ^o^- So lim„^o '^^('^(m), ^(^^u)) = 
d^{r{0^),T{xQE)) > 0. Also, lim^_^Q 5^(f(?i)) = 0. Hence there is Vi G (0,ro) such that for 
every u G B{0, n) n X, d^{f{u), f{xu)) > ^^(^(m)). Let V = f (5(0, ri) n X). So for every 
V E V and t G [0,5-^(f)] there is y{v,t) G f([f^-'^(f ), a;^-i(^)]) such that d^{y{v,t),v) = t. 
Denote f^^ by fj. By the inverse (cr, P)-bicontinuity of f, for every v and t as above 
d^{fl{y{v,t)),fi{v)) < a{d^{y{v.t).v)). 

Claim 1 Let a G r n MBC. Then there are W G Nbr^(O) and 7 G T such that 
fj is (7; a)-almost-continuous in fl F. Proof Suppose by contradiction this is not so. 
Let {7j I i G N} be a generating set for F , and assume that for every i, {j | 7^- = 7j} 
is infinite. There is a sequence {{yi,Ui,Vi) | i G N} such that: (i) for every i, {yi,Ui) is 
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a-submerged in y and Uti— = ll^"— (ii) ^imVi = 0^; (iii) 5^{yi+i)<a ^{\\yi-Ui\\)/A; 
(iv) \\fi(vi) - fi(yi)\\ > ^i{\\fi(ui) - fi(yi)\\). Let n = \\ui - yi\\ + Note that from 

(iii) and the fact that {yi,Ui) is ct-submerged it follows that B{yi,ri) H B{yi,rj) — for 
any i ^ j. By Proposition 12.8, there is gi e H{Y) such that gi{yi) — yi, g{ui) — Vi, 
supp(g'j) C B{yi,ri), and gi is M'^*°-Q;oQ;-bicontinuous. Since supp(g'i) nsupp(g'j) = for 
any i ^ j, we have that g — Oigi is well-defined, and g is (M'^*°)^-Q;°^-bicontinuous. We 
shall reach a contradiction by showing that g is i7-bicontinuous at 0^, whereas (f ^ is not 
T-bicontinuous at 0-^. 

Define /i = and /i = /i U Id t (y - VC^))- We shall show that h ^ E. Recall 
that y — ■0(0^) and set hi — gf. Then h — Oi^f^hi. Recall that supp(g'i) C B^{yi,ri) 
and note that liuii^iq B^ (yi, Vi) — 0^. Since {0^} U [j-^^ B^ {yi, Vi) C Dom('0), it fol- 
lows that \imi^^1l){B^{yi,ri)) — y. Also, supp(/ii) = ■0(supp(g'i)). Hence cl(supp (/ij)) = 
■0(cl(supp(g'i))) C '4>{B^{yi,ri)) and so limjgNcl(supp(/ii)) = y. We thus conclude that: 
(1) cl(supp(/i)) = {z/}uUieN cl(supp(/ij)). It also follows that: (2) \l z QY and Ymiz = y, 
then \imh{z) = y. Note that: (3) for every i e N, cl(supp(/ii)) C 'il){B^{yi,ri)) C '0(y). 
Let z e cl(y). II z ^ cl(supp(/i)), then h\J {{z,z)} is continuous. If z e cl(supp (/i)), 
then z e cl(supp(/i)). So by (1) and (3), either z — y ox z & '^(X)- z — y, then by (2), 
hU {{z,z)} is continuous. If z e then h{z) — h{z). Prom the facts: h is continuous, 

h\Y — h and is open in F, it follows that h is continuous at z. We have shown 

that h is extendible in F. The same argument applies to h~^, so h E EXT(y). Clearly, 
supp(/i) = supp(/i) C '0(y) C ip{BCD^{B,s)) C Z. That is, (4) supp(/i) C Z. 

We now show that h e //^MRLC^y) ^ ^ (^rtn)2.Q,c4 and /3 = (joaocr. Then 

(5 E E. We have seen that g is a-bicontinuous. So since is u-bicontinuous, it follows 
that h is /3-bicontinuous. This implies that h^^ is /3-bicontinuous. We show that for every 
z e cl(y), h is /3-bicontinuous at z. This is certainly true if 2; ^ cl(supp(/t)). So suppose 
that z e cl(supp(/i)). Then z e cl(supp (/i)). By (1) and (3), either z e il^{Y) or z — y. If 
z e i/jiY), then i/j^Y) e Nbr^(z) and h li/j^Y) = h t^l?)- So /i is /3-bicontinuous at z. 

Assume that z — y. Recall that x — (p{0^) and y = ■0(0^) and define Xo — X[j{x} and 
yo = yu{y}. Note that =T((/?(BCD^(A,r))). Since (p{BCD^(A,r)) ^ ip(B^(0,r))n 
X and (/7(5^(0,r)) is open in it follows that (^(BCD^(^, r)) U {x} e Nbr^°(x). Prom 
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the fact that r e EXT^{X,Y) it follows that r{ip{BCD^{A,r))) U {y} e Nbr^°(y). That 
is, ij{Y) U {y} e Nbr^°(y). So there is e Nbr^(y) such that W nY ^ xIj(Y). Thus 
h\W ^h\W. It follows that /i is /3-bicontinuous at y. So h e H§^^-^^(Y). By (4), 
h e H^^^-^^ (Y) \Z (lYl Also recall that g |Z n Y\ D H^^^-^^ (Y) \Z (lYl SoheH. 

We conclude that h'^ ^ e G. Now, G is of boundary type F, so h'^ ^ is T-bicontinuous 
at X. Since (/? is T-bicontinuous and ip{0^) — x, we have that {h'^~^)'^~^ is T-bicontinuous 
at 0^. The following steps show that {h^~'y~^ = g^. 

h^~' = U Id \{Y - Dom {hW~' = if U Id \{Y - ^{Y))y~' - (5^^)""' U Id \{X - ip{X)). 

Since Rng((^) is disjoint from X — (p{X), 

[{~g^y-' u Id \{x - ^{X))y~' = {{-g'Ty . 

That is. 

We conclude that is T-bicontinuous at 0^. 

We shall now show that g^~' is not /"-continuous at 0^ thus reaching a contradiction. Let 
T G Nbr^(O) and 7' G F. Then there are i G N and a > such that 7' f [0, a] < 7, f [0, a], 
V{ui)-,fj{yi) G T and ||r/(Mi) -f/(2/i)|| < a. So 

\\g%v{ui)) - g%v{yi))\\ = Uvi) - f|{y^)\\ > - %.)||) > I'mu,) - f,{y,)\\). 

This shows that g^ is not T-continuous at 0^. A contradiction, so Claim 1 is proved. 

Let W and 7 be as in Claim 1. We may assume that W QV. There is C/ G Nbr^(O) 
such that for every u,v & U C^Y: li {u,v) is a-submerged in y, then B{u, — u\\) C W . 
Let G [/ n y be such that {u,v) is a-submerged in y. Let w — y{u, \\v — u\\). Then 
w E U. Hence 

\\fj{v) - fi{u)\\ < 7(||^H - f}{u)\\) < 7°a(||w - -ull) = 7°a(||v - u\\). 
Clearly, joa E f}, and we have just shown that fj is (7° ex; a) -continuous at 0''^. ■ 
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Definition 12.11. (a) Let a e i7([0,oo)). For every t e [0, oo) we define a sequence 
t — {tn I n e N}. Define 1^ — 1 and for every n e N, let tn+\ satisfy the equation 

and define 

Pa,n{t) = tn and qa,n{t) = tn — ^n+l- 

Note that p^fi = Id. 

(b) Let a,(3 e H{[0, oo)). We define the function (3*a : [0, oo) [0, oo) U {oo}. 

oo 

(3.a{t) = E PiQaAt))- 

n=0 

(c) For aeUC let = c1^({q;°" | n e N}). 

(d) Let r C MC and a e MC . We say that F is a-star-closed, if for every P e F there 
is 7 € r such that /9*q; ^ 7. Let Zi C MC. We say that F is A-star-closed, if there is 
5 & A such that T is 5-star-closed. □ 

The next proposition contains some trivial observations about the operation "*" . For 
the continuation of the proof of the main theorems we need only Parts (a) - (c) of the 
proposition. The other parts are mentioned in order to familiarize the reader with this 
operation. Part (a) was proved by Wieslaw Kubis. 

Proposition 12.12. Let a,P,'j e H{[0,oo)). 
(a) for every n eN, a°"'*a < net"" + Id. 
{b) If 'y ^ /5, then 7*a ^ f3*a. 

(c) For every n G N, and Pa.n+i are strictly increasing functions. 

(d) If s <t, then p*a{s) < P*a{t). 

(e) Either (3*a \{0, 00) is the constant function f{t) = 00, or (3*a G -ff([0, 00)). 

Proof (a) Let t e [0,oo). Denote Pa,n{t) — Pn and qa,n{t) — Qn- Hence qn — Q;(p„) and 
Pn + — Pn-1- Let k > Ti > 1. Then 

a-(g,) < a°"(pfe_i) = a°^^-'\qk-i) <...< a°("-('^-^»(Pfc-n)) = c^{Pk-n) = Qk-n- 



310 



Note that Y,Zo ?i = ^- Let n > 1. Then 

oo 

fe=0 k<n k>n 

k<n k>n 

(b) This part is immediate. 

(c) Note that Pa,n+i + (la,n = Pa,n- This equahty together with the facts that a is strictly 
increasing and Pa,o = Id , imphes by induction that g^.n and Pa,n+i are strictly increasing 
for every n G N. 

(d) Part (d) follows from the facts that g^.n and f3 are increasing functions. 

(e) Note that qa,k{Pa,n(t)) = qa,k+n(t)- Hence /3*a(pa,n(^)) is a tail of P*a(t). So for 
every n, (3*a{pa^n{t)) < oo iff (3*a{t) < oo. Note also that lim„pQ,„(t) = 0. Suppose 
that for some t, j3*a{t) = oo and let s > 0. Then there is n such that Pa,n{t) < s. So 
oo = l3*a{pa,n{t)) < /9*a(s). Hence f (0, oo) is the constant function with value oo. 

Suppose that f3*a f (0, oo) is not the constant oo. So R,ng{(3*a) C [0,oo). Note that 
Qa,o = Ci°Pa,o = a° (Id + 0;)^"'^. So lim^^oo 9q,o(^) = oo. For (3 we have lim^^oo P{t) = oo. It 
follows that lim^^oo /3*a(t) > lira t^oo l3{qa,o{t)) = oo. 

The strict increasingness of f3 and all the qa,nS together with the fact that P*a{t) < oo 
for every t, implies that f3* a is strictly increasing. 

It remains to show that /3*q; is continuous. Let a G (O.oo), and we show that 
En /5(Q'a,n(^)) IS Uniformly convergent in [0,a]. Let e > 0. There is n such that 
'^k>nf^(la,kici)) < From the increasingness of P and all the ga,„'s it follows that 
Y.k>n(^ilaA't)) < ^ for all t G [0,a]. So En is uniformly convergent in [0,a]. 
Hence P*a is continuous. ■ 

Question 12.13. (a) Let a,l3 e MC. Is it true that either I3*a |~ (0, oo) is the constant 
function oo, or P*a belongs to MC? 

(b) Let ai, a2, P G MC . Is the following statement true? If ai z< a2, then P*a2 z< (5*ai. 

(c) Let a G MC . Is there (3 G MC — such that Fp is a-star-closed? 

Proposition 12.14. Let K > r e (0, 1), a{t) = Kt and p{t) = f. Then there is C 
such that (3*a = C-/3. 
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Proof Abbreviate qa,n{t) by g„. Let t >0. Then 

n I \ f — 1 Kt 

w {T+Ky>^ J ^ (i+K)" i+K 

and hence 

oo 

g^a = V i f-f^l^ = (1+-^)'' ^•t'- = K:—.g(t) 

A^*" (i+ftT'-)" \i+k) {1+KY-i {i+KY ^ {1+KY-i t-'\^)- 

n=0 

SoC = x7((i + x)'--i). ■ 

Lemma 12.17(b) is our next main step. It is preceded by two propositions. Part (a) of 
12.17 is also a step in the proof of 12.17(b). For a e MC , a normed space E and x,y E E 
let pT[,^{x, y) be the point z in the line segment [x, y] such that ck{\\z — y\\) — \\x — z\\. 

Proposition 12.15. Let a G MC and a > 0. Then there is e = ea,a such that the 
following holds. If F is a normed space, M is a closed subspace of F or a closed half space 
of F, X E F — M and d{x,M) = a, then for every y e bd(M).- if d{x,y) < a + e, then 
{x, ])Yt^{x, y) ) is 2a-submerged in F — M. 

Proof Let q{t) = q^,o{t) and f{t) = q{t) + {2a)-\q{t)). Then f{t) = q{t) + a-\lq{t)) < 
q{t) + {q{t)) . In particular, /(a) < q{a) + a~^{q{a)) — a. So there is £ > such that for 
every t: if \t — a\ < s, then f(t) < Let y e bd(M) be such that d(x,y) < a + s. Then 

\\x - prt„(a;,|/)|| + (2a)-^(||a; - prt,(a;, |/)||) = q{\\x - y\\) + {2a)-\q{\\x - y\\)) 
= f(\\x-y\\)<i^^<a = 5^-^{x). 
So {x, pTt^{x, y) ) is 2a-submerged in F — M. ■ 

Proposition 12.16. Let a e MC, F he a normed space, M he a closed subspace of F or a 
closed half space of F, xeF — M andyEM. Then there is a sequence {xi\iEN} such that: 

(i) xo = X, 

{ii) for every i eN, {xi, Xj+i) is 2a-suhmerged in F — M, 

{Hi) for every i e \\xi - Xi+i\\ < qa,i{\\x - y\\), 

(iv) limjXj exists andlimiXi G bd(M), 
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(v) II lirrijXj - y|| < 2||x - y||. 
Note that the convergence of {xi \ i eN} follows from {Hi), and need not be required. 

Proof Write Po^i = Pi and j = qi. Note that pi °pi = Pi+i and that qo°Pi = qi- Let Xq = x 
and yo = y. We define by induction Xi E F — M and yi G bd (M). Suppose that Xi, yi have 
been defined. Let t/j+i G bd(M) be such that Ija;, — yj+i|| < ||a;j — |/j|| and (xj, prt„(xj, j/j+i) ) 
is 2Q;-submerged in F — M. The existence of such yi^i is assured by Proposition 12.15. Let 
Xi+i = pit ^{xi,yi+i). (Note that if for some y G M, d{x,M) — \\x — y\\, then y^ can be 
chosen to be y for every i > 1). 

By the definitions, Clauses (i) and (ii) hold. We prove Clause (iii). We prove by 
induction on i that ||a;j — Xj+iH <qi{\\x — y\\) and H^Cj+i — j/j+ijj < Pi+i{\\x — y\\) . It is trivial 
that the induction hypotheses hold for i — 0. Suppose that the induction hypotheses hold 
for i — 1. Then 

\\xi - Xi+i\\ = qo(\\xi - yi+i\\) < qo(\\xi - yi\\) < qo(Pi(\\x - y\\)) = qi(\\x - y\\). 
\\xi+i - yi+i\\ = Pi(\\xi - yi+i\\) < pi{\\xi - yi\\) < pi(pi(\\x - y\\)) = Pi+i(\\x - y\\). 
So Clause (iii) holds. 

We prove Clause (iv). Obviously, Yli^oliiW^ " vW) — 11^ ~ vW- Since \\xi — Xi^i\\ < 
Qi{\\x — y\\), it follows that Yli^o W^i ~ convergent. So {xi | i G N} is convergent. 

Let X = limjXj. The facts limjpj(||a; — y\\) = and ||a;i — yi\\ < Pi{\\x — y\\) imply that 
limj ll^i — yi\\ = 0. Since G bd(M), it follows that x G bd(M). 

We prove Clause (v) . 

oo oo 

11^ - ^11 < E W^i - < E - y|l) = Ik - y\\- 

i=0 i=0 

So \\x — y\\ < \\x — x\\ + \\x — y)\\ < 2\\x — y\\. ■ 

Lemma 12.17. Assume that Clauses (l)-(7) of Lemma 12.10 hold. That is, 

(1) r, E are countahly generated moduli of continuity, and Q is the modulus of continuity 
generated by F U E . 

{2) X C E and Y C F are open subsets of the normed spaces E and F , X is F-LIN- 
bordered and Y is E -LIN-bordered. 
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(3) T e EXT {X,Y), G is a F -appropriate subgroup o/EXT(X), H is a A-appropriate 
subgroup of EXT (Y) and ^ H . 

(4) X &h(l{X) , {Lp, A,r) is a boundary chart element for x, j G F and ip is j-bicontinuous. 

(5) y G bd(F), {iIj,B,s) is a boundary chart element for y , a & S andip is a-bicontinuous. 

(6) T^^(a;)=y and T{(p {BCD ^ {A, r))) C ^ {BCD ^{B,s)). 

(7) Set L = hd{A), X = BCD^(A,r) U (L n B{0,r)), f = ^"^"T^Ioc^, Y = f(X), 
y = r{BCD^{A, r)) anc/ = {(^; + L) n X | v e X}. 

Assume further that 

(8) i? is S -star- closed. 

(a) Le^ M = hd{B). Then there is W & Nbr^(O) and uo ^ Q such that for every 
xe{Y -M)r]W andyeYnMnW, \\t-\x) - f-\y)\\ < u;{\\x - y\\). 
{b) is f2 -continuous at f(0). 

Proof (a) Let a e 17 be such that f2 is a-star-closed. It is easy to see that a may be 
chosen to be in MBC. Note that Y ^Y - M. Let fj ^ r~^. By Lemma 12.10, there are 
p e and Wi e Nbr^(O^) such that for every u,v e WiHY: if {u, v ) is 2Q;-submerged in 
y, then \\'fl{u)—r]{v)\\ < p{\\u — v\\). Let u E f2 and a > Obe such that p*«f[0,a] < //[[Ojo]. 

Let V — {{v -\- L) n X \ V e X}. By Lemma 12.6, f is inversely (Z\, P)-continuous 
at 0^. Note that f(L fl X) = M n Y, that is, M n F e t{V). So there are a e S and 
W2 e Nbr^(O^) such that for every u,v & W2r\Mr]Y , \\fi{u) —fi{v)\\ < a{\\u — v\\). Choose 
So e (0, a/2) such that B{0^, Gsq) n BCD ^(5, s) CY nWinW2 and let W = B{0^, sq). 

Let X e {Y-M)nW and and y e YnMnW. Let {xi\i e N} be the sequence assured by 
Proposition 12.16 and x = limjXj. Note that by Clause (iii) of 12.16, ^jgjs} \\xi — Xj+iH < 
\\x — y\\ < 2so. So < ||x|| + Y17=o ll-^* ~ < 3so for every n e N. Similarly, 

1 1 a; 1 1 < Ssq. Hence {xi \ i e N} C Wi C Dom(j7) and x e W2 C Dom(j7). We conclude that 

00 

Mx) - fi{y)\\ < j:\\fi{xi) - fi{xi+i)\\ + \\fi{x) - fi{y)\\ := A. 

i=0 

Since x, y e 1^2 n M n we have that \\fj{x) - fj{y)\\ < a{\\x - y\\). 
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By Clause (ii) of 12.16, (x^, Xj+i) is 2Q;-submerged in F — M. Using the facts that Xi e 
B{0, 3so) and that S(0^, 6so) n BCD^(S, s) C Y, it is easily seen that 5^{xi) = 
for every i e N. So is 2Q;-submerged in Y. This, together with the fact that 

Xi,Xi+i e Wi, implies that \\fj{xi) - fj{xi+i)\\ < p{\\xi - Xi+i\\). Hence 

oo 

A < Ep(lk^ - + <^{\\^ - y\\) — B. 

i=0 

By the increasingness of qa,i and Clause (iii) in Proposition 12.16, 

oo oo 

Y.p{\\Xi - Xi+i\\) < EP(?a,i(lk - y\\)) = P*Oi{\\x - y\\). 
i=0 i=0 

Clause (v) in 12.16 implies that cr(\\x — y\\) < a{2\\x — y\\). Hence 

B<p*a(||a:-y||) + ao(2-Id)(||a;-|/||). 

Recall that u e f2, p*a t [0, a] < vl [0, a] and sq < a/2. Let u; — u + ao(2-ld). It follows 
from the above that u; E f2 and \\f]{x) — fi{y)\\ < u;{\\x — y\\). This proves Part (a). 

(b) We use the notations of Part (a). Let e VFny. lix,y e M, then ||77(x)-?7(y)|| < 
cr{\\x — y\\). li X ^ M and y E M or vice versa, then \\fj{x) — fi{y)\\ < uj{\\x — y\\). Suppose 
that x,y ^ M and write /3 = 2a. If {x,y) is /3-submerged in Y or {y,x) is /3-submerged in 
Y, then \\rj{x)-rj{y)\\<p{\\x-y\\). 

Suppose that neither {x,y) nor {y,x) are /3-submerged in Y. Since x,y & B{0,So) 
and S(0,6so) n BCD^(S,s) C Y, 5^-^{x) = 5^{x) and 5^-^{y) = 5^{y). So by the 
non-submergedness of {x,y) and {y,x), 5^~^{x),5^''^{y) < \\x — y\\-\-l3~^{\\x — y\\). Since 
(5 e MBC, f3-\t) < t for every t. So 5''-^{x),5''-^{y) < 2\\x - y\\. 

Let x,y e M he such that \\x - x\\ < 25^'^ {x) and \\y - y\\ < 25^'^ {y). Clearly, 
\\x\\ < Z\\x\\ < 3so- Hence x eW2f^Mr^Y. Similarly, y eW2f^Mr^Y. We also have that 

\\x — y\\ < \\x — x\\ + \\x — y\\ + \\y — y\\ < 2S^~^{x) + \\x — y\\ + 25^~^\y) < 9\\x — y\\ 

and \\x — x\\, \\y — y\\ < 4\\x — y\\. The final estimate is 

1177(2:) - fj{y) II < \\fj{x) - fj{x) II + \\f]{x) - fj{y) II + ||77(y) - f]{y) \\ 

< u;i\\x-x\\) + a{\\x-y\\)+u{\\y-y\\) 

< u{A\\x - 2/11) + a(9||a; - y\\) + uj{A\\x - y\\) < 8uj{\\x - y\\) + 9a{\\x -y\\). 



315 



Clearly, ^:—8(jj + 9a e i7. Obviously, o;uj,p < 7. We have thus shown that for every 
x,y E W (lY, \\fj{x) — fj{y)\\ < ^{\\x — y\\). So fj is i7-continuous at O''^. ■ 

We make a last trivial observation before proving the main theorem. 

Proposition 12.18. (a) Let F be a modulus of continuity and a e MBC — F . Let X be 
an open subset of a normed space E and x G bd(X). Then there is g E H[E)\X\ such that 
g is 9 ■ ao a-bicontinuous and g is not F -bicontinuous at x. 

(6) Let F, A be moduli of continuity, E, F be normed spaces, X E be an open F- 
LIN-bordered set, Y C F be an open A-LIN -bordered set, G < EXT(X) and H < EXT(F) 
be respectively F -appropriate and A- appropriate, r e [H^^-^'^)^[X,Y) and — H. 
Then F ^ A. 

Proof (a) For r > define gr : E ^ E as follows: ^^(0) = 0, gr{z) = ^ ■ a{\\z\\) ■ ^ 
if G (0,r), and griz) = 2; if \\z\\ > r. Obviously, supp(5'r) = -8(0, r), and it is 
left to the reader to check that gr is ■ a-bicontinuous, and that if 7 G MC is such 
that gr is 7-bicontinuous, then 7 \ [0, r] > ■ a [" [0, r]. For y E E define gy^r = gl^^ ■ Let 
{B{xi, ri)\i G N} be a sequence of pairwise disjoint balls such that for every i, B{xi, ri) C X 
and limj Xi — x, and let g — Oi gxi,ri Then g is as required. 

(b) First we show that A C F. Suppose otherwise. Let x G bd(X) and y = t'^\x). So 
y G bd(F). There are W G Nbr (y) and f3 e A such that \{W CiY) is /3-bicontinuous. 
Let V G Nbr (y) such that V CW srnd //Cmp.lc (y) \V nYl C H. Choose a G /InMBC -F 
and define a — 9-aoa and S — /3oq;o/3. Let U — t~^{V fl Y). Hence x G hd{U). 

Let X' be an open subset oi U f] X such that cl{X') fl hd{X) = {x}. By (a), there 
is g' G H{E)\2(!j such that g' is a-bicontinuous, and g' is not T-bicontinuous at x. Let 
g — g' \ X and h — g'^. Since g is £^-biextendible and r is (£", F)-biextendible, h is F- 
biextendible. From the fact that t\{U (1 X) is /3-bicontinuous, it follows that h\{V (lY) 
is 5-bicontinuous. We wish to conclude that h is (5-bicontinuous. Indeed, this follows 
from the facts: cl^(supp (/i)) C (V r\Y)[J {y} and y G cl{V f] Y). (The same argument 
appears in the proof 12.10, where it is proved that h G H§^^-^^ (Y)). Obviously, S E A, 
soke /j-CMP.LC^y^i iy py| ^ j^g^^^^ ^^18,1 = H, hcucc g = h^~' G G. But g is not 
T-bicontinuous at x. This contradicts the fact that G is T-appropriate. Hence A C F. 
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It follows that T e {H^^^-^^)^{X,Y) and hence t'^ e {H^^^-^^)^{Y, X). We now 
repeat the above argument for r'^. So the roles of F and A are interchanged, and we 
conclude that F C A. ■ 

12.3 Final results. 

Theorem 12.19. Main Theorem of Chapter 12. Assume that 

(1) F, A are countably generated moduli of continuity, F C A and A is F -star-closed. 
(Or assume the special cases: (i) F is principal and A = F, or {ii) F = /"^ip Q^jid 

A = r^LD ^_ 

(2) X E and Y C F are open subsets of the normed spaces E and F , X is F-LIN- 
bordered, and Y is A-LIN-bordered. 

(3) G < EXT{X) is F -appropriate, and H < EXT(y) is A- appropriate. 

(4) T e EXT±(X, Y) and C = H. 
Then F = A and t ^ {Hf^^-^^)^{X,Y). 

Proof That (i) is a special case of (1) follows from Proposition 12.12(a) and (b), and that 
(ii) is a special case, follows from Proposition 12.14. 

Since F <^ A, the modulus of continuity i? which is generated by /" U Z\ is Z\, and since 
A is /"-star-closed and /" C Z\, we have that A is Zi-star-closcd. So i? is Z\-star-closed. Let 
a; G bd (X). There are a boundary chart element for x, {(p, A, r) and 7 G /" such that ip be 7- 
bicontinuous. Let y = r'^' {x). Choose a boundary chart element for y, {ip, B, s) and a E S 
such that il) is cr-bicontinuous. Also assume that r((/9(BCD'^(A, r))) C ilj(QCD^{B,s)). 
Set L = hd{A), X = BCD^(A,r) U (L n 5(0, r)), f = ^-^or^' and Y = f{X). 

By Theorem 12.17(b), is i?-continuous at 0^. That is, is Z\-continuous at 0^. 
Since (p,ilj are Z\-bicontinuous at 0"^ and 0"^ respectively, Lpor^'^ oip^'^ is z4-continuous 
at y. Note that there is V G Nbr^(i/) such that Dom(v9of~^ o^^-i) D V f] Y . Also, 
(foT~^oip^'^ \ (y nY) = T^^ \ {V nY). Hence is Z\-continuous at y. Since it is also 
given that r G EXT^(X,F), it follows that t'^ G Hf^^-^^{Y,X). 

We now reverse the roles of X and Y. Let rj — r'^. So rj : Y = X , = G and the 
modulus of continuity generated by Z\ U -T is again A. So J? is T-star-closed. 
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Let y e bd(y) and x — r]{y). We choose and (/? and define fj in the same way 
that </?, and f were defined in the preceding argument. We thus conclude that fj"^ is 
i7-continuous at x. That is, fj~^ is Zi-continuous at x. There is C/ e Nbr^(x) such that 
■0o7yo(^~^ \{U nX) — T \ {U nX). Hence r is Zl-continuous at x. We also need to know 
that T e EXT^(X,y), and this is indeed given. Hence r e Hf^^-^^ {X,Y). We proved 
that T e (//|°^-LC)±(j5^^ By Proposition 12.18(b), F ^ A. ■ 

Proof of Theorem 8.9 II X ^ E then y = F and hence //Cmp.lc (j^) ^ ^lc (^x), and 
the same holds for Y. So in this case the claim of 8.9 is implied by Theorem 3.27. 

Assume that X ^ E. We apply Theorem 12.19 to the special case that F — A 
and r is principal, and take G,H to be H^^^-^^ {X) and H2^^-^^{Y) respectively. So 
T e (i?P°^-^<^)=^(X,y). By Theorem 3.27, r is locally T-bicontinuous. Hence r e 

(//CMP.LC)±(j^^y)_ ■ 

The final recostruction theorems of Chapters 8-12 

Combining the results of the previous sections in different ways, one obtains various 
reconstruction theorems. Parts (a) and (b) of the following theorem are such corollaries. 
Part (a) is a restatement of Theorem 8.4(a). Indeed, the special case of Part (a), in which 
r = -Tlip motivated the whole work presented in Chapters 8- 12. 

The reconstruction theorem for the group Hp^^'^'^{X) which appears in Part (b), is a 
byproduct of the proof of the main result. We thought it was worth mentioning. 

In Part (c) we tried to capture the essence of the argument. Part (c) can be further 
strengthened. But it seems to be a natural stopping point. 

Theorem 12.20. Let F, A be moduli of continuity, E and F be normed spaces and X C E, 
Y C. F be open. Suppose thatX is locally F -LIN-bordered, andY is locally A-LIN-bordered. 

(a) Suppose that F is principal. If : Hp^^-^^ (X) ^ H2^^-^^(Y). Then F ^ A and 
there is r E (Hp^^-^^)^(X,Y) such that ip(g) = 5^ for every g e Hp^^-^^(X). 

(b) Suppose that F is principal. If : H^^^-^^ (X) ^ //^DR.LC^y) j/^g^ ^/^g^g 
T e (H^^^-^^)^{X,Y) such that ip(g) = for every g e H^^^-^^(X). 

(c) Suppose that F and A are countably generated, F C. A and A is F -star-closed. Let 
G < EXT(X) be F -approptiate and H < EXT(y) be A-approptiate. Assume further that 
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LIP {X) < G and LIP (Y) < H, and suppose that ip:G^H. Then F ^ A, and there 
is re (H^^^-^^)^{X,Y) such that ip(g) = for every geC. 

Proof (a) By Theorem 2.8(b), there is r G H{X,Y) such that r induces (/?. By The- 
orem 3.27, r = Z\ and r e {H}^^)^{X,Y). By Theorem 8.8(a), r e EXT^(X,F). By 
Theorem 8.9, r G (i/^^P-LC)±(X, F). 

(b) The proof is similar to the proof of Part (a). However, we use Theorem 8.8(b) and 
not 8.8(a). 

(c) By Theorem 2.8(b), there is r G H{X, Y) such that r induces (p. By Theorem 8.8(b), 
r G EXT^(X,F). By Theorem 12.19, T = Z\ and r G {H^^^-'^^)^{X,Y). U 

Proof of Theorem 8.4(a) Theorem 8.4(a) is restated as Part (a) of 12.20 above. ■ 
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Index of symbols 

by order of appearance 

f : X = Y. This means / is a homeomorphism between X and Y 8 

if : G = H. This means ip is an isomorphism between G and H 8 

{a,b). Notation of an ordered pair 8 

G < H. G is a subgroup of H 12 

f < g. This means for every t, f{t) < g{t) 14 

a<l3 = for some t>0, a t[0, t] < /3 f [0, t] 14 

g°'^. Notation for go . . . og n times 15 

H-^ = {h-^ \ heH} 17 

ri : MR {X,G)^ MR {Y,H) 34 

G{x) = {gix) \geG} 34 

G\B}. UGC{g\g:A^A},thenG\B}:^{geG\g\{A-B) = ld} 34 

U^V. This means {3g G G){g{U) = V) 41 

U ^V. This means U is strongly small in V 41 

U V. This means U is strongly separated from V 41 

[x,y]. The hne segment with endpoints x and y 42 

E. The completion of a normed vector space E 46 

OF = U{/ rsupp (/) I / e F} U Id r(Z - U{supp (/) I / G F}) 47 

OneN^n 47 

= {hx{x) \heA} 64 

A fx. The restriction of a partial group action A to an open set X 65 

X\Hi. The restriction of a partial action A of to a subgroup Hi of H 66 

a b. This means that a < 7(6) and b < 7(0) 70 
/ g. This means that Dom (/) U Rng (/) C Dom (p) and g = p° f° 70 

U[n;WuW'2\ gg 

gon fpj^jg jngans „ times composition of g 95 

9m N~ {{^^y) I ^ cl*^(74),y G AT and 5U{(x,?/)} is a continuous function} 111 

g^^ . Abbreviation of ^ 111 

gfj. Abbreviation of 5^ 111 

iF^i = \ h€ H} 111 

j^>n = {me A\m>n} 141 

^>n = {to, G A I m > n} 141 
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j^<n = {rne A\m<n} 141 

^<n = A\m<n} 141 

xc^^ y. This means that x and y lie in the same connected component of X 185 

^ y- This means that for every n, Xn c^'^ yn 185 

ycni ^ ycl ^ENI(cl(X)) 197 

a 6. This means -^a < b < Ka 233 

II ||-^ II p. This means for every u £ E, \\u\\^ k,^ II^P 233 

E = L®^^^ S. The algebraic direct sum 233 

{x)l,s- The L-component of a; in L © 5 233 

Abbreviation of 233 

II«II'"^ = IIW5|| + ||(u)l|| 233 

H ±^ F. This means for every u^H, d{u, F) > ^ \\u\\ 233 

s Ri" t. This means t < a{s) and s < a{t) 241 
u ± F. This means: F is hnear subspace of a normed space E, u e E and ||n|| = d{u, F) 273 

K ± F. This means: ET, F are hnear subspaces of E and for every u E K, u -L F 273 

x'-'^K A sequence whose domain is a C N 281 

a^'' = {kea\k>n} 281 

= xfDom(f)^" 281 

X y- This means d{x,h) d{y,b) and (5"'^(x) «° 5^ {y) 281 
x*'^^ ~(X£;) y*'''' This means: for every n G cr, x„ 

Abbreviation of fsij^^^],) 281 

ft") s ^ y 281 

-(p) ^ a -(p) 281 

V \ T = {P^T\P eV] 296 

a 6. This means: there is P G 7^ such that a,b e P 296 

PMt)=T.n=oPiQa,n{t)) 310 

Index of notations 

by alphabetic order 

A(E). The group of affine automorphisms of E 65 

A(F; F) = {Ae A{E) \ A{F) = F} 66 

ABUC {X, Y) = {h€ H{X, Y) \ for every bounded set ACX, h\Ais UC} 134 

acc"'^(J7) the set of accumulation points of U in X 33 
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B^{x, r) = {y e Z \ d{x, y) < r} 41 

r)={yeE \ d{x, y) < r} 41 

BZ{A,r) = [j^^^B^{x,r) 41 

B{x,r). An abbrviation of i?"^(.T, r) 42 

B{x; r,s) = {y G X \ r < d{x, y) < s} 233 
BCD^(^, r) = B^{0, r) — A. A boundary chart domain based on E and A with radius r 226 

hd^{U) boundary of ?7 in AT 33 
BUG (A, Y) = {g & H{X, Y) \ g is boundedness preserving and g \A is UC for every 

bounded set ACX} 18 

cl_<(r) = {a G MC I for some 7 G T, 0^7}. 15 

cl^{U) closure of [/ in X 33 

Cmp(X). The set of connected components of X 174 
CMP.LUC {X). The group of biextendible homeomorphisms of X which are bi-uniformly 

continuous at every a; G cl {X) 10 

co-dim ^(L). Co-dimension of L in Abbreviation co-dim (L) 233 

6^ (A) = d{A, E - X) 123 

^^(x) = (5^({x}) 123 

(5 (yl). Abbreviation of (5^ (yl) 123 

5(x). Abbreviation of S-^{x) 123 

(5f (x) 141 

A(^). sup„g^ d{a, E-X) 208 

5^^^{x) = d{x, E-X). Abbreviations: S^{x), 5{x) 281 

diam (A) = sup^. d{x, y) 53 

Cij. The unit of a group H 63 
ENI(A:, ^, G) = {g{x) I X G NI(X, ^) and g G G}. Extended normed interior of {X, ^, G) 59 

ENI {X., <P) = ENI (X, H{X)) 59 

ENI(A) = {h{x) I a; G int^(X), h G i?(A:)} 59 

r?(p,a)(s,t) 242 

EXT (A) = {g e H{X) \ g and g~^ are extendible} 20 

EXT*^'^(A,y) = {/i G i?(A,y) I Dom(/i^i^ jv) = cl*'^(A)} 111 

EXT (A, Y). Abbreviation of EXT*^'^(X, Y) 111 

EXT*^(A). Abbreviation of (EXT^'^)±(X, A) 111 

FD (A) 60 
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FD.LIP {X) 60 

Fld(A) = Dom(eA) 64 

r„ = cl^({a°" I n G N}) 310 

r^LD = {q, g MC I for some K > 0, a ^ Kx""} 15 

j^HLD ^ Ulr/ILD I r e (0, 1]}. The Holder modulus 15 

r^lP = {a G MC I for some K > 0, a ^ i^a;} 15 

H{X). The group of all auto-homeomorphisms of X 8 

Hr{X). The group of all r'-bicontinuous auto-hoeomorphisms of X 17 

H{X;F) = {he H{X)\h{Xr\F) = Xr\F] 66 

Hr{X) = {/i G H{X) I there is 7 G -T such that ^ is 7-bicontinuous} 81 

H^{X■,F) = {heH^{X)\h{FC^X) = FC^X} 81 

Hr{X;S,F) = Hr{X,S)nHr{X;F) 81 

Hr{X;S,J^). The subgroup of generated by U{^^r(^;5,F5)|SG5} 81 

H{X,Y) = {h\h: X ^Y} 109 

ff(X;D) = {/iGF(X)|/i(D) = i:>} 109 

5) = ilr(^) L5J 81 

H^^ {X) 27 

^BDR.LC (^x)={ge EXT (X) I for every x G bd(X), g is T-bicontinuous at x} 229 

^CMP.LC ^ jjLC ^x) n i/BDR-LC ^x) 229 

(X, y) = {/ G BPD.P {X, Y) I for every BPD set AOXJ\Ais T-continuous} 140 
^CMRLC^j^) = {5 G EXT(X) I (Va; G c\^{X)){3U G Nbr^(X))(3Q G r){g\{UnX) 

is a-bicontinuous)} 227 

jjCMP.LC (jj^^ ^ 1^ g EXT (X, Y) I 5^=' is locally r-continuous} 23 

H}i^{X). The group of locally r-bicontinuous auto-homeomorphisms of X 16 

Hp^ {X). The group of locally /"-bicontinuous homeomorphisms of X 81 

H}^^{X,S) = H}^^{X)\S\ 81 

H}^^ {X; F)={he H}'^ {X) \ h{Fr\X) =Ff\X} 81 

//LC (^x- S, F) = H}^^ {X, S) n i^LC (X; F) 81 

H^^{X]S,F). The subgroup generated by {]{H^'^ {X;S,Fs)\S eS] 81 
H}i^{X, ={he H{X) I Vx(3v9, G ^)(x G int (Rng((^)), h{x) G int(Rng(V')) and 

ip~^oho(f is T-bicontinuous at <y9~^(a;)} 106 

H}^^{X,^,S) 106 

^NBPD (j^^ Y) = {he BPD.P{X, Y)\h is nearly T-continuous on BPD sets} 140 
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ijfw (^x) 27 

Hf^ (X) 27 

^WBPD (^x, Y) = {h e BPD.P{X, Y)\h is weakly r-continuous on BPD sets} 141 

int^{U) interior of U in X 33 

hrt^'(X) = [j{B^{x, r)\x£ X and B^{x, r) C X} 53 

IXT^(X). The group of bi-externally-cxtcndiblc auto-homcomorphisms of X 53 

Km,v- The category (A^, {g' | 5 : X = F, X,Y ^ M and 5, have property V} ) 11 

16 

l^^{x,A) = {k I (VC/ G Nbr(x))(3B C An J7)(|5| = k and B is spaced} 70 

K^(x,A) =sup(/^^(x,yl)) 70 

K,{X) = mina;gx X) 70 

K^^{l,t) 145 

iCB = {{X, G) I X is an open subset of a Banach space and LIP(X) <G< H{X)} 38 

^BM 59 

Xbnm 59 

i^BNO 38 

Kbo 38 
-f^LCM = {(^1 G) \ is Haussdorf, perfect locally compact and for every 

open V X and x £ V, G\V}{x) is somewhere dense} 34 

i^N = {{X,G) \X is an open subset of a normed space and LIP ^'^ {X) < G < H{X)} 38 

i^NFCB 56 

i^NL 53 

i^NM 59 

if NO 38 

-^NMX = {{X^Z) e K^RM I ^ is BR.LC.AC and JN.AC with repect to Z} 202 

^NRM ={{X,Z)\Xe K^RM and X C Z C cl (X)} 202 

K^cx 171 

-^BLPM ~ I y is an open subset of a Banach Lipschitz manifold} 220 

-^BNC • Class of all spaces which are an open subset of a Banach space 122 

K^x 185 

-^IMX- Class of open finite-dimensional BR.IS.MV open sets 192 

-^NFCB • Class of open subsets of first category or complete normed spaces 122 

-^NLPM = {y I y is an open subset of a normed Lipschitz manifold} 204 
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-^NMX 

-^NRM ■ Class of all spaces which are an open subset of a normed space 122 

-f^WFD.BNO 61 

L(i^). The group of bounded linear automorphisms of E 65 

h{E,x) = {h{E))^'- 65 

h{E; F) = {T £ h{E) I T{F) = F} 66 

Xf'' = Xf\AiE;F) 66 

limj^oo Ai = X. The limit of a sequence of sets 124 

LIP(X). The group of bilipschitz auto-homeomorphisms of a metric space X 12 

LIP {X, S). For sex, LIP {X, S) = {h e LIP {X) \ h\{X - S) = Id} 12 
LIP {X;F). For a normed space E, X C E and a dense linear subspace 

F of E, LIP {X; F) = {he LIP {X) \ h{X n F) = X n F} 12 

LIP{X;S,F) =LIP{X;F)nLIP{X,S) 12 

LIP {X; S, JT). Subgroup of H{X) generated by U{LIP {X; S,Fs)\S £S} 38 

LIP (X, S). The subgroup of H{X) generated by U{LIP {X, S) \ S e S} 38 

LIP {X; 58 

LIP {X; <P) 58 
LIP(X, ^) = {he H{X) I 3Kyx{3ip,'tP e $){x G int (Rng (</?)), /i(a;) G int(Rng(V')) and 

tp~^ oho if is ivT-bilipschitz} 105 

LIP(X, <f,5) 106 

LIP 00 (^) = {/ G LIP(X) I supp(/) is a BPD set} 141 

LIP^<^(X). The group of locally bilipschitz auto-homeomorphisms of X 12 

LIP (X, S). For sex, LIP (X, S)^^ = {h e LIP (x) \h\{X - S) = Id} 12 
LIP (X; F). For a normed space E, X C E and a dense linear subspace 

Fof^;, LIP^^{X;F) = {hehIP^'^{X)\h{XnF) = XnF} 12 

LIP ^"^^ {X; 5, F) = LIP {X; F) n LIP (X, S) 12 

LIP^^(X;5,J^). Subgroup of F(X) generated by [j{UF^^ {X;S,Fs)\S €S} 38 

LIP (X, 5). The subgroup of H{X) generated by U{LIP (X, 5) | S € 5} 38 

LIP (X; J^) 58 

LIPL^(X;^) 58 

Af^ = AffL(F;F) 66 

Af'"''' = Af"fL(F,x;F) 66 

Ingth(L). Length of an arc 124 
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Af , , Af Af . Actions of T{E), h{E), Af and A{E) on E 66 

A^'-^ = Af fT(S;F) 66 

LUC {X, Y) = {h e H{X, Y) \ h is locally UC} 110 

LUC Y) = {he H{X, Y)\h is locally bi-UC} 110 

LUC(X) = LUC^(X,X) 110 

LUCoi(X) = {he LUC(X) I {3U){U is ^-open, U D bd(X) and supp(/i) C X - U)} 172 

M(X,G) = (X,T^,G;G, o,Ap) 291 

M*^"^ (n) 233 

M^^ (i) 235 

MBC ={aGMC |Id[o,oo) <«} 63 

Afb'^d (K) 239 

MC = {he H{[0, do)) I /i is concave} 14 

M'^'^P 240 

j^^fdn ^ j\^fdn 235 

M^^i" (n) 235 

^hib ^ ^hib (2) 233 

M^'^^ (n) 233 

M"^* 276 

jy^ort ^ ^ort ^2) 235 

M°''* (n) 235 

MP'i (n) 235 

MR(X,G) = (Ro(X),G, +,-,-, Ap) 34 

M™t 236 

M^*"^ 304 

M^^s 235 

^^thn ^ j\^thn (2) 233 

]VP^" (n) 233 

N+ = {nGN|n>0} 211 

Nbr^(x) = {U \x € U C X andU is open} 63 

Nl{X, = \J{lp{B^^{x^, r^)) I (/3 G ^}. The normed interior of (X, 59 

opcl ([/) = int (cl ^1 294 

y) = {/i I : X ^ F and has property V) 17 

= p(x,y)n 17 
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V{X) =V^{X,X) 17 

Pa,n(i) = ((Id+a)-^)°"(t) 310 

PNT.UC (X, x) = {he H{X) I h{x) = x and /i is bi-UC at x} 109 

qa.ri{t) = Pa,n{t) " Poc,n+l{t) 310 

R{u,v,g;a,a,b,F) 243 

i?(n, f , M, a, 6, F) 243 

Rad^2 = z + 77(||x — ■ The radial homeomorphism based on r],z 81 

Rad^ = Rad^„B 81 

Ro(X). The set of regular open subsets of X 33 

Rotl'^. In a 2-dimensional Hilbert space H, rotation by the angle 9 235 
Rotg' . For a 2-dimensional Hilbert space H and a normed space F, the operator on 

H®F which is Rotf on H and Id on F 235 

S^{x, r) = {y G Z I d{x, y) = r} 41 

S-p = \jV 296 

supp{h)={yeY\h{y)^y} 42 

T{E) = {tv^ \ v e E}. The group of translations of E 65 

T(S;F) = {trf I t; G F} 66 

tr^. Translation by v. For v,x e E,tT^{x) = v + x 42 

tr^,,. Abbreviation of tr^ 42 

UC {X, Y) = {h£ H{X) I h is UC} 109 

UC y) = {/i G I /i is bi-UC} 109 

UC(X) = UC±(X,X) 109 

UC {X- F) = {he UC (X) \h{xnF) = xnF} 109 

UC(X;5,F) =UC(X)^nUC(X;F) 109 

UC {X; S, F, x)={he UC {X; S, F) \ h{x) = x} 109 

UC(X,cS). The subgroup of H{X) generated by {]{\]C{X)\S\ \ S e S] 110 

\]C{X;S,F). The subgroup oi H{X) generated by {j{\]C{X-S,Fs)\S eS} 110 

UCo(X) = {/ G UC(X) nEXT(X) I /^i tbd(X) =Id} 124 

UCoo(X) = {/ G UC(X) I supp(/) is a BPD set} 141 

UCc(X) = {/i G UC (X) I is strongly extendible} 208 

UC^'" (X) = {/^"' I / G UCo(X)} 197 

WFD {X) 61 

WFD.LIP^<^(X;5,:r) 61 
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WFD.LIP (X) 61 

WFD.LIP(X;<S,jr) 61 

Index of definitions 

by alphabetic order 

abiding sequence, a-abiding sequence 282 

affine-like partial action at x 88 

affine-like partial action 88 

almost a-continuous at x 95 

almost a-continuous 95 

almost /3-continuous for a-submerged pairs. Abbreviation: (/3; Q;)-almost-continuous 306 

almost T-continuous at x 95 

almost linear boundary chart domain 231 

almost orthogonal complement 233 

appropriate. A T-appropriate group 229 

Banach manifold 58 

BD.AC. Abbreviation of boundedly arcwise connected 169 

BD.CW.AC. Abbreviation of boundedly component-wise arcwise connected 185 

BDD.P function. A function which takes bounded sets to bounded sets 124 

BDR.UC function 124 

bi-UC at X. Abbreviation of bi-uniformly-continuous at x 109 

bi-UC. Abbreviation of bi-uniformly-continuous 108 

bi-uniformly-continuous at x 109 

bi-uniformly-continuous 108 

bicontinuous. a-bicontinuous at x e c\{X) 281 

bicontinuous. a-bicontinuous at x 63 

bicontinuous. a-bicontinuous homeomorphism 63 

bicontinuous. T-bicontinuous at x G cl(X) 281 

bicontinuous. r'-bicontinuous at x 63 

bicontinuous. r'-bicontinuous. h is /^-bicontinuous, if (37 G r)[h, are 7-continuous) 17 

bicontinuous. (ivT, "P )-bicontinuous 296 

bilipschitz homeomorphism between locally Lipschitz normed manifolds 105 

bilipschitz homeomorphism 12 
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BI.UC function 125 

BNO-system 38 
boundary chart domain based on E and A with radius r. A set of the form BCD^(>1, r) 226 

boundary chart clement 226 

boundary type. A group of boundary type F 229 

bounded positive distance UC function 124 

boundedly F-continuous 27 
boundedly UC function. A function which is uniformly continuous on every bounded set 124 

boundedly arcwise connected. Abbreviated by BD.AC 169 

boundedly component-wise arcwise connected, X is 185 

boundedly uniformly - in - diameter arcwise - connected 135 

boundedness preserving function. A function which takes bounded sets to bounded sets 124 

BPD sequence. A sequence x such that Rng (x) is a BPD set 124 

BPD set. A bounded subset of X whose distance from the boundary of X is positive 124 

BPD-arcwise-connected 141 

BPD. AC. Abbreviation of BPD-arcwise-connected 141 

BPD.P function. A function which takes BPD sets to BPD sets 124 

BPD.UC function. A function which is uniformly continuous on every BPD set 124 
BR.CW.LC.AC. Abbreviation of X is component-wise locally arcwise connected at 

its boundary 185 

BR.IS.MV. Abbreviation of isotopically movable at the boundary 191 

BR.LC.AC. Abbreviation of locally arcwise connected at the boundary 157 

BR.LUC function 124 

BUC function. A function which is uniformly continuous on every bounded set 124 

BUD. AC. Abbreviation of boundedly uniformly - in - diameter arcwise - connected 135 

closed half space. A set of the form {x E E \ ip{x) > 0}, where ip E E* 226 

closed half subspace of a normed space 231 

closed under i?-discrete composition 229 

CMP.LUC function. An extendible function which is UC at every x G cl(X) 124 

co-dimension 1 at x. hd(X) has co-dimension 1 at a; 230 

compatible. A is compatible with G at x 84 

compatible. A is compatible with G 84 

complete cover. W is a complete cover of X, if |J{int (U) \ U & U} = mt (X) 53 
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completely LUC function 124 
completely discrete family of sets. A set A of pairwise disjoint sets such that 

VS((VAG^)(|BnA| < 1) ^acc(S) =0) 169 

completely discrete sequence 169 

completely discrete set 169 

completely discrete track system 208 

completely locally r'-bicontinuous 227 

completely locally /"-continuous 227 

component-wise locally arcwise connected at x 185 

component-wise locally arcwise connected at the boundary 185 

component-wise wide 185 

continuous, a-continuous. / is a-continuous, if for every x,y, d{f{x),f{y)) < d{x,y) 14 

continuous, (a, 7^ ) -continuous at x 296 

continuous, (r, a)-continuous 108 

continuous, a-continuous at a; 6 cl (X) 281 

continuous, a-continuous at x. There is U G Nbr(x) such that f\U is a-continuous 63 

continuous, /^-continuous for a-submerged pairs. Abbreviation: a)-continuous 306 

continuous, zi-continuous for /-submerged pairs. Abbreviation: (Z\; i~')-continuous 306 

continuous, /-continuous at x. There is a G / such that / is a-continuous at x 63 

continuous, (a, "P )-continuous 296 

continuous. (/, "P )-continuous at a; 296 

continuous, p is (n, a)-continuous 241 
countably generated. / is countably generated, if for some countable /q C /, 

/ C {a G MC I (37 G /o)(a ^ 7)} 15 

CPl space 93 

CPl. X is CPl at X 93 

decayable action. A is an (a, a, G)-decayable action at x 64 

decayable action, (a, G)-dccayablc at x. This means (1/2, a, G)-decayable at x 64 

decayable action, a-decayablc at x. This means (1/2, a, i/(X))-decayable at x 64 

decayable action. A is an (a, /, G)-decayable action 64 

decayable action. A is an (a, a, G)-decayable action in A 64 

decayable action. A is an (a, a, G)-decayable action 64 

determined class. 7^ - determined class of topological spaces 17 
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determining category 8 

dimension 1 at x. bd {X) is 1-dimensional at x 230 

discrete path property for BPD sets 141 

discrete path property for large distances 109 

discrete subset, ^-discrete subset of EXT'^(X) 229 

distinguishable categories 8 

double boundary point 185 

DPT. A metric space X is DPT at x G X 93 

DPT. A metric space is DPT 93 

e-track system 208 

e-track. (a, 77) -e-track 208 

evasive sequence. T- evasive sequence 282 
extendible function. A function from X to y that can be extended to a continuous 

function from cl {X) to cl {Y) 124 

extendible homeomorphism 10 

faithful class of space-group pairs 8 

faithful class of topological spaces 8 

fillable. G-fiUable 155 

filling. G-filling 155 

finite-dimensional difference homeomorphism 60 

generated. F is (<«;)-generated. This means 3ro(|ro| < k and F = cl^(ro)) 70 

generates. Fq generates F. This means F = c\^{Fq) 70 

good semicover. V-good semicover 46 

infinitely-closed, a-infinitely-closed at x" 70 

internally extendible in A homeomrphism oi X C. E which extends to a 

continuous function on int {X) 53 

inversely {K^ V )-continuous 296 

isotopically movable at the boundary 191 

isotopically movable with respect to X 191 

JN.AC. Abbreviation of jointly arcwise connected 169 

JN.ETC 208 

JN.TC 208 

joining system 169 
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jointly arcwise connected 169 

legal parametrization 208 

limit-point. A-limit-point 64 

LIN-bordcrcd. a-LIN-bordered at x 226 
linear boundary chart domain. A set of the form BCD^(A, r), where ^ is a closed 

subspace of E different from {0} or a closed half space of E 226 

Lipschitz function between locally Lipschitz normed manifolds 105 

Lipschitz homeomorphism 12 

locally T-bicontinuous with respect to <P and W 106 

locally T-bicontinuous 15 

locally T-continuous with respect to <P and W 106 

locally T-continuous 15 

locally (a, ■p )-continuous 296 

locally almost T-continuous 95 

locally arcwise connected at a boundary point 157 

locally arcwise connected at the boundary. Abbreviated by BR.LC.AC 157 

locally bi-UC. Abbreviation of locally bi-uniformly-continuous 109 

locally bi-uniformly-continuous 109 

locally bilipschitz homeomorphism 12 

locally Lipschitz homeomorphism 12 

locally Lipschitz normed manifold 105 

locally movable at the multiple boundary 185 

locally moving subgroup of H{X) 33 

locally UC. Abbreviation of locally uniformly continuous 109 

locally uniformly continuous 109 

locally-LIN-bordered. Locally P-LIN-bordered 226 

LUC on hA{X) function 124 

manageable ball B based on S 42 

manageable ball (with respect to a BNO-system) 42 

metrically dense subset 88 

modulus of continuity 16 

multiple boundary point 185 

nearly T-continuous on BPD sets 140 
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nearly open set. Z is nearly open, if Z C cl(int (Z)) 202 

normed Lipschitz manifold 204 

normed manifold 58 

on different sides, u^v are on different sides of bd(X) with respect to {ip,A,r) 230 

on the same side, u, v are on the same side of bd (X) with respect to {ip, A, r) 230 

open sum partition with respect to X 296 

order preserving at x 282 

order reversing at x 282 

order-irreversible. bd(X) is G-order-irreversible at x 282 

order-reversible. bd(X) is G-order-reversible at x 282 

pairwise disjoint family. A set of pairwise disjoint sets 169 

partial action of a topological group on a topological space 64 

PD set. A subset of X whose distance from the boundary of X is > 124 

PD.P function. A function which takes PD sets to PD sets 124 

PD.UC function. A function which is uniformly continuous on every PD set 124 

piecewise linearly radial. A radial homeomorphism Rad^ in which rj is piecewise linear 235 

point pre-representative 291 

pointwise /^-continuous 27 

positive distance UC function 124 

positively distanced set. A subset of X whose distance from the boundary of X is > 124 

prinicipal. F is principal, if for some a G .T, T C cl^({a°" | n G N}) 15 

Property MVl 136 

radial homeomorphism based on 77. Rad^. 81 

radial homeomorphism. Rad^^,- The radial homeomorphism based onr},z 81 

RBM. A regional Banach manifold 58 

regional Banach manifold (RBM) 58 

regional normed atlas for X 58 

regionally /^-continuous 27 

regionally normed manifold (RNM) 58 

regionally translation-like action 86 

regionally translation-like at x 85 

regular open. A set is regular open, if it is equal to the interior of its closure 33 

restricted topological category 8 
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RNM. A regionally normed manifold 58 

side preserving at x 282 

side reversing at x 282 

simple boundary point 157 

SLIN-bordered. a-simply-linearly-bordered at x (a-SLIN-bordered at x) 230 

small semicover. y-small semicover 46 

small set 41 

somewhere dense set. A set whose closure contains a nonempty open set 34 

space-group pair. {X,G) is a space-group pair, if X is a topological space and G < H{X) 8 

spaced set of sets, r-spaced set of sets 70 

spaced subset of X. AC X is spaced if (3r > 0)(Vx,y G A){{x ^ y) ^ {d{x,y) > r)) 70 

spaced track system 208 

star-closed. F is a-star-closed 310 

star-closed. F is zl-star-closed 310 

strongly extendible 208 

strongly separated. U is strongly separated from V, if 3W{U ~< W and W CiV = (!}) 41 

strongly small set 41 

submerged. {x,y) is ct-submerged in X. This means 6^{x)>\\x-y\\+a-'^{\\x-y\\) 306 

subspace choice for {X, ^) 58 

subspace choice system 38 

subspace choice 38 

tight Hilbert complementation 234 

tight Hilbert norm 233 

topological local movement system 33 

track system 208 

track. (a,r/)-track 208 

translation-like partial action at x 77 

translation-like partial action 77 

translation- like. A ) is "P-translation-like in L 299 

translation-like. {H, A ) is "P-translation-like at x 298 

two-sided. X is two-sided at x 230 

UC around bd(X) 124 

UC at X. Abbreviation of uniformly continuous at x 109 
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UC-constant. M is a lUC-constant for (a, 6) 274 

UC-constant. M is a UC-constant for {a,b) 242 

UC. Abbreviation of uniformly continuous 108 

UD.AC. Abbreviation of uniformly - in - diameter arcwise - connected 122 

uniformly continuous at a: 109 

uniformly continuous for all distances 108 

uniformly continuous 108 

uniformly - in - diameter arcwise - connected 122 

weakly T-bicontinuous function 141 

weakly T-continuous function 141 

weakly T-continuous on BPD sets 141 

weakly "finite-dimensional difference" homeomorphism 61 

wide set 169 



339 



Addresses 

Matatyahu Rubin 

Department of Mathematics, Ben Gurion University 
Beer Sheva 84105, Israel 
Email: matti@matli.bgu.ac.il 

Yosef Yomdin 

Department of Mathematics, Weizmann Institute 

Rechovot 76100, Israel 

Email: yomdin@wisdom .weizmann .ac.il 



340 



